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In this paper, we study the laser-pulse control of vibrational excitation for small molecules by employing an
algebraic model. The analytical expression for the vibrational transition probability is obtained by using an
algebraic approach. Selective vibrational excitation of diatomic and linear triatomic molecules are achieved.
The influence of laser pulse frequencies and shapes on the control are studied.

DOI: 10.1103/PhysRevA.75.063417 PACS number�s�: 32.80.Rm, 33.80.Rv, 03.65.Fd

I. INTRODUCTION

The quantum control of problem by laser is an active
subject both in theoretical and experimental areas �1–5�.
Studies of the quantum control are motivated by a fundamen-
tal interest in quantum properties of light, and the possible
applications in physics, chemistry, quantum computation,
cryptology, etc. Comprehensive reviews can be found in
Refs. �6–9�. One receiving considerable attention in this field
is selective vibrational excitation and dissociation, which is
important for controlling the chemical reaction and the quan-
tum states on demand. Various approaches are suggested, for
example, the pump-dump laser, optimal control theory, phase
control, etc. Much of the work, however, has studied the
problem by solving the time-dependent Schrödinger equation
�TDSE�. The Floquet method has also been employed to
study the problem of molecules in intense laser fields. The
development of generalized Floquet formalisms allows the
reduction of the periodical or a quasiperiodical time-
dependent Schrödinger equation into a set of time-
independent coupled equations or a Floquet matrix eigen-
value problem. But the Floquet method has usually been
used to discuss the atomic problems, and it becomes compli-
cated for the molecules �10–13�.

In this work we present an algebraic model on the control
of vibrational excitation for small molecules. In the algebraic
framework we can obtain the explicit expression of the time-
evolution operator directly. The time-evolution operator can
be expressed as a product of a finite number of exponential
operators if the operators in the Hamiltonian close under
commutation. The parameters in the time-evolution operator
satisfy a set of differential equations. In past years, the ap-
plication of time-dependent problems of the dynamical Lie
algebraic approach have been advanced. Algebraic methods
have been extensively used to study problems in nuclear
physics, molecular physics, quantum optics, etc., for ex-
ample, the problems of vibrational excited states and poten-
tial energy surfaces for small ployatomic molecules have
been solved successfully �14–19�. This approach was re-
cently used to study the interacting quantum system, the dy-
namical symmetries and their breaking in nanophysics, the
Tavis-Cummings problem and the decoherence in a general

three-level system, the dynamical entanglement of vibra-
tions, etc. �20–25�. In the present work, the control of both
diatomic and triatomic molecules are studied in the algebraic
framework. We make a comparison with other numerical re-
sults and we get a good agreement. The influences of laser
pulse frequencies and shapes on control are discussed.

This paper is structured as follows. In Sec. II we derived
the time-evolution operator of the system by using the alge-
braic method for the diatomic and triatomic molecules. The
analytical expression of the transition probability is obtained
via the time-evolution operator. In Sec. III we discussed the
selective vibrational excitation of OH and OD by shaped and
chirped laser pulses and the multiphoton excitation problem.
For triatomic molecules, we calculated the selective bond
excitation of HCN and DCN molecules in the linear chirped
laser pulses with different shapes. The problem of intramo-
lecular vibrational redistribution �IVR� is also discussed in
this section. The paper ends with some concluding remarks
in Sec. IV.

II. THEORETICAL BACKGROUND

A. General considerations

The present work studies the control problem of small
molecules �diatomic and triatomic molecules� in the laser
field via algebraic approaches. The more ambitious case of
including another environment is not pursued at this time.
The Hamiltonian of the system can be written as

H = Hmol + V , �1�

where Hmol is the Hamiltonian of an unperturbed molecule
and V is its interaction with a laser field. As usual, we con-
sider here the interaction between the molecule and the laser
field within the electric dipole approximation,

V = − � · E�t� , �2�

where E�t� is the external laser field and � is the molecular
dipole moment.

It is suitable to consider this problem in the interaction
representation. The Hamiltonian �1� could be split into an H0
part and an additional “interaction” H�, namely, the Hamil-
tonian �1� can be rewritten as*yzheng@sdu.edu.cn
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H = H0 + H��t� . �3�

In the interaction representation, the system Hamiltonian is
written as

HI�t� = eiH0t/�H��t�e−iH0t/�, �4�

and the time-evolution operator is given by

i�
�

�t
UI�t� = HI�t�UI�t� , �5�

with the initial condition UI�t=0�=1.
Once we know the evolution operator of the system, we

can extract all the information of the system from the evolu-
tion operator. Here we are specially interested in the transi-
tion probability of the system from the initial state �vi� to the
final state �v f�,

Pvi,vf
�t� = ��v f�UI�t��vi��2. �6�

The corresponding long-time average probability is defined
as

P̄vi,vf
= lim

T→�
� 1

T
	

0

T

Pvi,vf
�t�dt
 . �7�

Here we neglect the obvious labels of the various aspects of
the laser field in Eqs. �6� and �7�. In the following sections
we would obtain the obvious expressions of Eqs. �6� and �7�
in the theoretical framework.

