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Relativistic above-threshold ionization �ATI� and high-harmonic generation in the long pulse regime are
investigated via the Klein-Gordon equation employing the strong-field approximation. The energy and angular
spectra of the rescattering electrons for ATI in the relativistic low frequency tunneling regime are examined.
While the relativistic drift significantly reduces the rescattering efficiency in conventional sinusoidal laser
waves, the employment of laser pulses specially tailored as a strong attosecond pulse train �APT� allows to
counteract the drift. The optimal conditions for high-energy rescattering are found in relation to the duration of
the attosecond pulse, to the time delay between pulses in the APT, as well as to the spectral content of the APT.
The stability of the harmonic yield vs deformations of the tailored pulse shape is shown. The proposed method
renders energies of more than 1 MeV possible for the rescattering atomic electron.
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I. INTRODUCTION

Above-threshold ionization �ATI� �1� and high-harmonic
generation �HHG� �2� are phenomena which have been thor-
oughly investigated in the nonrelativistic regime, both ex-
perimentally and theoretically. The two processes are well
understood within a three step model �3� where the ionized
electron after propagation in the continuum by the laser field
is driven back to the ionic core and scatters there in the case
of ATI or recombines with emission of high harmonic radia-
tion. The strong field approximation �SFA� �4�, i.e., neglect-
ing the influence of the Coulomb field of the residual atomic
core on the ionized electron state and the influence of the
laser field on the bound state, proved to be very successful
for the description of atomic processes in strong laser fields.
Further on, it has been developed into the quantum orbit
method �5–7� that provides an intuitive description of strong-
field processes. The relativistic theory of the SFA has been
developed in �8� based on the Klein-Gordon equation and in
�9� based on the Dirac equation and has been employed for
the calculation of the relativistic direct ionization rate of
hydrogen-like atoms in strong laser fields. The total transi-
tion rate, the photoelectron spectra and the angular distribu-
tion of the direct photoelectrons have been calculated in cir-
cularly �8–10� as well as in linearly �11� polarized strong
laser fields. Spin effects in the direct ionization of an atom
via the SFA based on the Dirac equation have been studied
recently in �12�. In the relativistic theory of ionization there
exists an exact solvable model; that is a Klein-Gordon par-
ticle in a short-range separable potential interacting with a
circularly polarized strong laser field �13�.

The application of the WKB approximation to the atomic
ionization problem has resulted in the development of the
imaginary-time-method �14�. It provides direct access to the

asymptotics of the SFA theory and simple expressions for the
direct ionization rates. The imaginary-time method has been
extended to the relativistic regime in �15–17�. Relativistic
theories of ATI of a quasiclassical nature have also been
developed in �18–21�. In particular, simple analytical expres-
sions for the angular and energy distribution of direct photo-
electrons in the relativistic regime have been obtained in
�19–21� by means of the adiabatic Landau-Dykhne approxi-
mation.

Numerical investigation of the strong field ionization in
the relativistic regime encounters significant calculational
difficulties at low frequencies of laser radiation but provides
reliable results in the high frequency domain �22�.

While the direct strong field ionization in the relativistic
regime is a rather well investigated topic, the rescattering for
ATI in the relativistic regime has not been thoroughly quan-
tified. Particularly, the question of how the energy spectra
and the angular distribution of the rescattered electron are
modified in the relativistic regime still needs investigation. In
the nonrelativistic regime where the laser magnetic field is
negligible, the ionized electron is accelerated only in the la-
ser polarization direction and is highly probable to return to
the nucleus. In contrast, the relativistic regime is character-
ized by an additional force in the laser propagation direction
due to the now non-negligible laser magnetic field. This is
the reason for a drift of the electron in this direction after
ionization and, consequently, a severe reducing of the rescat-
tering probability �23–25�. It is therefore impossible to enter
the hard x-ray regime of HHG by simply increasing the laser
intensity. In order to avoid this problem, on the one hand, the
properties of the atomic system can be modified by using
atoms that move relativistically against the laser propagation
direction �26�, by employing positronium atoms instead of
atoms �27�, or antisymmetric molecular orbitals �28�. In the
first case, the drift of the ionized electron is reduced by the
increase of laser frequency in the system’s center of mass. In
the second, the electron’s relativistic drift is compensated by
an equally strong drift of the positron. In the last case, how-
ever, the compensation is due to the initial momentum of the
tunneling electron from the antisymmetric orbital. On the
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other hand, the laser field can be modified to suppress the
relativistic drift by using a tightly focused laser beam �29�,
two counterpropagating laser beams with linear �30,31� or
equal-handed circular polarization �32�, instead of one lin-
early polarized laser field. In the first case, the longitudinal
field in the tightly focused laser beam counteracts the drift.
In the second case, the Lorentz-force is eliminated only in a
small area near the antinodes of the standing wave. In the
third case however, it is eliminated over the whole focal
region of the laser. In the weak relativistic regime where the
relativistic drift velocity is not very high, the Lorentz force
can also be compensated by a second weak laser beam which
has polarization in the strong beam propagation direction
�33�. By varying the time delay between the laser pulses, it is
then possible to achieve a drift suppression for selected
quantum orbits and an enhancement of the respective spec-
tral region of HHG. As proposed in �34�, pulses specially
tailored as a strong attosecond pulse train �APT� instead of
conventional sinusoidal laser pulses are employed, to sup-
press the relativistic drift of the ionized electron in the strong
relativistic regime �see Fig. 1�. The latter setup is investi-
gated in detail later in this paper.

The SFA with the Schrödinger equation without the dipole
approximation for the laser field has been developed �35� to
investigate the weak relativistic regime of multiphoton ion-
ization. The emergence of relativistic signatures in the recol-
lision dynamics of the atomic electron in the weakly relativ-
istic regime has been investigated for HHG in �23,33,36�, as
well as for ATI in �37�, employing the SFA based on the
Schrödinger equation with a multipole expansion of the
laser-atom interaction Hamiltonian. HHG in the moderate
relativistic regime has been calculated in �38� by the use of
the relativistic SFA via the solution of the Klein-Gordon
equation with a short range potential.

In this paper we investigate ATI and HHG in the relativ-
istic regime. We examine the energy spectra and the angular
distribution of the rescattered electron for ATI in the low
frequency ��� Ip, where � is the laser frequency, and Ip is

the atomic ionization potential� tunneling regime in the case
of a long laser pulse. The dependence of the cutoff energy
for ATI or HHG on the emission direction and the laser in-
tensity are analyzed. Detailed investigation is carried out on
the ATI and HHG processes in specially tailored laser pulses
in the form of an attosecond pulse train �APT�. We investi-
gate the dependence of the harmonic yield on the duration of
the attosecond pulse in the train, on the time delay between
the pulses in an APT, as well as on the spectral content of the
APT. Analysis of the stability of the harmonic generation
yield against deformations of the shape of the tailored pulse
is carried out. As a result, we are able to formulate the APT
parameter requirements for significant HHG in the MeV en-
ergy domain. In the calculation we employ the SFA to solve
the Klein-Gordon equation, taking into account the rescatter-
ing as a perturbation. The probabilities of ATI and HHG are
derived by the use of the saddle-point method for the calcu-
lation of the five-dimensional integral.

The plan of the paper is the following: Sec. II contains the
presentation of the fully relativistic SFA theory for ATI. The
photoelectron spectra and angular distribution for ATI are
considered in Secs. II C and II D. HHG in the relativistic
regime is considered in Sec. III. Section IV is dedicated to
the analysis of ATI and HHG features in the tailored laser
pulses. The conclusions are to be found in Sec. V.

II. ABOVE-THRESHOLD IONIZATION

A. SFA with the Klein-Gordon equation

We consider the ionization process of an atomic system
by a linearly polarized plane laser field with polarization in x,
magnetic field in y, and laser propagation in z directions for
the relativistic parameter regime. Further, the single-active
electron approximation �4� is applied, i.e., the interaction of
the ionized electron with the ionic core plus bound electrons
is represented by a static effective atomic potential. As spin
effects have very little influence on the photoelectron spectra
even in the strongly relativistic regime �see, e.g., Ref. �25��,
we will resort to the Klein-Gordon equation for the descrip-
tion of the ATI dynamics in the relativistic regime �atomic
units are used throughout this paper unless indicated other-
wise�,

��i�� + A�/c + g�0V/c�2 − c2���x� = 0, �1�

where ��x� is the wave function of the active electron, A�

= (0,A���) is the vector potential of the laser field in the
radiation gauge �i.e., ��A�=0�, c is the speed of light, x
= �ct ,x ,y ,z� is the time-space coordinate, �=k�x��k ·x is
the phase of the laser vector potential, k�= �� /c ,0 ,0 ,k� is
the wave vector, �=ck is the angular frequency, and g�� is
the metric tensor.

Equation �1� can be rewritten in the form

����� + c2���x� = �VL + VAI���x� �2�

with the electron-ion interaction operator

VAI = 2iV/c2�t + V2/c2 �3�

and the electron-field interaction operator

laser field
atom

x

z

HHG

electron

ATI

FIG. 1. �Color online� By employing specially tailored pulses
instead of conventional sinusoidal ones, it is possible to reduce
significantly the drift of the ionized electron due to the Lorentz
force of the laser magnetic field. By this way, the rescattering prob-
ability can be increased by several orders of magnitude in the rela-
tivistic regime of laser atom interactions. x and z are the laser po-
larization and propagation direction, respectively.
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VL = 2iA��� · �/c − A���2/c2. �4�

The amplitude Mp for the ATI process yielding one electron
with momentum p is given by

Mp = lim
t→�

��p
f ,�� , �5�

where �p
f �x� are the reference states represented by the con-

tinuum states of the Klein-Gordon equation in the atomic
potential which have an asymptotic momentum p at t→�;
the Klein-Gordon scalar product is defined by �f ,g�
=�d3xf*�x��i�Jct−2V /c�g�x� �39�.

