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The generalized oscillator strengths �GOS’s� of discrete excitations np→nd and np→ �n+1�s ,d, both dipole
�L=1� and octupole �L=3�, are studied. We demonstrate that although the relevant transitions in the same atom
are closely located in energy, the dependence of their GOS’s on the momentum transfer squared q2 is remark-
ably different; viz., the GOS’s corresponding to L=3 have at least one extra maximum as a function of q2 and
dominate over those of the L=1, starting from about q2=1.5 a .u. Peculiarities are noted in the GOS of only the
Ne dipole 2p→3s transition in contrast to the rest of the atoms; viz., the characteristic minimum and the
maximum are not obliterated by the dominance of 2p→3d GOS dipole and octupole sum as in the other atoms.
The depth of the minimum of the GOS for the dipole 2p→3s transition is reduced considerably by the 2p
→3d dipole and octupole GOS sums, while the corresponding maximum is enhanced. In the GOS sum both
the minimum and maximum are still identifiable, permitting experimental observation. The calculations were
performed in the one particle Hartree-Fock �HF� approximation and with account of many-electron correlations
via the random phase approximation with exchange �RPAE�. The GOS’s are studied for values of q2 up to
50 a .u. Our calculated RPAE GOS’s for the Ar 3p→4s dipole transition compare very well with the recently
measured data of Zhu et al. �Phys. Rev. A 73, 042703 �2006��.
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I. INTRODUCTION

Here we consider the lowest-energy optically allowed
transitions for the outer np subshells of the noble-gas atoms
np→nd and np→ �n+1�s ,d. The former series of transitions
in Ne, Ar, Kr, and Xe—namely, np→nd—can be dipole and
octupole, while the latter can only be a pure dipole. The
essential feature of the levels considered is that those with
the same configurations np→nd but different total angular
momentum L, L=1 and L=3, are closely located and hardly
separable in existing experiments. This means that they will
be excited by electron �or other charged particle� impact si-
multaneously, but decay via photon emission separately, the
decay of the octupole excitation being about eight orders of
magnitude slower than the dipole. As a result, soon after
excitation of a gas volume by incoming charged particles,
only octupole levels will survive. Therefore, separate calcu-
lations of octupole generalized oscillator strengths �GOS’s�
are of importance and interest, presenting the probability of
populating and studying the long-living excited levels.

The generalized oscillator strength, introduced by Bethe
�1� and reviewed by Inokuti �2�, characterizes fast-electron
inelastic scattering. It manifests directly the atomic wave
functions and the dynamics of scattering. Since then, the
GOS has received attention from a variety of perspectives:
determination of the correct spectral assignment �3�, explor-
ing the excitation dynamics �4�, probing the intricate nature
of the valence-shell and inner-shell electron excitation �5�,
investigation of the influence of the angular resolution and
pressure effects on the position and amplitude of the GOS
minima �6�, investigation of the GOS ratio �7� and various
correlation effects �8–11�, as well as multiple minima �12�.

One of the most important utilities of the GOS concept in
the limit q2→0 is in the determination of optical oscillator

strengths �OOS’s� from absolute differential cross sections
�DCS’s� �13–16�. Implicit in this is the extrapolation of the
measured data through sometimes the unphysical region
�17�. The limiting behavior of the GOS as q2→0 has been a
subject of continuing interest because of the difficulty of
measuring reliably the electron DCS’s for atoms, ions, and
molecules at and near zero scattering angles �3,14,18�. This
difficulty still plagues measurements of the DCS’s �19,20�,
including the most recent measurements of the DCS’s
�21,22�. Thus a thorough understanding of the behavior of
the GOS’s near q2=0 is imperative to guide measurements.

To place the current investigation of the GOS’s for the
np-nd and np-ns transitions in Ne, Ar, Kr, and Xe in per-
spective, it is important to highlight some significant mani-
festations that have been uncovered in recent studies of cor-
relation effects in the GOS’s for atomic transitions.

�i� Recently, GOS’s for monopole, dipole, and quadrupole
transitions of the noble-gas atoms have been investigated in
both Hartree-Fock �HF� and random phase approximation
with exchange �RPAE� approximations as functions of q and
the energy transferred, � �8�. There it was found that electron
correlations, both intrashell and intershell, are important in
the GOS’s for all values of q and � investigated and that the
variation of the GOS’s with q and � is characterized by
maxima and minima, arising entirely from many-electron
correlations. These results have been used to understand and
interpret �23,24� the first experimental observation of the ab-
solute GOS for the nondipole Ar 3p-4p transition �5�. Of
great significance is that the calculated GOS’s for discrete
transitions permitted the determination of their multipolarity
quite reliably �10�. The interpretation is of particular interest
for nondipole transitions since they cannot be observed in
photon absorption. Of even greater importance and accom-
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plishment in the recent measurement of the GOS’s for the
valence-shell excitation of Ar is the separate measurement of
the electric monopole and quadrupole of the GOS’s for the
valence-shell excitation of Ar �25�.