B. Theoretical framework for diatomic molecules

We consider here the one-dimensional vibrational motion
of a diatomic molecule. The U�2� algebra is successfully
applied to describe vibrations; the Hamiltonian of a nonro-
tating Morse oscillator could be written as �26–29�

Hmol = ��0�Â†Â +
Î0

2
� , �8�

where �0 is the frequency of the anharmonic oscillator. The
creation �A†� and annihilation �A� operators obey the com-
mutation relations �26�,

�Â,Â†� = Î0,

�Î0,Â� = − 2�0Â ,

�Î0,Â†� = 2�0Â†. �9�

It should be noted that I0 is an operator and tends to the
identity operator in the harmonic limits, and �0→0 in these
limits. The anharmonic correction is given in the order of
�0=1/N.

In our numerical calculation we would replace N by N
+1. According to Cooper et al. �28,29�, this modification can
lead to quite accurate fits to the vibrational energy levels of
diatomic molecules, potential function including the zero-
point energy, and achieve the known value of dissociation
energy.

The molecular dipole moment ��x� could be expanded in
a series at the equilibrium, and we keep the first order in our
present work, as in Refs. �30–33�, i.e.,

��x� = �x . �10�

The interaction between the molecule and the laser field, Eq.
�2�, can be rewritten as

V = −
d�t�

2
�Â† + Â� , �11�

where the time-dependent parameter d�t� is

d�t� = � · E�t�
1

�

��0

D
. �12�

Here we choose H0=Hmol and H�=V, the system Hamil-
tonian, in the interaction representation from Eq. �4�, reads

HI�t� = eiH0t/�Ve−iH0t/�

= ei�0�0tÂ†Âei�0tI0/2d�Â† + Â�e−i�0tI0/2e−i�0�0tÂ†Â

= dei�0�0tei�0I0tÂ†dei�0�0te−i�0I0tÂ

� �+Â† + �−Â . �13�

Here we have taken the operator I0 as an identity approxi-
mately in the exponential term since the anharmonic correc-
tion is of order �0. It is often of the order of 1% or less for
realistic molecules �26�.

Since the generators A†, A, and I0 form a closed Lie alge-
bra �see Eq. �9��, the evolution operator can be written as
�23,34,35�

UI = e−�i/���0Î0e−�i/���+Â†
e−�i/���−Â, �14�

where the coefficients �r�t� �r=0, + ,−� are known as the
Lagrange parameters �34�. The equations of the Lagrange
parameters �r�t� are given by

�̇0 = −
i

�
�+�−e�i/��2�0�0,

�̇+ = �+e−�i/��2�0�0 −
�0

�2�+
2�−e�i/��2�0�0,

�̇− = �−e�i/��2�0�0, �15�

with the initial conditions

�r�t = 0� = 0 �r = 0, ± � . �16�

The probability from the initial state �vi� to the final state
�v f�, from Eq. �6�, is

Pvi,vf
�t� = ��v f�UI�t��vi��2 = ���t��2	vf,vi−m+n, �17�

where
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��t� = exp�−
i

�
�0�1 − 2�0�vi − m + n��
�

n=0

�
1

n!
�−

i

�
�+�n



�
n�=0

n

�1 − �0�vi − m� + n� − 1���vi − m� + n��


�
m=0

�
1

m!
�−

i

�
�−�m



�
m�=0

m

�1 − �0�vi − m���vi − m� + 1�� . �18�

The analytic expression of vibrational transition probability
is obtained and we can tackle many concrete examples using
this expression.

C. Theoretical framework for triatomic molecules

As a natural extension in this subsection, here we consider
the control of the triatomic molecule. The triatomic molecule
could be thought of as the two coupled Morse oscillators,
i.e., the dynamical symmetry group of a triatomic molecule
is

U1�2� � U2�2� . �19�

For stretching vibrations in a triatomic molecule, the al-
gebraic Hamiltonian reads �36�

Hmol = ��01�Â1
†Â1 +

Î01

2
� + ��02�Â2

†Â2 +
Î02

2
�

− ��Â1
†Â2 + Â2

†Â1� , �20�

where the “1” and “2” subscripts denote one of the two
bonds of the molecule, respectively, � is the coupling coef-
ficient, and we include here the kinetic and potential linear
couple terms. �01 and �02 are the angular frequencies of
bond 1 and bond 2 of the triatomic molecule, respectively.

The interaction between the triatomic molecule and the
laser field can be expressed, similar to the diatomic mol-
ecule, as

V = d1�t��Â1
† + Â1� + d2�t��Â2

† + Â2� , �21�

where

d1�t� = −
1

2�1

��01

D1
�1 · E�t� ,

d2�t� = −
1

2�2

��02

D2
�2 · E�t� . �22�

Here the linear dipole moment form is employed for the
molecule �37�.

In the interaction picture, the Hamiltonian of the system
for the triatomic molecule is

HI�t� = eiH0t/�H�e−iH0t/�

= d1�t���1+Â1
† + �1−Â1� + d2�t���2+Â2

† + �2−Â2�

− ���1+�2−Â2
†Â2 + �1−�2+Â2

†Â1� , �23�

where

� j+ = ei�0j�x0j+I0j�t,

� j− = ei�0j�x0j−I0j�t �j = 1,2� . �24�

In the calculation we have chosen

H0 = ��01�Â1
†Â1 +

Î01

2
� + ��02�Â2

†Â2 +
Î02

2
� ,

H� = − ��Â1
†Â2 + Â2

†Â1� + d1�t��Â1
† + Â1� + d2�t��Â2

† + Â2� .