The Lippmann-Schwinger equation with regard to the
electron-field interaction VL for the wave function ��x� is
given by

��x� = ��x� +� d4x�G�x,x��VL�x����x�� . �6�

��x� satisfies the boundary condition limt→−� �=�, where
� is the initial bound state of the atom. It is an eigenstate of
the energy operator in the radiation gauge �40� and can be
approximated by

��x� =
	0�x��c

�2�c2 − Ip�
exp	− i��c2 − Ip�t + x · A/c�
 �7�

with the nonrelativistic ground state wave function 	0. The
use of the nonrelativistic wave function for the bound state is
justified for the following reason: we consider laser intensi-
ties up to I=1020 W/cm2, correspondingly, the ionization po-
tential of the active atomic electron �Ip� must be large
enough to avoid over-the-barrier ionization �25�,

Ip�eV� 
 �2I �W/cm2�
1011 �1/3

, �8�

but also close to the threshold value, in order to have a sig-
nificant ionization probability in the tunneling regime. The
domain of the latter regime is known to be at a small
Keldysh parameter �=�Ip /2Up�1, where Up=E0

2 /4�2 is
the ponderomotive potential, and the amplitude of the laser
electric field E0. The above-mentioned conditions require an
ionization potential up to Ip2 keV, with the presumption
that the bound dynamics of the active electron is still nonrel-
ativistic, Ip�c2. A more precise condition for the nonrelativ-
istic tunneling dynamics is given by Eq. �23� in �16� which
estimates the ratio of the nonrelativistic tunneling probability
to the relativistic one,

wNR/wR  exp	− ��Z�5/36��Icr/I
 , �9�

where Icr=2.3�1029 W/cm2 is the intensity of the
Schwinger critical field, Z is the charge of a hydrogen-like
ion, Ip=c2�1−�1− �Z�2�, and  is the fine structure con-
stant. This formula shows that at a laser field intensity of
1020 W/cm2, relativistic effects in the tunneling dynamics
are not significant up to Z0.15, which corresponds to Ip
5 keV �see also Fig. 1 in �17��.

G�x ,x�� in Eq. �6� is the positive energy Green function of
the Klein-Gordon equation �1�. Its Lippmann-Schwinger

equation with respect to the electron-ion interaction reads

G�x,x�� = GV�x,x�� +� d4x� G�x,x��VAI�x��GV�x�,x��

�10�

with the Volkov Green function of the Klein-Gordon equa-
tion in the laser field GV�x ,x�� given in �38�

GV�x,x�� = − i��t − t�� � c d3q

2�q�2��3 exp�− iq · �x − x��

− i�
��

�

d�̃� �q + A��̃�/2c� · A��̃�/c
k · q

�� �11�

and the energy momentum q= ��q /c ,q�, and �q=�c2q2+c4.
The insertion of Eq. �10� in Eq. �6� yields

��x� = ��x� +� d4x� GV�x,x��VL�x����x��

+� d4x�� d4x��G�x,x��VAI�x��

� GV�x�,x��VL�x����x��� , �12�

which is still exact. Along the lines of the SFA, the influence
of the atomic potential on the ionized electron can be con-
sidered small compared to the one of the laser field. Then,
the atomic potential in the final reference states can be ne-
glected, and the substitution G→GV can be made which in-
cludes maximally one contact interaction of the revisiting
electron with the ionic core.

Consequently, the amplitude of ATI is then given by

Mp = − i� d4x� �p
V�x��*VL�x����x��

− i� d4x�� d4x���p
V�x��*VAI�x��

� GV�x�,x��VL�x����x��� , �13�

where �p
V�x� is the Klein-Gordon Volkov state which de-

scribes the electron in the laser field in the radiation gauge
�8�,

�p
V�x� =

�c
�2�2��3�p

exp�− ip · x

+ i�
�

�

d�̃
�p + A��̃�/2c� · A��̃�/c

k · p � , �14�

satisfying the boundary condition that when the laser field is
switched off at t→� the electron has an asymptotic momen-
tum p. The first term in Eq. �13� describes direct ionization
within the SFA, whereas the second includes rescattering at
the ionic core. Analogous to the nonrelativistic case �6�, we
can use the identity VL=−����+VL+����−VAI+VAI and de-
rive for the amplitude
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Mp = − i� d4x� �p
V�x��*VAI�x����x��

− i� d4x�� d4x���p
V�x��*VAI�x��

� GV�x�,x��VAI�x����x��� . �15�

Now we apply the integration variable transformation
�ct� ,x��→ ��� ,x�� and �ct� ,x��→ ��� ,x�� with ��=k�x�� and
��=k�x�� . Assuming that the laser wavelength is much larger
than the spatial extension of the wave packet of the ionized
electron, the momentum amplitude of ATI can then be writ-
ten as

Mp � − i�
−�

�

d�� m�p,���exp�i��p + Ip − c2���/��

= lim
�→�

�− i�
−�

�

d�� mD�p,���exp�− iS�p,�,����

− i�
−�

�

d���
−�

��
d��� d3q mR�p,q,��,���

� exp	− i�S�p,�,��� + S�q,��,����
� �16�

with the matrix element in the SFA,

mD�p,�� =�c2 − Ip

�p

�p +
A����

c
−

k

�
��p + Ip − c2��V�0�
�

,

�17�

and the rescattering matrix element,

mR�p,q,��,��� =�c2 − Ip

�p

�̃q����
�q

�p −
�p

�
k�V�q −

�q

�
k�

�

�q +
A����

c
−

k

�
��q + Ip − c2��V�0�
�2 ,

�18�

where �p�V�q� and �p�V�0� are the matrix elements of the
atomic potential. S�p ,� ,���=���

� d�̃��̃p��̃�−c2+ Ip� /� is the
quasiclassical action and the relativistic energy of the elec-
tron in the laser field is given by

�̃p��� = �p +
�

k · p
�p + A���/2c� · A���/c . �19�

Further, we explicitly take into account that the ATI pro-
cess in a long laser pulse is a periodic one which results in a
discrete photoelectron spectrum. Thus, the integrand
m�p ,��� in the amplitude expression of Eq. �16� is periodic
and can be expanded in a Fourier series m�p ,���
=�nmn�p�exp�−in���. Then, the fully differential ionization
rate is given by the following expression �42�:

dwp = 2��
n

�mn�p��2�2���p + Ip − c2 − n��d3p , �20�

which yields the angular resolved photoelectron spectrum,

dwp

d�
= 2��2 p�p

c2 �mp�2, �21�

with the differential solid angle d� and

mp = lim
�→�

1

2�
��

−�

�

d�� mD�p,���exp�− iS�p,�,����

+ �
−�

�

d���
−�

��
d��� d3q mR�p,q,��,���

�exp	− i�S�p,�,��� + S�q,��,����
� . �22�

B. The long wavelength regime

In the long wavelength regime �Up� Ip��� the one-
dimensional integral in the first term of Eq. �16� as well as
the fivefold integral in the second term can be carried out by
the saddle-point method. The saddle-point conditions are
���S�p ,� , �̂��=0 and �i�S�q̃ , �̃� , �̃��+S�p ,� , �̃���=0 with
i�	q ,�� ,��
, respectively. The saddle point for direct ioniza-
tion is then defined via

�̃p��̂�� = c2 − Ip, �23�

where p is the momentum of the ionized electron and �̂� the
ionization phase. In the case of rescattering we obtain

q̃x = −

�
�̃�

�̃�
d�̃ A��̃�/c

�̃� − �̃�
,

q̃y = 0,

q̃z =
q̃x

2 + qm
2 /2

�c2 − qm
2 − q̃x

2
,

�̃p��̃�� = �̃q̃��̃�� ,

�̃q̃��̃�� = c2 − Ip, �24�

where q̃= q̃��̃� , �̃��= �q̃x , q̃y , q̃z� is the drift momentum of the

ionized electron in the first step, qm
2 =−��̃�

�̃� d�̃ A��̃�2 / �c2��̃�
− �̃���, and �̃�, �̃� the ionization and rescattering phases, re-
spectively. Using the solutions of Eqs. �23� and �24�, the
momentum amplitude can be written as
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mp =
1

2�
lim
�→�

�
SP
�� 2�i

���,��S�p,�,�̂��

�mD�p,�̂��exp�− iS�p,�,�̂���

+� �2�i�5

det��ijS�q̃,�̃�,�̃�� + �ijS�p,�,�̃���

� mR�p,q̃,�̃�,�̃��exp	− i�S�q̃,�̃�,�̃� + S�p,�,�̃���
� ,

�25�

where SP indicates summation over all saddle points. In the
calculation of the matrix elements in Eqs. �17� and �18� we
assume that V is a zero-range potential �41�

V =
2�

�
��r��rr �26�

with its ground state wave function in the momentum space

	̃0�p� =
��/�

�2 + p2 �27�

and its matrix elements

�p�V�0� = −
��

2�
,

�p�V�q� = 1/4�2� , �28�

with �=�2Ip. By using the physically relevant saddle points
�6�, the process amplitude mp is calculated.