�ii� For the outer and intermediate shells of Xe, Cs, and
Ba, correlations have been discovered to produce impressive
manifestations of the intradoublet interchannel interaction
�26�, yielding new structures in nondipole parameters and
GOS’s �9�. GOS results for Xe, Cs, and Ba demonstrated the
leveraging role of the spin-orbit interaction—viz., the strong
interaction between components of the spin-orbit doublet of
the 3d electrons in Cs, Ba, and Xe. This leads to the appear-
ance of an additional maximum in the GOS for the 3d5/2
subshell, due to the action of the 3d3/2 electrons. The inter-
doublet correlations were found to be very important in the
monopole, dipole, and quadrupole transitions.

�iii� Generalized oscillator strengths for monopole, dipole,
and quadrupole transitions in the negative ions I− and Si−

have been investigated to assess the extent of importance of
correlations �27�. It was found that the GOS’s for monopole
and dipole transitions are generally characterized by two dis-
tinct sets of maxima as functions of �, being most pro-
nounced for the dipole transitions. For the negative ions,
there are two interesting and significant peculiarities. First,
contrary to the well-known behavior of atomic transitions,
the limit of the GOS approaches zero as q2→0 for the dipole
transition. Second, in both the monopole and quadrupole
transitions, the GOS corresponding to q=2 a.u. starts being
zero at threshold and becomes dominant beyond about �
=6 Ry.

II. THEORY

In this paper, we consider a relatively simple case where
the transition energy can be specified almost entirely by the
one-electron nomenclature: namely, by the principal quan-
tum number and angular momentum of the exciting electron
in its initial and final states, nl and n�l�, respectively, and by
the total angular momentum of the excitation, L. Both the
energies �nl,n�l� and the GOS’s are affected by the multi elec-
tron correlations, since the one-electron approximation is
very often not accurate enough, even for a qualitative, not to
mention quantitative, description. With the above in mind,
we have performed calculations both in the one-particle
Hartree-Fock approximation and with account of many-
electron correlations via the RPAE �28�.

The RPAE has proved to be very effective in describing
the photoionization cross sections and GOS’s
�8,23,24,28–30� including rather delicate features of the di-
pole and nondipole angular anisotropy parameters of photo-
electrons, where impressive manifestations of electron corre-
lations were recently observed in good accordance with both
experiment and calculations �see, e.g., �26,31–36��.

The theoretical consideration in this paper of dipole and
octupole excitations is similar to that of quadrupole and
monopole excitations �23,24�. However, for the convenience
of the reader and for a better understanding of the results,
here we repeat the main points considered in the GOS cal-
culation in general and within the one-electron HF and with

account of correlations within the RPAE framework in par-
ticular. All the necessary formulas are also presented.

There are some discrete excitations considered in this pa-
per that require special attention. Namely, in Kr there are two
closely located dipole excitations: 4p-4d with energy
0.933 30 Ry and 4p-6s with energy 0.934 03 Ry; the 4p-5d
has energy of 0.984 29 Ry, while for 4p-7s the energy is
0.984 79 Ry. The method implemented in the computer pro-
gram �37� and used in �23,24� is suitable for the case of a
single relatively isolated discrete excitation for which all oth-
ers act as perturbations. In the present case the closely lo-
cated levels are perturbing one another very strongly. There-
fore, the corresponding interaction has to be taken into
account accurately.

The inelastic scattering cross sections of fast electrons or
other charged particles incident upon atoms or molecules are
expressed via the GOS G�� ,q� �1,38� which is a function of
the energy � and the momentum transferred q to the target in
the collision process. The GOS is defined as �1� �atomic units
are used throughout this paper�

Gfi��,q� =
2�

q2 �� j=1
N � � f

*�r1
� , . . . ,rN

� �

� exp�iq� · rj
� ��i�r1

� , . . . ,rN
� �dr1

�
¯ drN

� �2

, �1�

where N is the number of atomic electrons and �i,f are the
atomic wave functions in the initial and final states with
energies Ei and Ef, respectively, and �=Ef −Ei. Because the
projectile is assumed to be fast, its wave functions are plane
waves and its mass M enters the GOS indirectly: namely, via
the energy and momentum conservation law

p2

2M
−

�p� − q��2

2M
= � . �2�

Here p� is the momentum of the projectile. It follows from the
GOS definition �1� that when q=0 the GOS coincides with
the OOS or is simply proportional to the photoionization
cross section �see, for example, �38��, depending upon
whether the final state is a discrete excitation or belongs to
the continuous spectrum. The energy � enters the GOS either
via a factor in Eq. �1� or indirectly, via the energy Ef of the
final state �f�.