�25�

We partition the Hamiltonian �23�, for the simplicity of
algebraic structure and calculation, into two parts

HI�t� = HI
�0� + HI

�1��t� , �26�

where we let

HI
�0� = d1��1+Â1

† + �1−Â1� + d2��2+Â2
† + �2−Â2� �27�

and

HI
�1��t� = − ���1+�2−Â1

†Â2 + �1−�2+Â2
†Â1� . �28�

It is easily shown that the operator in Hamiltonian �27�
closes under the commutation �9�. The time-evolution opera-
tor UI

�0�, corresponding to Hamiltonian �27�, can be written as
�23,34,35�

UI
�0� = e−�i/���01Î01e−�i/���1+Â1

†
e−�i/���1−Â1e−�i/���02Î01


e−�i/���2+Â2
†
e−�i/���2−Â2. �29�

Following procedures similar to those carried out in the
preceding section, the Lagrange parameters are satisfied:

�̇01 = −
i

�
d1�1−�1+e�i/��2�01�01,

�̇1+ = d1�1+e−�i/��2�01�01 −
�0

�2d1�1−�1+
2 e�i/��2�01�01,

�̇1− = d1�1−e�i/��2�01�01,

�̇02 = −
i

�
d2�2−�2+e�i/��2�02�02,

�̇2+ = d2�2+e−�i/��2�02�02 −
�02

�2 d2�2−�2+
2 e�i/��2�02�02,

�̇2− = d2�2−e�i/��2�02�02. �30�

The initial conditions are �r�t=0�=0 �r=01,1± ,02,2± �.
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If UI
�0��t� is known, the evolution operator UI�t� describing

the whole system �corresponding total Hamiltonian �23�� will
be given by �38�

UI�t� = UI
�0��t� · UI

�1��t� , �31�

where UI
�1��t� satisfies the evolution equation

i�
�

�t
UI

�1��t� = HI
�1���t�UI

�1��t� , �32�

with the initial condition UI
�1��0�=1. The Hamiltonian

HI
�1���t� is given by �38�

HI
�1���t� = UI

�0�†�t�HI
�1��t�UI

�0��t� . �33�

The Hamiltonian HI
�1���t� can be then expressed as

HI
�1���t� = �UI

�0��−1HI
�1��t�UI

�0�

= �0Î01Î02 + �1Î02Â1
† + �2Î02Â1 + �3Î01Â2

† + �4Î01Â2

+ �5Â1
†Â2 + �6Â1Â2

† + �7Â1
†Â2

† + �8Â1Â2, �34�

where

�0 =

1

�2 �1−�2+�1 −
�02

�2 �2+�2−�
+


2

�2 �1+�2−�1 −
�01

�2 �1+�1−� ,

�1 = −
i

�

1�2+�1 −

�02

�2 �2+�2−� +
i

�3
2�01�1+
2 �2−,

�2 = −
i

�3
1�01�1−
2 �2+�1 −

�02

�2 �2+�2−�
+

i

�

2�2−�1 −

�01

�2 �1+�1−�2

,

FIG. 1. Long-time average populations of OH as a function of
laser frequency. �a� The transitions from the ground state to the first,
second, and third excited states. �b� The transitions from the ground
state to the fourth, fifth, and sixth excited states. Pi �i=1, . . . ,6�
denotes the transition �v=0�→ �v= i�.

FIG. 2. Long-time average populations of OD as a function of
laser frequency. The others are the same as Fig. 1.

FIG. 3. Log-log plots of the transition populations of OH as a function of laser intensity. n is the slope of the log-log plots. �a� The
transitions from the ground state to the first, second, and third excited states. �b� The transitions from the ground state to the fourth, fifth, and
sixth excited states. The meaning of Pi is the same as Fig. 1. The data calculated are plotted as dots and the lines are fitted linear lines. It
should be noted that the n is kept as the integer since it is the photon numbers.
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�3 =
i

�3
1�02�1−�2+
2 −

i

�

2�1+�1 −

�01

�2 �1+�1−� ,

�4 =
i

�

1�1−�1 −

�02

�2 �2+�2−�2

−
i

�3
2�02�1+�2−
2 �1 −

�01

�2 �1+�1−� ,

�5 = 
1�1 −
�02

�2 �2+�2−�2

+

2

�4 �01�02�1+
2 �2−

2 ,

�6 =

1

�4 �01�02�1−
2 �2+

2 + 
2�1 −
�01

�2 �1+�1−�2

,

�7 = 
1
�02

�2 �2+
2 + 
2

�01

�2 �1+
2 ,

�8 = 
1
�01

�2 �1−
2 �1 −

�02

�2 �2+�2−�2

+ 
2
�02

�2 �2−
2 �1 −

�01

�2 �1+�1−�2

. �35�

The coefficients 
1 and 
2, in Eq. �35�, are defined as


1 = − ��1+�2−e�i/��2��02�02−�01�01�,


2 = − ��1−�2+e�i/��2��01�01−�02�02�. �36�

The algebraic structure is not close in Hamiltonian �34�;
the time-evolution operator UI