C. Low-energy spectra and angular distribution of direct
electrons for ATI

We now discuss the photoelectron energy spectra and an-
gular distribution including rescattering in the relativistic re-
gime.

In the nonrelativistic case the photoelectron energy spec-
trum consists of a considerably decreasing low-energy part
up to approximately 2Up, resulting from direct ionized elec-
trons and a long plateau region with a characteristic cutoff at
high energies up to approximately 10Up arising from rescat-
tered electrons �6�. In the relativistic case we will identify
several changes.

Our focus of interest is on the rescattering features in the
relativistic regime. To obtain non-negligible rescattering
probabilities, we choose the moderately relativistic regime,
employing a laser with an average intensity of I=1.8
�1017 W/cm2 at an angular frequency of �=0.05 a.u.
equals a suboptical wavelength of �=911 nm. In fact, the
relativistic parameter of the laser field in this case is smaller
than 1, a0�E0 /c�=0.33. We apply a long laser pulse with
an electric field E���=exE0���sin � that is adiabatically
turned on and off. We consider the tunneling regime of ion-
ization close to the over-the-barrier ionization limit to have
significant ionization probabilities, i.e., at a given high laser
intensity, the ionization potential should be high enough to

be close to the threshold value of Eq. �8�, and exceeds it only
slightly.

First, we shortly discuss some features of direct ioniza-
tion, calculating the low-energy photoelectron spectrum and
the angular distribution of the electrons. The full relativistic
calculations via the Klein-Gordon equation are compared
with the results of the weak relativistic theory via the
Schrödinger equation including leading nondipole and rela-
tivistic corrections �37� to clarify the extent of the applica-
bility of this approximate approach.

Figure 2 shows the low-energy part for electrons emitted
in the laser polarization direction. The calculations based on
the Klein-Gordon equation are compared with the dipole as
well as with the weak relativistic approximation. As one can
see, the ionization rate decreases faster in the relativistic
treatment and the plateau starts at lower energies. The reason
for this is that in the relativistic regime the electron emission
direction is shifted along the laser propagation direction be-
cause of the drift of the ionized electrons induced by the
Lorentz force. As a result, the ionization yield in polarization
direction is smaller and becomes less important. Further-
more, the spectrum including only leading nondipole correc-
tions is nearly correct since the ratio of the electron velocity
to the speed of light is not negligible yet still small for direct
ionization.

In Fig. 3 the energy and angular resolved spectrum for
direct ionized electrons in the chosen moderately relativistic
regime is displayed. One can see that in the nonrelativistic
description the distribution is symmetric with respect to the
emission angle. The emission occurs mainly in the polariza-
tion direction and the emission for small energies is favored.
Due to the adequate relativistic description of the process,
the distribution is shifted in the laser propagation direction
and becomes asymmetric. However, the width of the energy
and angular distribution remains the same as in the nonrela-
tivistic case, as long as the momentum spreading due to the
field remains nonrelativistic, �pE=�3� /�3�c �20�. In the
tunneling regime this condition �at the threshold defined by

0.5 1 1.5 2
electron energy [Up]

-25

-20

-15

lo
g 1

0(
dw

p
/d

Ω
[a

.u
.]

)

FIG. 2. �Color online� Low-energy photoelectron spectrum in a
laser field with angular frequency �=0.05 a.u. and intensity I
=1.8�1017 W/cm2 �the laser electric field strength is 2.24 a.u.� via
log10�dwp /d�� in Eq. �21�, with final electron momentum in the
polarization direction. The model potential is adapted to Be3+ with
an ionization potential of Ip=8 a.u. The electron energy is scaled in
multiples of Up: �gray� within the dipole approximation, �blue, the
darkest� with leading magnetic field and relativistic corrections
�37�, �red� Klein-Gordon equation.
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Eq. �8�� is violated only at rather high laser intensities with
a0
3. Further, the drift of the ionized electron in the laser
propagation direction is larger than expected for higher en-
ergies, see e.g., Ref. �19�.

The emission rate integrated over all directions defines the
probability of an atom emitting an electron with a given final
energy � per unit time,

w� =� dwp

d�
d� . �29�

The low-energy spectrum of electrons integrated over all
emission directions is shown in Fig. 4. There it can be seen
that the total rates of emitting an electron with a certain
energy are nearly equal for the different approximations as
long as direct ionization dominates. This is because the
amount of the wave packet that tunnels out of the barrier is
the same in all approximations, since in the case considered
here relativistic corrections to the bound state dynamics of
the electron in the atom are negligible �see Eq. �9� and the
discussion afterwards� and are not taken into account in all
three cases. Only the following action of the laser field after
ionization that is considered with a different accuracy in the

different approximations, yields different angular distribu-
tions; however, it leaves the total rate of direct ionization
unchanged. The mismatch between the dipole and the rela-
tivistic results at higher energies, larger than 1.5Up, is due to
rescattering which we consider in the next section.

D. High-energy spectra and angular distribution for ATI

The discrepancy between the results of the relativistic and
the nonrelativistic �dipole approximation� consideration be-
comes prominent in those cases where rescattering plays a
role.

Figure 5 displays the high-energy part of the electrons
emitted in the direction of the maximal cutoff energy. We
point out the following characteristic features of these spec-
tra. First, the relativistic treatment of ATI leads to a lowering
of the plateau. Since the ionized electron experiences a drift

(b)

(a)

FIG. 3. �Color online� Spectrum of the direct ionized electron in
dependence of the final energy in units of Up and the emission
angles �, 	=0, via log10�dwp /d�� in Eq. �21�: �a� within the dipole
approximation; �b� Klein-Gordon equation. The parameters of the
driving laser field as well as of the atom are the same as in Fig. 2.
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FIG. 4. �Color online� Low-energy photoelectron spectrum via
log10�w�� in Eq. �29�, integrated over all emission angles. The pa-
rameters of the driving laser field as well as of the atom are the
same as in Fig. 2. The electron energy is scaled in multiples of Up:
�gray� within the dipole approximation, �blue� with leading mag-
netic field and relativistic corrections �37�, �red� Klein-Gordon
equation �the red and blue curves coincide�.
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FIG. 5. �Color online� Photoelectron spectrum via
log10�dwp /d�� in Eq. �21�, with final electron momentum in direc-
tion of the maximal cutoff energy. The parameters of the driving
laser field as well as of the atom are the same as in Fig. 2. The
electron energy is scaled in multiples of Up: �gray, the first from
top� within the dipole approximation, �black, second� with leading
magnetic field corrections, �red, third� Klein-Gordon equation,
�blue, fourth� with leading magnetic field and relativistic correc-
tions �37�.
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induced by the Lorentz force in the laser propagation direc-
tion, it can only rescatter with the ionic core when it starts
with a nonvanishing negative velocity in this direction. Since
the tunneling with nonzero velocity is significantly less prob-
able than with zero velocity, the ionization probability for
electrons that rescatter is smaller than in the nonrelativistic
case. The probability in the case shown in Fig. 5 is decreased
by three orders of magnitude for low final energies and
nearly 10 orders of magnitude for high energies, in compari-
son to the situation when the electron starts with zero veloc-
ity.

Second, the strongly fluctuating spectrum in the dipole
approximation resulting from interference of at least two
quasiclassically possible trajectories of the ionized electron,
vanishes in the relativistic case. This is because of the fact
that the contribution of longer duration trajectories becomes
negligible due to quantum spreading, on the one hand, and
the relativistic drift, on the other hand. The latter can be
explained as follows. For a long trajectory, the time span
where the laser magnetic field impact on the ionized electron
dynamics is essential, is larger than for a short trajectory. As
a result, the relativistic drift for the long trajectory is larger
than for the short one. Therefore, a larger initial momentum
is required to prevent the drift for the long trajectory than for
the short one which results in a larger difference in the ion-
ization probabilities of the different trajectories. For the same
reasons, the multiplateau structure also vanishes for a rela-
tivistic laser intensity and only the saddle point with the
shortest travel time is responsible for the spectrum.

Further, the plateau is no longer flat, but bended. The
bend increases with increasing laser intensity as the rescat-
tering electrons with higher energies move on average with
higher velocity and thus experience a higher Lorentz-force
induced drift, yielding a lower recombination probability.

Finally one can observe the shifting of the cutoff energy
of the electron spectrum to higher energies. While all modi-
fications of the ATI process listed above are mostly attributed
to the laser magnetic field, the last one is also influenced by
the relativistic mass shift. This is displayed in the spectrum
obtained by including only the leading order correction from
the laser magnetic field �see also Sec. II E�.