In the one-electron Hartree-Fock approximation Eq. �1�
simplifies considerably, reducing to

gfi
L �q,� fi� =

2� fi

q2 �� � f
*�r��jL�qr�PL�cos ���i�r��dr��2

=
2� fi

q2 �	f �jL�qr��i��2

, �3�

where � f ,i�r��=Rnf ,i
Ylf ,i,mf ,i

��r� ,	r��
sf ,i
are the HF one-electron

wave functions with their radial, angular, and spin parts, re-
spectively, jL�qr� is the spherical Bessel function, PL�cos ��
is the Legendre polynomial, and cos �=q� ·r� /qr. The excita-
tion energy of the i→ f transition is denoted as � fi. The
principal quantum number, the angular momentum, its pro-
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jection, and spin quantum numbers of the initial i and final
f states are denoted by nf ,i, lf ,i, mf ,i, and sf ,i, respectively.

To take into account of many-electron correlations in the
RPAE the following system of equations was solved:

	f �AL�q,� fi
R��i� = 	f �jL�qr��i�

+ 
��
n��F,k��F

− ��
n��F,k��F

�
�

	k��AL�q,� fi
R��n��	n�f �UL�k�i�

� fi
R − 
k� + 
n� + i��1 − 2nk��

. �4�

Here �F ��F� denotes occupied �vacant� HF states, 
n are
the one-electron HF energies, �→ +0, and nk= l �0� for k
�F ��F�; 	nf �U �ki�L= 	nf �V �ki�L− 	nf �V � ik�L is the L
component of the matrix elements of the Coulomb interelec-
tron interaction V. It is seen that the system of equations for
each total angular momentum of an excitation L is separate.
The procedure of solving this equation is described in details
in �28,38�. Note that the excitation energy of the i→ f tran-
sition in RPAE � fi

R is different from the HF value � fi=
 f
−
i. The procedure of calculating � fi

R is also described in
�28,38�.

A relation similar to Eq. �3� determines the GOS’s in
RPAE Gfi

L �q ,� fi
R�:

Gfi
L �q,� fi

R� =
2� fi

R

q2 �	f �AL�q,� fi
R��i��2

. �5�

Here 	f � and �i� are the final and initial HF states, respec-
tively. Using these formulas the GOS’s were calculated for
dipole L=1 and octupole L=3 components.

The operator of the interaction between fast charged par-
ticles and atomic electrons can also be represented in another

form than Â�q�= Âr�q��exp�iq� ·r��. This is analogous to the
case of photoionization and can be called the length form.
The other one is similar to the velocity form in photoioniza-
tion and looks like �37�

Âv��,q� = �exp�iq · r��q · � − q · ���exp�iq · r�� , �6�

where the upper arrow in �� in Eq. �6� implies that the func-
tion standing to the left is being operated on.

For the specific case considered in this paper the explicit
HF energies are �np→nd,�n+1�s�
nd,�n+1�s−
np with 
np, 
nd

and 
�n+1�s being the HF one-electron energies. Rnp�r�, Rnd�r�,
and R�n+1�s�r� are the radial parts of the one-electron wave
functions in the HF approximation, and L is the total angular
momentum of the excitation, where in our case L=1 or 3,
n=2, 3, 4, and 5 for Ne, Ar, Kr, and Xe, respectively. Sym-
bolically, the RPAE equations can be presented as �28,38�

T̂ = t̂ + T̂
̂U , �7�

tnp→nd,�n+1�s
L �q� � 	np�t̂�nd,�n + 1�s�

=� Rnp�r�jL�qr�Rnd,�n+1�s�r�dr , �8�

where U is the Coulomb interelectron interaction, and


̂ = 1̂/�� − �� + i�� − 1̂/�� + ��� , �9�

with �→0 and � being the excitation energy parameter of
the relevant discrete excitation, while �� is the energy of any
other, including the considered discrete or continuous spec-
trum excitation of another electron, which is excited by the
incoming electron. Its interaction via the potential U leads to
the excitation of a given atom under consideration.