�1��t� could not be written as the
product of exponential operators. It can be obtained by using
the Magnus approximation

UI
�1��t� = exp��

m=1

�

�m�t�� , �37�

where �m�t� denotes the integrals of m-fold multiple commu-
tators. The first two terms of the Magnus propagators, for
example, are �39,40�

�1�t� = −
i

�
	

0

t

dt1HI
�1���t1� ,

�2�t� =
1

2�2	
0

t

dt2	
0

t2

dt1�HI
�1���t1�,HI

�1���t2�� . �38�

The total time-evolution operator UI�t� of the whole sys-
tem can be calculated by using Eq. �31�. The transition prob-
ability from state �v1i ,v2i� to state �v1f ,v2f� is

Pif�t� = ��v1f,v2f�UI�t��v1i,v2i��2. �39�

The explicit expression of the vibrational transition probabil-
ity can be obtained and is given in the Appendix . The aver-
age energy in bonds can also be obtained by using the time-
evolution operator.

III. NUMERICAL RESULTS AND DISCUSSIONS

A. Diatomic molecules

In this section, we study the multiphoton transition of the
diatomic molecules. For comparison with the previous study,
we use the local OH and OD bond of the HOD molecule in
our numerical model. These models are extensively studied
in a previous study �41–44�. All parameters, in atomic units,
are taken from Refs. �41–44�, namely, �0=0.01664 a.u., �0
=0.02323 a.u., D=0.1614 a.u., and �=1.156 a.u. for OH and

TABLE I. Multiphoton vibrational transition of OH. �All parameters are atomic units except n.�

P1 P2 P3 P4 P5 P6

�r 0.016 253 0.015 480 0.014 707 0.013 934 0.013 161 0.012 388

n 1 2 3 4 5 6

�n 0.016 221 0.015 835 0.015 453 0.015 063 0.014 698 0.014 359

��n−�r� 0.000 032 0.000 355 0.000 746 0.001 129 0.001 537 0.001 971

FIG. 4. Log-log plots of the
transition populations of OD as a
function of laser intensity. The
others are the same as Fig. 3.
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�0=0.0122 a.u., �0=0.01645 a.u., D=0.1636 a.u., and �
=1.142 a.u. for OD, respectively.

1. Multiphoton vibrational transition

We first consider the following simple case: The multi-
photon vibrational transition. In this case, we choose the
laser field as follows:

E�t� = E0 sin��Lt� . �40�

The initial state of the molecules are set on the ground state.
The frequency of the infrared laser field is adjusted to the
resonant frequency �r.

Multiphoton transitions are said to be in resonance if the
energy of one or several quanta of laser is close to the tran-
sition energy from the initial to an intermediate excited state
or to that between the intermediate. The transition is called
multiphoton resonance transition, if the following condition
is satisfied �45�:

�r � �n =
�� f − �0�

n�
, �41�

where � f −�0 is the energy gap between the ground state and
the fth excited state.

Figures 1 and 2 give the long-time average probabilities
of OH and OD from the ground state to the different excited
states using Eq. �7�. We can obtain the resonance frequency
�r corresponding to the peaks of the transition probabilities.
The orders of multiphoton transitions could be determined
using the formal intensity law �46�,

ln Pn = n ln I + C , �42�

where I is the intensity of the laser field, Pn is the transition
probability for the n-photon process, and C is a constant.

If no saturation occurs, one can determine the order of the
multiphoton transition from the slope of Eq. �42�. In Figs. 3
and 4 we give the log-log plots of the transition probabilities
as a function of laser intensity I from the ground state to the
different excited states. The order of the n-photon transition
could be known from the slopes of Figs. 3 and 4, which
correspond to the transition probabilities in Figs. 1 and 2,
respectively. We have noted them in the figures, and detailed
results are summarized in Table I and Table II.

As shown in Table I and Table II, the transitions from the
ground state to the first, second, third, fourth, fifth, and sixth
excited states belong to one-, two-, three-, four-, five-, and
six-photon transitions. However, the deviation between the

transition frequency �r and the frequency �n is becoming
larger. This deviation denotes that the nonresonant transition
appears when the vibrational state goes up.

From Figs. 1 and 2, we can also see that the resonance
frequencies �r are shifting a little when the system reaches
the different final states. Namely, the resonant transition fre-
quency decreases with the final energy level going up. And
because of the higher dissociation energy in the deuterated
case the transition probabilities of OD are all smaller than
those of OH at the same laser intensity. The value of the
interval between the transition peaks in Fig. 1 is about
0.000 773 a.u., and the value in Fig. 2 is about 0.000 401 a.u.
The interval of the transition peaks of OH is larger than that
of OD. We attribute it to the difference of the anharmonicity
parameter of OH and OD, i.e., the anharmonic parameters of
OH is larger than that of OD. The ratio of the anharmonicity
parameters of OH and OD is 1.4 which is comparable to the
ratio of 0.000773 to 0.000401 ��1.9�. Furthermore, we can
see the deviations ��r−�n� of OH are also larger than those
of OD in Table I and Table II. These results show the anhar-
monicity of molecular vibrations has an important influence
on the resonant transition frequency.