The spectrum that includes only nondipole and relativistic
corrections is qualitatively right, and is quantitatively correct
up to final electron energies of 7Up �equal to 87.5 keV in the
considered case of Up=12.5 keV�. Next to leading order cor-
rections for the laser magnetic field and relativistic mass shift
effects become especially important near the cutoff of the
spectrum. They are responsible for the emission rate in-
crease, and the cutoff value decrease. The role of relativistic
effects in the strong field ionization processes can be de-
scribed by the following parameters �37�: �= �Ea /E�pz0

2 /2Ip

=�2Ipca0
3 /� and a0

2, where pz0 is the initial momentum of the
ionized electron allowing rescattering, Ea and E are the
atomic and the laser field, respectively. The parameter � de-
scribes the influence of the magnetic field induced drift
which is responsible for the dramatic damping of the plateau.
In the considered moderate relativistic regime �a laser angu-
lar frequency of 0.05 a.u., a laser intensity of 1017 W/cm2,
a0�0.33, and an atom ionization potential of 8 a.u.� �
�102 indicates that the ionization process followed by re-

scattering is strongly suppressed. The weak relativistic
theory with nondipole corrections includes the drift effect
and describes it properly �see Fig. 5�. The parameter a0

2 de-
scribes the influence of the relativistic mass shift as well as,
that of the laser magnetic field on the energy gain by the
electron. In the considered regime a0

20.1 is rather small.
That is why the weak relativistic theory containing the lead-
ing relativistic mass shift correction describes the process
satisfactorily up to laser intensities of 1017 W/cm2. For
higher laser intensities with a0

2
0.1, corrections next to the
leading order in the laser magnetic field and in the relativistic
mass shift become important, too, and are responsible for a
decrease in the cutoff and an increase in the emission rate at
high energies of the ionized electron.

Relativistic signatures for the rescattered electrons are
also conspicuous in their angular distribution. One might ex-
pect that the relativistic drift tilts the angular distribution in
the laser propagation direction. In fact, the classical relativ-
istic equations of motion indicate the qualitative behavior of
the angular distribution of the rescattered electrons. Thus, the
electron energy and momenta, after the rescattering at the
moment �0, are �see, e.g., Ref. �43��

px = A���/c − A��0�/c + px0,

pz =
�A���/c − A��0�/c + px0�2 − px0

2

2�
+ pz0,

�p = c
�A���/c − A��0�/c + px0�2 − px0

2

2�
+ �0, �30�

where �0 ,p0 are the energy and momentum of the electron
immediately after the rescattering, �=��px , pz�=�p /c− pz

the integral of motion. After the interaction the electron en-
ergy and momenta are

px = px0 − A��0�/c ,

pz =
�px0 − A��0�/c�2 − px0

2

2�
+ pz0,

�p = c
�px0 − A��0�/c�2 − px0

2

2�
+ �0. �31�

Let us estimate the maximal rescattering angle at a given
final electron energy �p=�Up=�c2a0

2 /4. The rescattering
angle will be maximal at a given final electron energy when
the recolliding electron has the maximal energy �0=Up

max

3Up=3c2a0
2 /4. Then, the field is minimal at the electron

recollision moment, i.e., A��0�=−a0c2. Thus, we have

px = px0 + a0c ,

pz =
� − 3

4
a0

2c + pz0, �32�

and the maximal rescattering angle with respect to the polar-
ization direction is determined from the following equation:
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cos � +
� − 3

4
a0 sin � =

�2
��

� − 1 + ��� − 3�a0
2/4

4�1 + �a0
2/8

. �33�

In the nonrelativistic case �dipole approximation� a0→0,
there are two symmetric solutions of Eq. �33� �= ±�d corre-
sponding to two possible symmetric values for pz �addition-
ally, the angular distribution is symmetric with respect to the
propagation axis, because of the symmetry with respect to
the px→−px, A��0�→−A��0� transformation�. According to
Eq. �33� in the relativistic case �= ±�d+�, i.e., the maximal
electron emission angle at the rescattering is tilted in the
laser propagation direction �see also Sec. II E�. In the weak
relativistic regime a0�1, ���−3�a0 /4.

Figure 6 displays the polar plot of the photoelectron an-
gular distribution with the final electron energy of 9Up
within the dipole approximation, including nondipole and

relativistic corrections and based on the Klein-Gordon equa-
tion for a relativistic field parameter of a0�0.21 and a0
�0.33, respectively. Due to the linear scale of the represen-
tation, the huge difference in the emission rate is visible and
of course larger for a stronger driving laser field. The drift of
the emitted electrons in the propagation direction of the laser
is clearly displayed. Furthermore, the characteristic side
lobes as a result of the rate increase near the cutoff energy is
shifted in the laser propagation direction for the smaller field,
whereas they vanish as well as the interference pattern in the
stronger field. Again, we observe that the spectrum with non-
dipole and relativistic corrections is qualitatively correct, but
not quantitatively.

E. The cutoff energy

Relativistic signatures are also seen in the cutoff energy of
ATI electron spectra. The final electron energy after ioniza-
tion is

�F = lim
�→�

�̃p��� �34�

when the laser field is switched off, A���=0. The cutoff
energy is now defined by Eqs. �24� and the additional con-
dition

lim
�→�

d�̃p���/d�� = 0. �35�

Due to the relativistic effects, the angular distribution of
the electron is altered and the cutoff energy depends on the
electron emission direction. Figure 7 displays the depen-
dence of the cutoff energy on the emission angle of the elec-
tron in the moderately relativistic regime �Up=500 a.u.� and
using different approximations. The Lorentz-force induced
drift is the reason for the shift of the maximal cutoff energy
in the laser propagation direction. This also explains why the
angular distribution of the electron with a certain energy is
tilted in the laser propagation direction, e.g., the electrons
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FIG. 6. �Color online� Polar plots of the angular distribution for
a final electron energy of 9Up, �a� with an laser intensity of 7
�1016 W/cm2, an angular frequency of �=0.05 a.u. �equal to Up

=200 a.u.�, and an ionization potential of Ip=4 a.u., �b� and �c� with
parameters as in Fig. 2: �gray� within the dipole approximation,
�blue, the darkest� with magnetic field corrections and the relativis-
tic mass shift, �red� Klein-Gordon equation. �=0 corresponds to the
direction of the laser polarization.
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FIG. 7. �Color online� Cutoff energy scaled in multiples of Up

against the emission angle �=arctan�pz / px�: �blue, the first from
top� with magnetic field corrections and the relativistic mass shift,
�red, second� Klein-Gordon equation, �brown, second� classical
relativistic coinciding with the red curve, �yellow, third� classical
nonrelativistic, �gray, third� within the dipole approximation coin-
ciding with the classical nonrelativistic curve. The parameters of the
driving laser field as well as of the atom are the same as in Fig. 2
�Up=500 a.u.�.
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with an energy of 9Up are distributed within the angular
region of 10 up to 45 degrees. Further, the cutoff energy is
slightly higher than in the nonrelativistic case since the elec-
tron sees the laser field redshifted due to the relativistic drift.
The latter increases the coherent interaction time of the elec-
tron with the laser field and, consequently, the energy ac-
quired by the electron from the laser field. The calculations
including leading nondipole and relativistic corrections over-
estimate this effect, but are qualitatively correct. Further-
more, the classical calculation of the cutoff energy coincides
with quantum results in the nonrelativistic as well as in the
relativistic case. In the classical relativistic calculation we
consider trajectories with vanishing kinetic momentum in
polarization direction at the time of ionization and neglect Ip
in the energy conservation condition. This shows that the
effect of the ionization potential Ip on the cutoff energy is
negligible at high laser intensities, i.e., the tunneling part of
the electron dynamics has only little influence on the final
energy of the ionized electron at high Up.

The cutoff energy is maximal at the angle �max determined
by the condition

� ��F

��
�

�=�max

= 0. �36�

Figure 8 displays the dependence of the maximal cutoff en-
ergy on the laser intensity. Laser magnetic field and relativ-
istic mass shift effects together increase the cutoff energy.
Further, it can be seen that the calculations with leading non-
dipole and relativistic corrections are correct in the one-tenth
of a percent area up to electron ponderomotive energies of
Up=300 a.u.

III. HIGH HARMONIC GENERATION

A. HHG based on the Klein-Gordon equation

HHG in the nonrelativistic domain is employed with suc-
cess as a source for xuv radiation �44�. Shorter wavelength
coherent radiation sources are required for different applica-

tions. Thus an increase of the HHG frequency becomes very
desirable. The straightforward way to achieve it is to use a
more intense driving laser field. It is then necessary to use
relativistic regimes of HHG which we consider in this sec-
tion.

Our treatment of HHG in the relativistic regime is based
on the SFA. We proceed from the electron wave function as
a solution of the Klein-Gordon equation in the form of Eq.
�12�, apply the SFA, replacing the exact Green function with
the Volkov one G�x ,x��→GV�x ,x��, and calculate perturba-
tively the probability amplitude of harmonic photon emis-
sion, the electron interaction Hamiltonian with the harmonic
field VH�x� being the perturbation Hamiltonian. This way, the
HHG amplitude in the relativistic regime based on the Klein-
Gordon equation is derived as follows �38�:

M�H
= − i� d4x�� d4x����x��*VH�x��

� GV�x�,x��VAI�x����x��� , �37�

where �H is the harmonic frequency,

VH�x� = 2�1H�AH�x�/c · �p + A���/c��0H� ,

AH�x� = c�2�/�HêH
* b† exp�i�Ht − ikHr�

the vector potential of the harmonic field in the second quan-
tization, with the polarization unit vector êH and the har-
monic photon creation operator b†; �lH
 are the states of the
harmonic field with the number of photons l �l=0,1�. Fur-
ther, we apply the integration variable transformation
�ct� ,x��→ ��� ,x��, �ct� ,x��→ ��� ,x�� with ��=k�x�� and
��=k�x�� . After assuming that the laser wavelength is much
larger than the spatial extension of the wave packet of the
ionized electron, we receive the emission rate for HHG,

M�H
= �

−�

�

d���
−�

��
d��� d3q mH�q,��,���

�exp	− i�S�q,��,��� + ��H/�����
 , �38�

where mH�q ,�� ,��� is the HHG matrix element for emission
in the laser propagation direction, the polarization of the
emitted photon is chosen along the driving laser field,

mH�p,��,��� = −�2�

�H

c2�px + A����/c�
�2��3/2�p�2

��0�p +
A����

c
−

k

�
��p + Ip − c2��

��p +
A����

c
−

k

�
��p + Ip − c2��V�0� .