The RPAE values for the GOS’s Fnp→nd,�n+1�s�q� are con-

nected to the matrix elements of T̂ similar to the connection
of fnp→nd,�n+1�s, the HF GOS values, with t̂. However, a com-
plication arises for discrete excitations. This results from the
fact that one of the intermediate discrete excitation energies
consistent with the energy of the excitation of the level under
investigation and the corresponding element of 
̂ becomes
infinite. To circumvent this singularity an effective interac-
tion matrix has to be created �28,38�:

�̃
ˆ

= U + U
̂��̃
ˆ

, �10�

where 
�̂ excludes only a single term, with one of the tran-
sitions ��=�np→nd,�n+1�s, from summation over all interme-
diate states �see Eq. �4��. Then the total matrix of the effec-

tive interaction �̂ is determined by a simple expression

�̂ = �̃
ˆ �� − �np→nd,�n+1�s − �̃

ˆ �−1. �11�

This is correct only if the interaction between two adja-
cent levels is sufficiently weak and can be accounted for
perturbatively. Then instead of Eq. �3�, one can arrive at the

following expression for T̂:

T̂ = t̂ + t̂
̂�̂ . �12�

With the help of Eq. �11� we derive the GOS value in RPAE
as

Fnp→nd,�n+1�s�q� = Znp→nd,�n+1�s
2��np→nd,�n+1�s

q2 �	np�T̂�nd,�n

+ 1�s��2, �13�

�np→nd,�n+1�s = 
nd,�n+1�s − 
np + �̃np→nd,�n+1�s, �14�

Znp→nd,�n+1�s = 
1 − � ��̃np→nd,�n+1�s,

��
�

�=�np→nd,�n+1�s

�−1

.

�15�

Here Znp→nd,�n+1�s is the spectroscopic factor of the dis-
crete excitation level.

Equations �10�–�15� determine the RPAE values for both
the GOS’s and the discrete excitation energies, while Eq. �3�
gives the HF GOS, represented simply as fnp→nd,�n+1�s with
the appropriate � fi used.

However, as was mentioned above, at least in Kr one has
two very close levels. In this case one must first introduce an
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auxiliary matrix of the effective interelectron interaction �̂��

that is a solution of an equation similar to Eq. �10�:

�̃
ˆ

= U + U
̂��̃
ˆ

, �16�

with 
̂� that excludes the two so-called “time-forward”

terms—i.e., those with energy factors 1̂ / ��−��+ i��, where
�� are the energies of two strongly interacting transitions. In
our case these are terms with ��=�4p→4d and ��=�4p→6s or
��=�4p→5d and ��=�4p→7s. However, the relation that de-

termines �̂ is not that simple as Eq. �11�: it is, instead of
being a simple algebraic, rather a 2�2 matrix equation.

Let us concentrate on the first two levels 4p→4d and
4p→6s, denoting them as 1 and 2, respectively. In this case
Eq. �16� looks like


�11 �12

�21 �22
� = 
�̃11 �̃12

�̃21 �̃22

� + 
�̃11 �̃12

�̃21 �̃22

�
�
�� − �1�−1 0

0 �� − �2�−1 �
�11 �12

�21 �22
�
�17�

In fact, Eq. �17� describes a two-level system that has two
solutions �=�1,2� ��1,2. Such a system was considered in

applications to molecules in �36�. The corresponding solution
is also known:

�1,2� =
1

2
��1 + �2 + �̃11

+ �̃22� ±�1

4
��1 − �2 + �̃11 − �̃22�2 + ��̃12�2,

�18�

as it should be, in the absence of a level mixing interaction

��̃12=0� and �1,2� =�1,2. In principle, each level 1 and 2 has
its own spectroscopic factor Z1,2. But since these levels are
close to each other, the corresponding Z values are close to

each other and can be determined by Eq. �15� with �̃
ˆ

taken
from Eq. �16�.

III. RESULTS OF CALCULATIONS

The calculations were performed numerically using the
programs and procedures described in �37� and for the case

TABLE I. Experimental and theoretical excitation energies in
Ry for the dipole and octupole transitions in Ne, Ar, Kr, and Xe.

Atom Transition Expt. �Ry� Dipole �Ry� Octupole �Ry�

Ne 2p-3d 1.475248 1.5886 1.5888

2p-4d 1.524334 1.6379 1.6379

2p-5d 1.547063 1.66065 1.66057

2p-3s 1.230844 1.3481

2p-4s 1.447896 1.563

2p-5s 1.513256 1.62799

Ar 3p-3d 1.0337 1.00531 0.996454

3p-4d 1.089627 1.05508 1.04932

3p-5d 1.116365 1.07792 1.1182

3p-4s 0.855038 0.834947

3p-5s 1.037901 0.999349

3p-6s 1.094190 1.05268

Kr 4p-4d 0.912774 0.9333 0.92127

4p-5d 0.972557 0.98429 0.9773

4p-6d 0.983380 1.00816 1.00407

4p-5s 0.744623 0.7799

4p-6s 0.921292 0.9348

4p-7s 0.975491 0.984969

Xe 5p-5d 0.773065 0.801798 0.775117

5p-6d 0.812368 0.851733 0.838907

5p-7d 0.843888 0.874475 0.86786

5p-6s 0.636429 0.675482

5p-7s 0.801240 0.8088

5p-8s 0.828055 0.854632

TABLE II. GOS’s for discrete dipole transitions with q2

=0.00001 a .u., corresponding essentially to the optical oscillator
strengths.