2. Multiphoton selective vibrational transition of OH

Sugimori et al. investigated the multiphoton absorption of
OH using numerical simulation �47�. For comparison, we
take here the same molecular parameters as in Ref. �47�. We
compare all the calculations for the one-photon, two-photon,
three-photon, and four-photon absorption in Ref. �47� with
our analytical results. In this comparison, the laser field is
employed with the same as Ref. �47�, namely,

E�t� = E0g�t�sin��Lt� ,

TABLE II. Multiphoton vibrational transition of OD. �All parameters are atomic units except n.�

P1 P2 P3 P4 P5 P6

�r 0.011 999 0.011 598 0.011 197 0.010 796 0.010 395 0.009 994

n 1 2 3 4 5 6

�n 0.011 963 0.011 716 0.011 556 0.011 474 0.011 192 0.010 959

��n−�r� 0.000 036 0.000 118 0.000 359 0.000 678 0.000 797 0.000 965

TABLE III. Comparison of maximum laser intensity
Imax�W/cm2� and the ratio of the target state population between
our algebraic model and other numerical results.

OHa OH

Imax Ratio �%� Imax Ratio �%�

One-photon 4.74
106 100.00 4.68
106 99.99

Two-photon 5.68
108 99.98 5.57
108 99.49

Three-photon 5.58
109 99.88 5.42
109 99.23

Four-photon 2.36
1010 94.51 2.27
1010 95.31

Five-photon 8.21
1010 95.07

Six-photon 1.79
1011 94.92

aNumerical solution from Ref. �47�.

FENG et al. PHYSICAL REVIEW A 75, 063417 �2007�

063417-6



g�t� = exp�− �t − T0�2/�2� , �43�

where T0=100 ps, �=30 ps, and the laser frequency �L is
calculated using Eq. �41�. In Table III a comparison is made
between numerical results in Ref. �47� and our analytical
results. A good agreement is found. The results of five- and
six-photon are also given by our algebraic model, and they
are also listed in the table. Since there exists a little deviation
of the resonant transition frequency for the different transi-
tion �see details in Table I and Table II�, we then take the
calculated frequency as the laser frequency and study the
multiphoton selective vibrational transition of OH. We find
the selectivity of the vibrational transition will decrease as
the value of the laser frequency has a little change �about
0.000001 a.u.�6.6
103 MHz�. The little changes on the la-
ser frequency may cause less selectivity and stronger laser
intensity. This denotes the selectivity of vibrational transition
is sensitive to the laser frequency.

3. Control of vibrational excitation of OH and OD molecules

We have obtained the resonant transition frequencies of
OH and OD from the ground state to some excited states in
the previous section. In this section, we use these resonant
frequencies to study the selective vibrational transition of
OH and OD. The laser field is

E�t� = E0f�t�cos ��t� ,

f�t� = exp�− �t − �/2�2/��/4�2� , �44�

where the Gaussian pulse envelope f�t� is employed since it
is extensively employed in experiment �5�. The frequency of
the field is chosen constant for nonchirped laser pulses ��r�
or time dependent for chirped ones, namely, the phase of the
laser field pulse is chosen as

��t� = ��rt �nonchirped pulse� ,

�0 + 	
0

t

���1 + � �2e−�t�/��2
�dt� �chirped pulse� .

�45�

That is, the two types of the laser pulse are used to study the
selective vibrational transition: The nonchirped laser pulse
and the chirped laser pulse.

The selective excitations of one-photon and two-photon
of OH are first studied by the nonchirped laser pulse. The
pulsewidth is set to be �=60000 a.u. ��1.4 ps� as in Refs.
�48,49�. We adjust the laser intensity to get maximum popu-
lations from E0=0.000055 a.u. to E0=0.00033 a.u. ��0.4

1010 W/cm2� for one-photon, and from E0=0.00013 a.u.

FIG. 5. Time dependence of
the laser field and population: �a�
One-photon transition between �0�
and �1�; �b� two-photon transition
between �0� and �2�, by changing
the laser intensity with the fixed
pulse duration at the nonchirped
laser pulse. The laser parameters
are given in Sec. III A 3.

FIG. 6. Comparison of populations between the chirped by changing the laser intensity with the fixed pulse duration. �a� One-photon
transition between �0� and �1�; the value of the laser field strength from the lowest curve to the highest one in the nonchirped pulse is from
E0=0.000 001 a.u. to E0=0.000 011 a.u. ��4.25
106 W/cm2�, and in the chirped pulse is from E0=0.000 001 7 a.u. to E0