�39�

Taking into account the periodicity of the HHG process in a
long laser pulse, i.e., periodicity of the function

�−�
�� d ���d3q mH�q ,�����exp�−iS�q ,�� ,���� on the variable

��, the HHG amplitude can be represented as
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FIG. 8. �Color online� Maximal cutoff energy scaled in mul-
tiples of Up against the laser intensity represented by Up: �blue, the
first from top� with magnetic field corrections and the relativistic
mass shift, �red, second� Klein-Gordon equation, �brown, third�
classical relativistic, �gray, fourth� within the dipole approximation,
�yellow, fifth� classical nonrelativistic. The parameters of the driv-
ing laser field as well as of the atom are the same as in Fig. 2.

FULLY RELATIVISTIC LASER-INDUCED IONIZATION … PHYSICAL REVIEW A 75, 063413 �2007�

063413-9



M�H
= �

n

��n� − �H��

� �
−�

�

d���
−�

��
d��� d3q mH�q,��,���

� exp	− i�S�q,��,��� + n���
 . �40�

The probability of harmonic photon emission per unit time is
given by

dw�H
=

�M�H
�2

T
d3kH, �41�

with the interaction time T. Then the differential rate of nth
order HHG is

dwn

d�
= n�

�2

c3 �Mn�2, �42�

where

Mn = �
−�

�

d���
−�

��
d��� d3q m̃H�q,��,���

� exp	− i�S�q,��,��� + n���
 , �43�

with

m̃H�p,��,��� = −
c2�px + A����/c�

�2��3/2�p�2

� �0�p +
A����

c
−

k

�
��p + Ip − c2��

� �p +
A����

c
−

k

�
��p + Ip − c2��V�0� .

�44�

In the long wavelength regime �� Ip�Up, the saddle-
point method of integration is applicable. The saddle-point
condition yields

q̃x = −

�
�̃�

�̃�
d�̃ A��̃�/c

�̃� − �̃�
,

q̃y = 0,

q̃z =
q̃x

2 + qm
2 /2

�c2 − qm
2 − q̃x

2
,

�̃q̃��̃�� = n� + c2 − Ip,

�̃q̃��̃�� = c2 − Ip, �45�

with the ionization and rescattering phases �̃� and �̃�, re-
spectively, and the drift momentum q̃.

B. HHG spectra in the relativistic regime

Using the standard saddle-point method, the HHG emis-
sion spectrum can be calculated. HHG spectra in the moder-

ately relativistic regime �up to laser intensities of 3.6
�1017 W/cm2, �=800 nm� have been calculated in
�23,33,36�, via the Schrödinger equation with leading nondi-
pole corrections or in �38� via the Klein-Gordon equation. At
higher laser intensities, HHG is significantly suppressed in
the case of a sinusoidal laser pulse. Therefore, we will limit
ourselves in this section to the discussion of relations be-
tween the different approximations only. Figure 9 shows the
HHG spectrum in the moderately relativistic regime under
consideration. We recognize the same features in the spectra
as in the ATI case when comparing the relativistic calcula-
tions with the nonrelativistic one, or the calculation including
leading nondipole corrections. We see that the model with
both nondipole and relativistic mass shift corrections is well
applicable for the considered moderately relativistic regime.
Further, including the correction due to the relativistic mass
shift improves the agreement with the relativistic calcula-
tions essentially. We may point out that for low harmonic
energies up to the center of the plateau �energy less than
2Up�, both approximations give a HHG yield very close to
the one of the relativistic treatment. This is due to the smaller
importance of the relativistic corrections for rather slow elec-
trons which generate low harmonics.

We conclude this section by investigating the laser inten-
sity dependence of the cutoff energy for HHG in the moder-
ately relativistic regime, see Fig. 10. The nondipole correc-
tions account for the magnetic field induced drift and
decrease the HHG probability as well as increase the cutoff
energy �37�. Meanwhile, the relativistic mass shift correction
counteracts the cutoff energy increase. In balance, the second
effect is stronger and reduces the cutoff energies by 1% for
the moderately relativistic regime. Similar to the case of ATI
in this regime, the influence of the ionization potential on the
cutoff energy can be neglected as the classical relativistic
calculations show.
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FIG. 9. �Color online� Harmonic emission rate in the laser
propagation direction via log10�dwn /d�� in Eq. �42� as a function
of the harmonic energy: �gray, the first from top� within the dipole
approximation, �black, second� with leading nondipole corrections,
�red, third� Klein-Gordon equation, and �blue, fourth� with leading
nondipole and relativistic mass shift corrections. The parameters of
the driving laser field as well as of the atom are the same as in Fig.
2.
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IV. RESCATTERING IN THE TAILORED PULSES

A. The procedure for tailoring laser pulses

In the preceding sections we use a conventional sinusoidal
laser field to ionize the atom and to drive HHG. Due to the
laser magnetic field induced drift of the ionized electron, the
probability of the electron rescattering is essentially sup-
pressed compared with the nonrelativistic case. Is it possible
to modify the laser pulse in such a way that it enables the
ionized electron to rescatter with the ionic core more effec-
tively in the relativistic regime, and thus, enables HHG in the
hard x-ray domain?

To answer this question, it is instructive to analyze the
ionized electron trajectories in the sinusoidal laser field. Af-
ter the ionization, the electron is accelerated by the laser
field, which alternated by deceleration due to the change of
the laser field phase. In the deceleration phase, the electron
loses almost all the energy acquired in the first phase. As a
result, all of the energy the electron possesses at the recolli-
sion moment which is transferred into HHG is accumulated
during the third and last acceleration phase �see correspond-
ing figures in Secs. IV B and IV C�. Hence, the first two
acceleration-deceleration phases do not contribute to the en-
ergy gain of the electron, but what is more dramatic, they
contribute to the induced relativistic drift. This instructs how
to decrease the relativistic drift without significant change of
the rescattering energy. The laser pulse should be tailored in
such a way that its field strength decreases strongly after the
phase of ionization and, has a short strong burst before re-
combination. The relativistic drift will be significantly
smaller in such a tailored pulse because the time span during
which the electron moves with relativistic velocity within is
much shorter than in the sinusoidal laser pulse.

Now, we proceed to tailor the laser pulse with the aim of
enhancing the rescattering probability without a decrease of
the rescattering energy in a laser field of a certain average
intensity. The procedure of the pulse tailoring is the follow-
ing. We start with a trial laser pulse in a temporal form E�t�
which allows in a preliminary form the features outlined
above. The pulse is expressed as a Fourier expansion

E�t� = �
k=−K

K

ck exp�ik�0t� , �46�

with the angular ground frequency �0=0.1 a.u., the Fourier
coefficient ck

*=c−k and the maximum number of employed
harmonics K. In the next step, the Fourier coefficients are
modified to maximize the rescattering probability at a certain
cutoff energy for ATI/HHG. For maximizing the rescattering
probability, we invoke the SFA along with the saddle-point
method. The saddle-point conditions of Eq. �24� and the cut-
off condition of Eq. �35� determine the ionization and the
rescattering times at the cutoff energy �̃ , �̃ , �̃F. The imagi-
nary part of the ionization time Im��̃� is connected with the
ionization probability. At a fixed drift momentum q̃, the
larger the ionization probability is, the larger the rescattering
probability. Thus, the imaginary part of the ionization time is
a measure for the rescattering efficiency. We fix the cutoff
energy �̃F and minimize the imaginary part of the ionization
time Im��̃� by varying the coefficients ck of the pulse. The
preliminary tailored pulse is displayed in Fig. 11. It consists
of a peak which is responsible for the ionization of the elec-
tron, and two peaks shortly before and after the rescattering
which induce most of the energy the electrons gain on their
path. The first and the second peak are separated by approxi-
mately 500 attoseconds as whereas the second and third are
separated by approximately 50 attoseconds. Further, we can
identify several features of this tailored pulse which are im-
portant for the enhancement of the rescattering efficiency.
First, the decay of the laser field after the time of ionization
should be strong �the stronger the better�. Thus, the electron
receives only a short kick in the polarization direction by the
laser field and has no opportunity to drift in the laser propa-
gation direction. Second, the pulse responsible for the ion-
ization should be followed by a time span �the longer the
better� with a comparably weak laser field strength, where
the ionized electron can propagate in the continuum with a
nonrelativistic velocity �i.e., little drift�, followed again by
two oppositely directed huge peaks which induce most of the
energy the electron gains on its path. Since these two peaks
also have a short duration, the drift in the laser propagation
direction is reduced. Further, the change of the laser field
strength at the time of rescattering, i.e., between the two
peaks, should be very strong �the stronger the better�. The
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FIG. 10. �Color online� HHG cutoff energy scaled in multiples
of Up against the laser intensity represented by Up: �gray, the first
from top� within the dipole approximation, �yellow, second� classi-
cal nonrelativistic, �red, third� Klein-Gordon equation, �blue,
fourth� with magnetic field corrections and the relativistic mass
shift, �brown, fifth� classical relativistic. The parameters of the driv-
ing laser field as well as of the atom are the same as in Fig. 2.
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FIG. 11. Electric laser field E��� of the preliminary tailored
pulse �black� compared with a sinusoidal pulse �gray� with the same
average intensity.
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property of the pulse that is most important and must be
strictly fulfilled is the strong decay after ionization whereas
the shape of the energy-supplying peaks is more or less ar-
bitrary.