=0.000 010 2 a.u. ��3.59
106 W/cm2�. �b� Two-photon transition between �0� and �2�; the value of the laser field strength from the lowest
curve to the highest one in the nonchirped pulse is from E0=0.000 04 a.u. to E0=0.000 12 a.u. ��5.05
108 W/cm2�, and in the chirped
pulse is from E0=0.000 03 a.u. to E0=0.000 11 a.u. ��4.29
108 W/cm2�.
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to E0=0.00065 a.u. ��0.15
1011 W/cm2� for two-photon.
In Fig. 5 we plot the time dependence of the laser field and
population with different intensity. From Fig. 5 we see that
the oscillations appearing in the population with the laser
intensity increases under the condition of the laser pulse du-
ration are relatively small. To avoid the oscillations, we ad-
just the laser pulse duration. We find that the oscillations
disappear completely at the pulsewidth �=18
105 a.u.
��40 ps�. This value is consistent with the pulsewidth in
Ref. �47�. Then we study the changes of the transition prob-
abilities when the nonchirped laser pulse is turned to the
chirped one. The transitions from the ground state to the first
and second excited states at different laser intensity are given
in Fig. 6. The laser intensity begins to increase from a rela-
tive small value till the populations get the maximum values
at the end of the nonchirped or chirped pulse �see Fig. 6
caption�. For the chirped pulse, we take the frequency ��1
as the resonant frequency, namely, we let ��1=�r. The
chirped term ��2 is adjusted to get a good selectivity at a
certain laser intensity. From Fig. 6, we can see that the popu-
lations begin to increase and get the maximum earlier by the
chirped pulse than the nonchirped one. It shows the chirped
pulse gives better control of vibrational excitation of mol-
ecules. Finally, we give the selective excitation of one-
photon, two-photon, three-photon, and four-photon of OH
and OD. Figure 7 gives the maximum populations of the
target states; the populations of other transitions are all

smaller than 10−6 and decrease rapidly. We can obtain com-
plete selective vibrational excitation by a Gaussian shaped
and chirped laser pulse. The optimal parameters of the laser
pulse are given in Table IV. We find the values of the chirped
term of OH are larger than those of OD which could also be
relevant to the anharmonicity of molecular vibrations. In the
same laser duration, the laser frequency of OH decreases
faster than that of OD, but the laser intensity of OD is higher
than that of OH.

From the above discussion, we see that the optimal laser
frequency must decrease as a function of time in order to
achieve a good selectivity of excitation. Furthermore, the
chirping of OH is faster than that of OD.

B. Triatomic molecules

In this section we study the control of triatomic mol-
ecules. As for triatomic molecules, there exists richer infor-
mation of selective laser excitation, for example, there is the
phenomenon of intramolecular vibrational redistribution
�IVR�. The IVR can interfere with selective excitation. Here
we investigate the direct resonant excitation of the intramo-
lecular bond for linear triatomic molecules HCN and DCN.

The Hamiltonian �20� is used to calculate the stretch vi-
brational levels of HCN and DCN molecules successfully,
and it can reproduce the real situations of the molecules �36�.
The molecular parameters of HCN and DCN, in our current

TABLE IV. The optimal laser parameters of multiphoton selective vibrational excitation of OH and OD.

OH OD

��1 �a.u.� ��2 �a.u.� Imax �W/cm2� ��1 �a.u.� ��2 �a.u.� Imax �W/cm2�

One-photon 0.016 253 0.000 004 2 3.59
106 0.011 999 0.000 004 0 4.80
106

Two-photon 0.015 480 0.000 004 0 4.29
108 0.011 598 0.000 003 3 5.61
108

Three-photon 0.014 707 0.000 003 8 4.25
109 0.011 197 0.000 002 5 5.05
109

Four-photon 0.013 934 0.000 003 6 1.76
1010 0.010 796 0.000 001 8 1.91
1010

Five-photon 0.013 161 0.000 003 4 7.68
1010 0.010 395 0.000 001 2 8.04
1010

Six-photon 0.012 388 0.000 003 2 1.03
1011 0.009 994 0.000 000 6 1.32
1011

FIG. 7. Time dependence of
the laser field and the maximum
population P1 , P2 , P3 , P4: �a� For
OH; �b� for OD. The optimal pa-
rameters are listed in Table IV.
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numerical calculations, are taken from Ref. �36�.
We investigate the effects of linearly chirped pulses with

different shapes on the molecules. The linearly chirped
pulses are successfully used to study vibrational excitation
and dissociation of the molecules �50–52�. Furthermore, a
linearly chirped pulse can be readily prepared in the labora-
tory �53,54�. The laser field is as follows:

E�t� = E0f�t�cos ��t� ,

��t� = �0t�1 −
�ct

2�
� . �46�

In our numerical calculation, �0 is taken as the anharmonic
frequency of the selected bond, namely, we let �0=�01 or
�02. The instantaneous frequency is taken as �ins�t�=�0�1
−�c�t /���; the amount of chirping is then determined by the
parameters �c. The target excitation state is chosen v=10

which determines the value of the parameters �c. Research
as in Refs. �55,56� shows the ionization threshold is esti-
mated to be at 1014 W/cm2, the laser intensities chosen in
this investigation are all far below this value, and other pa-
rameters are similar to Ref. �57� and given in figure captions.
We consider here three kinds of laser shapes: Rectangular,
Gaussian and sech-shaped.