It is possible to find a pulse form that includes all the
listed features and at the same time is rather simple to gen-
erate, as it has a smooth frequency and phase spectrum. This
can be achieved by a pulse consisting of two oppositely di-
rected rectangular peaks per laser period that are divided by
a long field free region, compared to the width of the rect-
angular peaks. We use 100 harmonics of the ground fre-
quency �=0.1 a.u. to reproduce and optimize this kind of a
tailored pulse as shown in Fig. 12 via its frequency and
phase spectrum. Actually, the tailored pulse represents in it-
self an attosecond pulse train �APT�, with the pulses having
a rectangularlike shape. In what follows, we compare results
of ATI and HHG using our tailored pulse with a sinusoidal
pulse at the same ground frequency.

B. ATI in the tailored laser pulse

We do a full-relativistic calculation of the photoelectron
spectrum in the tailored pulse shown in Fig. 12 and compare
it with the photoelectron spectrum in the sinusoidal laser
field with the same average intensity. As a reference tool to
indicate the impact of the relativistic drift, we calculate also
the electron spectrum in a sinusoidal laser wave in the dipole
approximation when there is no drift. We will see that the
tailoring of the laser pulse allows rescattering in strong rela-
tivistic regimes.

First, we consider the moderately relativistic regime with
a laser intensity of 1�1018 W/cm2. For calculating the inte-
gral in Eq. �16�, we use the saddle-point method that is jus-
tified in the case of an APT with a spectral content that is not
very rich, K�� Ip. The spectra of the rescattered electrons
are shown in Fig. 13. The tailored pulse delivers ATI rates
that are about 10 orders of magnitude larger than those ob-
tained with a conventional sinusoidal wave in the relativistic

treatment. The nonrelativistic calculations are not accurate
for the considered parameter regime but are used as a refer-
ence for the ideal ionization-rescattering scenario. The fea-
tures of the electron spectrum in the tailored pulse resemble
those of the nonrelativistic spectrum. In particular we have
almost a flat but oscillating plateau instead of a bending and
a nonoscillating one. The fluctuation of the spectrum results
from the interference of the two trajectories of shortest du-
ration. Contributions from trajectories with multiple return to
the core that are possible in the nonrelativistic case are very
unlikely for the tailored pulse. That is why there is no mul-
tiplateau structure. The cutoff of the spectrum is at about
70 keV which is less than in the sinusoidal wave. In the
tailored pulse we obtain rescattering rates that are even
higher than the result based on the dipole approximation;
namely, the enhancement reaches approximately six orders
of magnitude.

Figure 14�a� displays the trajectory of the ionized electron
due to the tailored pulse and a sinusoidal wave, respectively.
The excursion of the ionized electron in the polarization and
propagation direction for a tailored pulse is smaller, though
the driving laser intensity is the same as for a conventional
sinusoidal wave. Moreover, we see that the emission angle of
the electron in the tailored pulse at the ionization moment is
much more directed along the laser polarization direction
than for the conventional sinusoidal wave. This is an indica-
tor of the decreased electron velocity in the laser propagation
direction at the ionization moment, and consequently, an in-
dicator of the increased ionization rate and the higher rescat-
tering efficiency. The initial momentum in the laser propaga-
tion direction for the rescattering electron in the tailored
pulse is −0.26 a.u. while in the sinusoidal wave it is −4.7 a.u.
The second observation is that the laser electric field strength
at the ionization phase of −11.5 a.u. is stronger compared
with −5.2 a.u. in the sinusoidal wave. This is the reason for
the increase of the ATI rate in the tailored pulse compared
with the result in the dipole approximation for a sinusoidal
wave.

In Fig. 14�b� we display the energy of the ionized cutoff
electron in its trajectory. While in the sinusoidal wave the

FIG. 12. The tailored pulse: the frequency spectrum of the tai-
lored pulse �ck�. The harmonics in the tailored pulse are phase
locked; in the inset, the laser field E��� of the tailored pulse �black�
is compared with a sinusoidal pulse �dashed� with the same average
intensity and an angular frequency of �=0.1 a.u. The pulse dura-
tion of the APT is ��=0.12�.
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FIG. 13. Photoelectron spectrum via log10�dwp /d�� in Eq. �21�,
with final electron momentum in the direction with maximal cutoff
for an atomic ion with ionization potential Ip=18 a.u. in a laser field
with average intensity of 1�1018 W/cm2 and angular frequency
�=0.1 a.u.: �gray� within the dipole approximation and a sinusoidal
wave, �dashed� Klein-Gordon equation and a sinusoidal wave,
�black� Klein-Gordon equation and the tailored pulse.
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electron energy oscillates during the excursion, in the tai-
lored pulse the electron gains most of its energy shortly be-
fore and after rescattering. Its energy at the time of rescatter-
ing is approximately a third of the final energy.

High-energy ATI spectra in the full relativistic regime for
a laser intensity of 1�1019 W/cm2 are shown in Fig. 15.
The result is qualitatively the same as in the moderately rela-
tivistic regime but quantitatively more pronounced. Whereas

the results based on the relativistic treatment of a sinusoidal
wave are totally negligible, the rates from the tailored pulse
are still about five orders of magnitude larger than the rates
when using a sinusoidal wave within the dipole approxima-
tion. Final electron energies of about 1 MeV become pos-
sible with the applied parameters.

C. HHG in the tailored laser pulse

As the tailored laser pulses can increase the energy of the
rescattered electron, one can employ it to achieve HHG in a
short-wavelength domain. The optimization of the tailored
pulse in the case of HHG is carried out by the use of the
saddle-point conditions of Eqs. �45� along with the cutoff
condition

d�̃q̃����

d��
= 0, �47�

for the ionization, recombination phases �̃� , �̃�, and the har-
monic number of the emitted photon ñ. It is not surprising
that the optimized pulse for ATI presented in Sec. IV A in
fact serves as the optimized one for HHG, because in both
cases the probability of rescattering is optimized for a fixed
energy of the electron at the moment of revisiting the ionic
core. Hence, we use the APT shown in Fig. 12 to calculate
HHG in relativistic regimes. Then, the HHG scenario is as
follows. The electron is ionized at the end of the attosecond
pulse, propagates during the field free region, acquires en-
ergy during the following attosecond pulse, and recombines
after it with emission of high-harmonic radiation. In �34� we
have presented HHG spectra obtained via the tailored pulses
in the moderate relativistic regime. Here we continue the
HHG investigation in the strong relativistic regime, applying
a laser intensity of 1�1020 W/cm2. In Fig. 16 the HHG
spectra in the strongly relativistic regime are displayed. The
spectrum generated by the tailored pulse in the laser propa-
gation direction is compared with that of a sinusoidal laser
field in the nonrelativistic treatment. The HHG rate when
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FIG. 14. �a� Trajectory and �b� kinetic energy of an ATI cutoff
electron in the tailored wave �solid line� and in a sinusoidal wave
�dashed line� with an average laser intensity of 1�1018 W/cm2. �x
and z are the polarization and propagation direction of the laser
field, respectively.� The electron is ionized at a phase of −1.31 in
the sinusoidal wave and rescatters at a phase of 3.00. In the tailored
wave the electron is ionized at a phase of −2.79 and rescatters at a
phase of 3.14.
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FIG. 15. Photoelectron spectrum via log10�dwp /d�� in Eq. �21�,
with final electron momentum in the direction with maximal cutoff
energy applying a laser with an intensity of 1�1019 W/cm2 and an
ionization potential Ip=38 a.u.: �gray� within the dipole approxima-
tion and a sinusoidal pulse, �dashed� Klein-Gordon equation and a
sinusoidal pulse, �black� Klein-Gordon equation and the tailored
pulse.

1000 2000 3000 4000 5000 6000
harmonic energy [keV]

-34

-33

-32

-31

-30

-29

lo
g 1

0(
dw

n/
dΩ

[a
.u

.]
)

FIG. 16. Harmonic emission rate in the laser propagation direc-
tion via log10�dwn /d�� in Eq. �42� as a function of the harmonic
energy with a laser intensity of 1�1020 W/cm2: �gray� within the
dipole approximation and a sinusoidal wave, �black� Klein-Gordon
equation and the tailored pulse. The spectrum with Klein-Gordon
equation and a sinusoidal wave is many orders of magnitude
smaller and is not displayed. The ionization potential is adapted to
the threshold of the barrier-suppression model, Ip=82 a.u.
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using the tailored pulse is comparable or even higher than
the rate with the sinusoidal wave in the ideal case of the
dipole approximation up to energies of the emitted radiation
of 1.5 MeV. The spectrum when using a sinusoidal wave
calculated with the correct Klein-Gordon equation is many
orders of magnitude �at least 30� smaller and is not dis-
played.

In Fig. 17�a� the trajectories of the electron delivering the
HHG cutoff energy in the tailored pulse are compared with
that in a sinusoidal pulse. It is visible that the electron in the
tailored pulse can start with a much smaller velocity against
the laser propagation direction and nevertheless recombines
with the atomic core. Further the trajectory in the tailored
pulse is much smaller than in the sinusoidal wave, even
though both laser intensities are equal.

In Fig. 17�b� the energy of the HHG cutoff electron in its
trajectory in the tailored pulse and in a sinusoidal wave with
the same intensity is displayed. One can see that the electron
in the tailored pulse gains most of its energy only shortly
before recombination and thus moves only for a short time
with a strongly relativistic velocity which results in an essen-
tial reduction of the relativistic drift compared to the case of
a conventional sinusoidal driving laser field.

D. Influence of the shape of the tailored pulse
on the rescattering

The APT is chacterized by four parameters: the harmonic
content, i.e., the amount of harmonics that build up the at-

tosecond pulse, the duration of the pulse in the train, the time
delay between the pulses, equivalent to the ground angular
frequency and the maximal field strength of the pulse that is
connected with the laser intensity. In this section we investi-
gate the dependence of the HHG yield on the parameters: �1�
harmonic content of the APT, at a fixed duration of the pulses
in the train, a fixed ground angular frequency and a fixed
intensity, �2� duration of the pulse in the train at a fixed
ground frequency of the APT, a fixed harmonic content, and
a fixed average intensity of the APT; �3� time delay between
the pulses in the train at a fixed duration of each pulse in the
train, a fixed harmonic content of the APT, and a fixed am-
plitude of the pulse.

Let us investigate how important the different harmonics
are that build up the tailored pulse. The ground frequency of
the APT which determines the duration between pulses in the
train is maintained constant. We also fix the duration of the
pulses in the train. Consequently, the characteristic frequency
of the spectrum, which determines the pulse duration, is also
fixed. From Fig. 12�b� one can see that the characteristic
frequency in the applied case is 20�. We change the number
of the humps in the spectrum of the driving APT field, keep-
ing the shape of the humps as in Fig. 12�b�. The increase of
the number of harmonics in this way actually presumes that
the pulse shape approaches more and more the rectangular
form. The result of the calculation of the spectra for the HHG
process when using the tailored pulse with a different maxi-
mum number of applied harmonics are shown in Fig. 18.

The more rectangularlike the pulse shape is �i.e., the
larger number of applied harmonics at a fixed pulse duration
and a fixed APT ground frequency�, the larger the HHG yield
and the HHG cutoff energy. While the increase in the cutoff
energy is very small, the increase in the HHG rate is tremen-
dous. In fact, an increase in the harmonic content from 20 up
to 40 increases the energy gain only by 13%, whereas the
HHG yield becomes more than seven orders of magnitude
larger. Hence, the HHG rate is very sensible to the fine struc-
ture of the APT which is tuned by the harmonic content of
the tailored pulse. Meanwhile, the electron energy gain is
mainly determined by the duration of the pulse. Whereas the
first 20 harmonics reproduce the general shape of the APT,
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FIG. 17. �a� Trajectory and �b� kinetic energy of the electron
producing HHG of the cutoff energy in the tailored pulse �solid� and
in a sinusoidal wave �dashed�, each with an average intensity of 1
�1020 W/cm2. x and z are the polarization and propagation direc-
tion of the laser field, respectively. The electron is ionized at a
phase of −1.24 in the sinus wave and recombines at a phase of 2.64.
In the tailored wave the electron is ionized at a phase of −2.78 and
recombines at a phase of 3.14.
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FIG. 18. Harmonic emission rate via log10�dwn /d�� in Eq. �42�
as a function of the emitted photon energy in a laser intensity of
1�1020 W/cm2 and ground angular frequency of �=0.1 a.u. using
tailored pulses which consist of 20, 40, 60, 80, 100, 120, 150, 200,
and 300 harmonics of the ground frequency. The ionization poten-
tial is Ip=82 a.u.
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particularly the pulse duration in the train, one can say that
the small harmonics are responsible for the energy the elec-
tron gains from the pulse while the higher harmonics assure
that the electron recombines effectively with the atomic core.
Further, our calculations show that the tailored pulse is suf-
ficiently built up by 100 harmonics. The application of even
more harmonics has only a small effect on the emission rate.

The tendency that enrichment of the harmonic content of
the APT results in an increase of the rescattering probability
and an energy gain of the electron is intuitively understand-
able. The APT with a rich harmonic content resembles more
to a train of rectangular pulses. Then there are no small field
oscillations inducing parasitic oscillations of the electron en-
ergy that consequently cause additional relativistic drift. Fur-
ther, the laser field descent after ionization is more sharp and
makes it impossible for the electron to acquire a relativistic
velocity and, therefore, to drift.

Now, we turn to the investigation of the dependence of the
HHG rate on the duration of the pulse in the APT. In Fig. 19
we compare HHG spectra generated by an APT with the
tailored shape and a ground frequency of 0.1 a.u. for differ-
ent durations of the pulse in the train. The harmonic content
of the APT is fixed at K=100. The amount of humps in the
frequency spectrum of the pulses indicates the duration of
the pulse. The average laser intensity is fixed at 1
�1020 W/cm2, and the ionization potential is chosen so that

it is in the tunneling regime but close to the border of over-
the-barrier ionization.

One can see that the harmonic cutoff scales approximately
linear with the width of the pulses due to the increase in the
duration of the accelerating phase. The HHG yield at the
cutoff decreases significantly with an increased pulse width.
In the case of a shorter pulse duration, the ionization of the
rescattering electron occurs at a moment closer to the end of
the pulse and consequently, the momentum in the laser
propagation direction, necessary for rescattering has a lower
value �see also Sec. IV E below�. The spectra resulting from
broader pulses are less oscillating and more strongly bent,
indicating the stronger relativistic character of the process.
By comparison to tailored pulses with different duration but
with adapted intensities that deliver the same fixed cutoff,
one can see that for lower emission energies larger widths
are favored whereas at the cutoff, shorter widths are better
suited.

Finally, we investigate the dependence of the HHG yield
on the time delay between the pulses in the APT. In Fig. 20
we compare the HHG spectra generated by an APT with the
tailored shape �with a number of harmonic content of K
=100� and a pulse duration of � a.u. for different ground
frequencies of the APT, i.e., for different free time spans
between the pulses. The maximum laser electric field
strength of the pulse is fixed at a value of 140 a.u. First, one
can see that the cutoff energy is decreasing only weakly with
a decreased free time span between the pulses in the train.
This can be explained by the fact that due to a shorter field
free time span, the electron has less time to propagate in the
continuum and therefore can acquire less energy from the
laser on its way back to the atomic core. Further, the relativ-
istic signature of the process, displayed by an increase in the
bend of the spectrum and a decrease in the interference pat-
tern, increases with decreasing free time span. This occurs as
the relative time span where the ionized electron moves with
a relativistic momentum compared to the one where the elec-
tron moves nonrelativistically becomes larger �see also Sec.
IV E�. The HHG yield at the cutoff increases with an in-
creased free time span from 28 a.u. up to 57 a.u., but then
decreases slightly when the free time span changes from
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FIG. 19. �Color online� The dependence of the HHG rate on the
duration of the pulse in APT: �a� frequency spectrum of APT’s with
different pulse length in the train, �2� /���k /100�, where k is the
amount of humps. �b� The resulting harmonic emission rate via
log10�dwn /d�� in Eq. �42� as a function of the emitted photon en-
ergy using these tailored pulses. The pulse duration in the train �in
attoseconds� is given in the figure corresponding to k=3 up to k
=8. The laser average intensity is 1�1020 W/cm2. The ionization
potential is adapted to the threshold of the barrier-suppression
model.
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FIG. 20. Harmonic emission rate via log10�dwn /d�� in Eq. �42�,
as a function of the harmonic energy using tailored APTs consisting
of pulses with a temporal width of � a.u. and a time delay between
the pulses of 28, 38, 57, 75, and 113 a.u., respectively. The maxi-
mum laser electric field strength is fixed at a value of 140 a.u. The
ionization potential is Ip=82 a.u.
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57 a.u. up to 113 a.u. This is due to the counteraction of two
tendencies: the relativistic signatures in the electron dynam-
ics and the spreading of the ionized electron wave packet.
Finally, to obtain a high emission rate for high energies in the
MeV domain, an intermediate time delay of about a femto-
second �57 a.u.�, i.e., an angular frequency of approximately
0.1 a.u., is best suited. Then the relativistic effects, the
spreading and the energy gain effect as described above are
balanced.

E. Dynamics of the electron in a rectangular APT

For a better insight into the rescattering process in the
strong field of the tailored APT, let us consider analytically
the problem of electron ionization-excursion-rescattering in a
model APT. The latter consists of a sequence of one-cycle
rectangular oscillations of a duration � separated by a field
free region of duration T �see Fig. 21�. We analyze electron
trajectories in this field via the classical equations of motion
and calculate the energy gain of the electron at the rescatter-
ing moment.

The vector potential of the laser field �see Fig. 21� can be
expressed as

a��� = x̂a0�− � , 0 � � � �1,

− �1, �1 � � � �1 + 2� ,

� − 2�1 − 2� , � � �1 + 2� ,
� �48�

where a���=A��� /c2, a0=A0 /c2, �=��t−z /c�, the x and z
axes are aligned in the laser polarization and propagation
direction, respectively. The ionization takes place at �0=0,
the field free region spans from �1 up to �1+2�.