1. Selective bond excitation via the rectangular laser shape

The selective vibrational excitation of C-H �C-D� and
C-N bonds can be achieved by using the rectangular laser
shape as shown in Figs. 8 and 9. The selective target bond
picks up a higher energy but the energy of the other bond has
a relatively smaller value at the end of the pulse. The selec-
tive bond excitation in molecule HCN is plotted in Fig. 8. In
Fig. 8�a�, we can see the energy in the C-N bond does not
oscillate around the initial energy but it has a pronounced
increase after the energy in the C-H bond grows. There are
two possibilities about this phenomenon. One is due to the
intramolecular vibrational redistribution �IVR� as energy
leaks from the highly excited C-H bond; the other is due to

FIG. 8. Selective excitation of C-H bond and C-N bond for
HCN to the v=10 level by a resonance linearly chirped pulse with
a rectangular shape. �a� Time dependence of energy in C-H bond
�ECH� and in C-N bond �ECN�. The pulse parameters are I=0.9

1012 W/cm2; �c=0.38; ��2.8 ps. �b� Time dependence of en-
ergy in C-H bond �ECH� and in C-N bond �ECN�. The pulse param-
eters are I=0.5
1013 W/cm2; �c=0.13; ��7.2 ps.

FIG. 9. Selective excitation of C-D bond and C-N bond for
DCN to the v=10 level by a resonance linearly chirped pulse with
a rectangular shape. �a� Time dependence of energy in C-D bond
�ECD� and in C-N bond �ECN�. The pulse parameters are same as in
Fig. 8�a� except �c=0.26. �b� Time dependence of energy in C-D
bond �ECD� and in C-N bond �ECN�. The pulse parameters are same
as in Fig. 8�b� except �c=0.11.

FIG. 10. Selective excitation of C-H bond of HCN to the v
=10 level by a resonance linearly chirped pulse with a Gaussian
shape. �a� Time dependence of Gaussian pulse shape: f�t�
=exp�−�t−� /2�2 /�2�. �b� Time dependence of energy in C-H bond
�solid lines for ECH� and in C-H bond �dotted lines for ECN�. �c� The
enlargement of C-H bond energy in panel �b�. The pulse parameters
are the same as in Fig. 8�a�.

FIG. 11. Same as Fig. 10, except
f�t�=exp�−�t−� /2�2 / �� /2�2�.
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an accidental resonance with the pulse frequency which is
near the C-N frequency ��02� at the end of the laser pulse.
From Fig. 8�b�, we see the selective vibrational excitation of
the C-N bond needs longer pulse duration and higher laser
intensity. The C-N bond is much heavier and stronger than
the C-H bond, so the C-H bond may break first before the
C-N bond is excited to the higher excitation level or disso-
ciation and the selectivity of the C-N bond decreases. The
results are consistent with the other study �57�.

The selective vibrational excitation of DCN is given in
Fig. 9 and a similar case is observed. However, from Fig.
9�a�, we can see that the energy in the C-D bond does not
always increase but begins to oscillate after some time, and
the energy in the C-N bond begins to increase earlier than
that of HCN. In Fig. 9�b� when the C-N bond is excited, the
C-D bond picks up energy at the end of the pulse. Compared
to Fig. 8, energies in the selective C-D bond or the selective
C-N bond are smaller than those of HCN. These results rep-

resent the fact that IVR �intramolecular vibrational redistri-
bution� in the DCN molecule is faster and the selectivity of
DCN is much less than that of HCN which is consistent with
Ref. �58�.

2. C-H bond excitation in HCN molecule by a Gaussian and
sech-shaped laser pulses

Figures 10 and 11 show that the oscillations of energy in
the C-H bond decreased at the end of the Gaussian shaped
laser pulse and the pulsewidth of the Gaussian shape has a
deep influence on oscillations of energy. But the energy in
the C-H bond also decreases in the Gaussian shaped laser
pulse and the value is smaller than in the rectangular laser
shape. In contrast, using the sech-shaped laser pulses, the
value of energy becomes large but still smaller than in the
rectangular laser shape as shown in Fig. 12.

From these two figures, we find the values of energy in
the bond excitation is decided by the pulse area, and the
oscillations of energy are related to the pulse shape. In order
to get small oscillation and high energy, we take a super-
Gaussian shape laser pulse and give the C-H and C-N bond
selective excitation in Fig. 13 and Fig. 14. As we expected,
the energy in the C-H bond has larger values and smaller
oscillations compared to the other shaped cases. The C-N
bond excitation also has a better selectivity than the rectan-
gular case at the same laser intensity.

IV. CONCLUSION

We have studied selective vibrational excitation for small
molecules in an algebraic model. State-selective excitation of
diatomic molecules and bond selective excitation of tri-
atomic molecules is achieved successfully. The results are in
good agreement with other research. In this investigation, we
find the optimal laser frequency must decrease as a function
of time and the transition probability is very sensitive to the
laser frequency to the control state excitation of a diatomic
molecule. For the triatomic molecule, although the intramo-

FIG. 12. Selective excitation of C-H bond of HCN to the v
=10 level by a sech-shaped and resonance linearly chirped pulse.
�a� Time dependence of sech-shaped pulse shape: f�t�=sech��t
−� /2� /��. �b� Time dependence of energy in C-H bond �solid lines
for ECH� and in C-H bond �dotted lines for ECN�. �c� The enlarge-
ment of C-N bond energy in panel �b�. The pulse parameters are the
same as in Fig. 8�a�.