The electron is ionized with zero transversal momentum
but the longitudinal momentum is not zero allowing the elec-
tron to revisit the atomic core. Consequently, we use Eqs.
�30� with px=0. The probability of the electron to tunnel out
of the atom with nonzero initial momentum pz0 is exponen-
tially decreasing with increasing pz0 �23�. Therefore, the sup-
pression of the relativistic drift can be recognized by a de-
crease in the pz0 value, which is necessary for rescattering.

The electron coordinates in the considered case are deter-
mined as follows �see, e.g., Ref. �43��:

x = x0 +
c2

�
�

�0

� d��

�
�a��� − a��0�� ,

z = z0 +
c

�
�

�0

� d��

�
�pz0 + c2 �a��0� − a����2

2�
� . �49�

When using the explicit form of the vector potential of Eq.
�48�, the electron coordinates read

x − x0 =
a0

�

c2

�
��1

2 + �12� −
��2 − �1�2

2
� ,

z − z0 =
c

�

pz0��1 + �2 + 2��
�

+
a0

2

�

c3

2�2�2�1
3

3
+ 2��1

2

+
��2 − �1�3

3
� , �50�

where �2 determines the recollision phase �r=�2+�1+2�,
where x=x0 and z=z0. The first of these conditions gives

�2 − �1 = �2��1
2 + 2��1� , �51�

while from the second one pz0 is determined,

pz0 = −
c2

2�
a0

2
�2�1

3

3
+ 2��1

2 +
��2 − �1�3

3
�

��1 + �2 + 2��
. �52�

According to the definition,

�1,�2, ��2 − �1� � �� . �53�

Then at ���2�, it is

�2 − �1  �4��1. �54�

From the latter condition one can deduce the maximal value
of �1 for the rescattering electron,

�1
max =

��2

T2 . �55�

Thus, for revisiting the ionic core the ionized electron should
have the initial longitudinal momentum in leading order

pz0
�APT� = − c

2�2

3
a0

2 �3

T3 = −
�

3

Ī

c2�2. �56�

The gain of energy of the rescattering electron in the APT
can be calculated from Eq. �30� which yields

���APT� = 2�2c2a0
2 �2

T2 =
�Ī�T

c
, �57�

where Ī=cE0
22� /4�T is the average laser intensity. Let us

compare the energy gain and the initial longitudinal momen-
tum of the rescattering electron �which is the measure of the
significance of the relativistic drift� for two cases of an APT
and a sinusoidal laser wave at the same average laser pulse
intensity. In the sinusoidal laser wave it is known that

���L� 
3c2a0

2

4


3IT2

2�c
,

FIG. 21. A model APT consisting of one cycle rectangular
pulses that mimic the tailored APT of Fig. 12 for the purpose of an
analytical analysis of the electron dynamics.
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pz0
�L�  − c

a0
2

4
 −

IT2

2�c2 , �58�

with the laser intensity I=cE0
2 /8�. The comparison shows

���APT�

���L� 
2�2

3

�

T
,

pz0
�APT�

pz0
�L� 

2�2

3
� �

T
�2

, �59�

which means that choosing a rather small pulse duration ���
compared with the period �T� will decrease significantly the
necessary initial momentum �pz0�, suppressing the relativistic
drift, while the decrease in the cutoff energy will not be
significant.

F. The stability of the HHG process against random variations
of the shape of the tailored pulse

In this section we answer the question of how robust the
effect of enhancing the HHG yield via tailored pulses is. We
represent results of the investigation of the stability of the
HHG process vs a random variation of the shape of the tai-
lored pulse. We employ APTs whose spectral components are
randomly varied from the optimal values. We can say that a
random variation of the absolute values of the spectral com-
ponents of the pulse of about 5% �see Fig. 22� or of the
phases of the spectral components of about � /100 �see Fig.
23� changes the emission rate near the cutoff by about one
order of magnitude at the most.

G. Generation of tailored pulses

From the discussion presented in the preceding sections
we have derived requirements for realizing HHG in the rela-
tivistic regime via tailored pulses. The tailored pulses are
required to have an APT shape with a ground frequency of
0.1 a.u. �corresponding to a field period of about 1 fs�, a
pulse duration in the train of about 50 attoseconds and an
average intensity of 1�1019 W/cm2. The optimal number of
harmonic content is 40–60. These are the optimal parameters
of the tailored laser pulse for HHG in the relativistic regime.

The main difficulty in experimental realization of this
kind of pulse is the combination of two extreme properties: a
pulse train of attosecond duration and high intensity. A few
laboratories are now able to produce attosecond pulse trains
�45� which are based on HHG in gases with further filtering
of the harmonics and reshaping the pulse. Unfortunately, the
method of APT via HHG in gases has no potential for higher
intensities of xuv radiation. This is because the efficiency of
this mechanism is small, not exceeding 10−5, and the driving
laser intensity is restricted by the ionization cap. Therefore,
one must look for alternative methods for strong attosecond
pulse generation. Laser-plasma interactions seem to be the
most suitable nonlinear phenomena which could be em-
ployed for attosecond pulse generation at high intensities.
First of all, where high intensities are concerned, then plasma
is the ideal medium as the ionization restriction is automati-

cally removed. Second, at relativistically high laser intensi-
ties new kinds of nonlinearities of the plasma arise. On the
one hand, the free electron dynamics becomes nonlinear at
a0
1, on the other hand in overdense plasma �especially at
the interface between vacuum and plasma� high gradients of
the field and of the particle density emerge in a strong laser
field which are extremely benevolent properties for nonlinear
transformation of the incoming strong laser field. Apart from
these general arguments in favor of the plasma as a medium
for the optical field transformations into an APT, two re-
cently uncovered regimes of the strong laser field plasma
interactions give us additional hope that our proposed re-
quirements for APTs are realizable.

The first regime is the sliding-mirror regime of a relativ-
istically strong laser beam interacting with a thin plasma
layer �47�. This regime is realized when the plasma is so
dense that even in the strong laser field, the electron dis-
placement along the laser propagation direction is negligible.
This is realized under the condition �pa0, where �p
���n /ncr��L /��, n is the plasma density, ncr=m� /4�e2 is
the plasma critical density, L is the plasma layer length, �
and � are the laser frequency and the wavelength. One can
see from this condition that high densities, thin layers, and
strong laser fields are required for this regime to operate.
Although, harmonics are generated in the reflected as well as
in the transmitted light, in the latter case APT can be pro-
duced without additional harmonic filtering as the generated
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FIG. 22. �a� The variation of the absolute value of the spectral
components of the APT with a pulse duration in the train of
0.12� /�, and �=0.1 a.u. is displayed. The random variation from
the optimal values is within 5%. �b� The resulting emission rate via
log10�dwn /d�� in Eq. �42� as a function of the harmonic energy
using five different randomly varied tailored pulses with an inten-
sity of 1�1020 W/cm2. The dashed curve corresponds to the un-
perturbated tailored pulse. The ionization potential is Ip=82 a.u.
The APT contains 100 harmonics.
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harmonics are well phase locked. Since spectral filtering can
be avoided, the energetic efficiency of APT generation en-
hances, as particle-in-cell �PIC� simulations of �47� show,
reaching a few percent. The characteristic frequency of the
HHG spectrum in this regime is �cr=a0� which determines
the fastest time scale of an APT �i.e., the pulse duration in
the train�. Then, a laser field with a020 will correspond to
our requirements.

The second regime, which can be employed to realize our
proposed tailored laser pulses, is the �3 regime of laser beam
reflections from overdense plasma surfaces �46�. Here the
plasma nonlinearity is mainly based on high gradients of the
field and of the particle density at the plasma surface. PIC
simulations have shown that in this regime isolated attosec-

ond pulses can be generated with a very high efficiency of
about 10%. Then one can think of the generation of half-
cycle strong pulses and combine them in the train, this way
realizing the requirements of our tailored pulses. Neverthe-
less, more investigation is necessary to determine whether
the requirements of the harmonic content, the duration and
other parameters can be met in these regimes. Moreover,
these regimes still must be confirmed experimentally. Taking
into account the very rapid development of the strong field
laser-plasma interaction field and the fact that proposals for
stronger laser pulses are at this stage �48�, one can be opti-
mistic about the outcome.

V. CONCLUSION

By a fully relativistic treatment we have investigated fea-
tures of the energy and angular distribution of electrons in
ATI and of HHG spectra in relativistic regimes. A compari-
son with the approximate theory for the weakly relativistic
regime is drawn, and the limitations of the latter are pointed
out.

To enhance the yield of high-energy electrons in ATI and
high-energy photons in HHG in the relativistic regime, a
method is proposed based on the application of specially
tailored laser pulses. Specially tailored laser pulses in the
form of an APT allow the suppression of the relativistic drift
of the ionized electron and ionization rescattering in the rela-
tivistic regime. We have investigated in detail ATI and HHG
properties in the tailored pulses. In particular, the depen-
dence of the HHG yield on the pulse length in an APT, on the
time delay between the pulses in an APT and on the har-
monic content on the APT is studied and explained by means
of a simple analytical analysis of the electron dynamics in
the APT consisting of rectangular pulses.

As a result of the investigation, we can give the optimal
parameters for the tailored pulses. The tailored pulses with a
ground frequency of 0.1 a.u., pulse duration in the train of
50 attoseconds, with a harmonic content of 40–60, and with
an average intensity of 1019 W/cm2 are the desired pulse
shapes for the optimized HHG/ATI. This way, HHG in the
hard x-ray domain and the initiation of nuclear reactions with
single ions will become feasible.
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