FIG. 13. Selective excitation of C-H bond of HCN to the v
=10 level by a resonance linearly chirped pulse with a super-
Gaussian shape. �a� Time dependence of super-Gaussian pulse
shape: f�t�=exp�−�t−� /2�4 /�4�. �b� Time dependence of energy in
C-H bond �solid lines for ECH� and in C-N bond �dotted lines for
ECN�. �c� The enlargement of C-N bond energy in panel �b�. The
pulse parameters are the same as in Fig. 8�a�.

FIG. 14. Selective excitation of C-N bond of HCN to the v
=10 level by a resonance linearly chirped pulse with a super-
Gaussian shape. �a� Time dependence of super-Gaussian pulse
shape: f�t�=exp�−�t−� /2�4 /�4�. �b� Time dependence of energy in
C-N bond �solid lines for ECN� and in C-N bond �dotted lines for
ECH�. �c� The enlargement of C-N bond energy in panel �b�. The
pulse parameters are the same as in Fig. 8�b�.
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lecular vibrational redistribution makes selective excitation
difficult, selective excitation to a specific vibrational bond
can be achieved by using the appropriate chirped and shaped
pulse. To get a good selectivity of bond excitation, the pulse
area and the pulse shape are of the same importance. The
pulse area decides the value of energy in bonds and the
proper laser shape decreases the oscillations of energy. In our
cases, a super-Gaussian shape laser can be used to obtain a
better selectivity of bond excitation. Furthermore, the bend-
ing motions and rotations can be taken into account and this
method can also be extended to study the tetra-atomic mo-
lecular case.
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APPENDIX

The transition probability of the triatomic molecule is in-
troduced in this appendix. From Eqs. �31� and �39� we have

Pif�t� = ��v1f,v2f�UI
�0��t�UI

�1��t��v1i,v2i��2. �A1�

We split the transition probability into two parts for simplic-
ity: One is the term obtained by using the time evolution
operator UI

�0��t� �see Eq. �29��; the other is obtained by the
Magnus approximation. During the computation, we found
that the values of �k�t� �k=0,1 ,2 , . . . ,8� are much smaller
than �r�t� �r=0, ± �; we take one term, in the Magnus ap-
proximation, i.e.,

UI
�1��t� � e�1�t�. �A2�

In the calculation of the explicit expression of Pif in Eq. �A1�
we used

�1�t��v1i,v2i� = �0�t��1 − 2�01v1i��1 − 2�02v2i��v1i,0,v2i� + �1�t��1 − 2�02v2i�
�1 − �01v1i��v1i + 1��v1i + 1,v2i�

+ �2�t��1 − 2�02v2i�
�1 − �01�v1i − 1��v1i�v1i − 1,v2i�

+ �3�t��1 − 2�01v1i�
�1 − �02v2i��v2i + 1��v1i,v2i + 1�

+ �4�t��1 − 2�01v1i�
�1 − �02�v2i − 1��v2i�v1i,v2i − 1�

+ �5�t�
�1 − �01v1i��v1i + 1�
�1 − �02�v2i − 1��v2i�v1i + 1,v2i − 1�

+ �6�t�
�1 − �01�v1i − 1��v1i

�1 − �02v2i��v2i + 1��v1i − 1,v2i + 1�

+ �7�t�
�1 − �01v1i��v1i + 1�
�1 − �02v2i��v2i + 1��v1i + 1,v2i + 1�

+ �8�t�
�1 − �01�v1i − 1��v1i

�1 − �02�v2i − 1��v2i�v1i − 1,v2i − 1� , �A3�

where �k�t�=�0
t �k�t��dt� �k=0,1 ,2 , . . . ,8�, by using the first Magnus approximation UI

�1��t�=exp�−�0
t HI

�1���t��dt��.
The time evolution operator UI

�0��t� acting on the vibrational state �v1 ,v2� is given by

UI
�0��t��v1,v2� = exp�−

i

�
�02�1 − 2�02�v2 − m2 + n2��
 �

n2=0

�
1

n2!
�−

i

�
�2+�n2
�

n2�=0

n2

�1 − �02�v2 − m2� + n1� − 2���v2 − m2� + n2��


 �
m2=0

�
1

m2!
�−

i

�
�2−�m2
�

m1�=0

m2

�1 − �02�v2 − m2���v2 − m2� + 1��exp�−
i

�
�01�1 − 2�01�v1 − m1 + n1��



 �
n1=0

�
1

n1!
�−

i

�
�1+�n1
�

n1�=0

n1

�1 − �01�v1 − m1� + n1� − 1���v1 − m1� + n1��


 �
m1=0

�
1

m1!
�−

i

�
�1−�m1
�

m1�=0

m1

�1 − �01�v1 − m1���v1 − m1� + 1�� . �A4�

Combing Eq. �A3� with Eq. �A4�, putting them into Eq. �A1�, and after some algebra, the explicit expression of the vibrational
transition probability Pif�t� is obtained.
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