Atom Transition HF-L RPAE-L Others

Ne 2p-3d 0.0282 0.0266 0.0065a 0.023c

2p-4d 0.016 0.015 0.012c

2p-5d 0.009 0.008 0.007c

2p-3s 0.156 0.168 0.137d 0.1432b 0.170c

2p-4s 0.028 0.029 0.013a 0.035c

2p-5s 0.010 0.011 0.013c

Ar 3p-3d 0.162 0.179 0.302a 0.110c

3p-4d 0.082 0.088 0.059c

3p-5d 0.045 0.041 0.033c

3p-4s 0.296 0.316 0.25a 0.2214b 0.339c

3p-5s 0.056 0.039 0.034a 0.059c

3p-6s 0.021 0.015 0.033c

Kr 4p-4d 0.133 0.131

4p-5d 0.065 0.063

4p-6d 0.035 0.032

4p-5s 0.187 0.178 0.139e 0.1416b

4p-6s 0.035 0.033

4p-7s 0.013 0.012

Xe 5p-5d 0.242 0.223 0.205a

5p-6d 0.115 0.106 0.083a

5p-7d 0.062 0.053 0.0217a

5p-6s 0.209 0.213 0.251a 0.206f

5p-7s 0.041 0.062 0.081a

5p-8s 0.015 0.023 0.0236a

aReference �39�.
bReference �45�.
cReference �46�.

dReference �15�.
eReference �47�.
fReference �13�.
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of Kr corrected according to the formulas �16�–�18�. The
results of the calculations are presented in the Tables I and II
and the figures below. It is important to bear in mind that at
small q2�q2→0� the dipole GOS is absolutely dominant,
since the GOS dipole component is nonzero at q2→0, cor-
responding to the OOS. However, with increasing q2 the situ-

ation changes considerably and in some cases even dramati-
cally, since fnp→nd,�n+1�s

L=1 �q� rapidly decreases with increasing

q2 while fnp→nd,�n+1�s
L=3 �q� rapidly increases as q2 at least for

small q. Then fnp→nd,�n+1�s
L=3 �q� has to reach its maximum be-

fore subsequent decrease. The q2 dependence of f proved to

0 2 4
0.00

0.04

0.08

0.12

0.16

0 10 20 30 40 50 60
0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

2p-4s

2p-3s

Ne, dipole
ω2p-3s=1.3481Ry
ω2p-4s=1.5635 Ry

q2 (a.u.)

G
O

S
(a

.u
.)

HFL
RPAE
HFL
RPAE

0 1 2 3 4

0.000

0.005

0.010

0.015

0.020

0.025

0 4 8 12
0.0000

0.0005

0.0010

0.0015

dipole
octupole
dipole+octupole

Ne, RPAE, 2p-3d
ωdipole =1.5886 Ry
ωoctupole=1.5888 Ry

G
O

S
(a

.u
.)

q2 (a.u.)

0 1 2 3 4
0.000

0.003

0.006

0.009

0.012

0.015

0 4 8 12
0.0000

0.0001

0.0002

0.0003

0.0004

0.0005

dipole
octupole
dipole+octupole

Ne, RPAE, 2p-4d
ωdipole =1.6379 Ry
ωoctupole=1.6379 Ry

G
O

S
(a

.u
.)

q2 (a.u.)

0 1 2 3
0.000

0.005

0.010

0.015

0.020

0.025

Ne, dipole

q2 (a.u.)

G
O

S
(a

.u
.)

HF 2p-3d
RPAE
HF 2p-4d
RPAE

0 5 10 15 20
0.0000

0.0002

0.0004

0.0006

0.0008

Ne, octupole

q2 (a.u.)

G
O

S
(a

.u
.)

HF 2p-3d
RPAE
HF 2p-4d
RPAE

0 10 20 30
0.0000

0.0005

0.0010

0.0015

Ne, RPAE
ω2p-4s=1.563 Ry
ω2p-3d=1.588 Ry

q2 (a.u.)

G
O

S
(a

.u
.)

2p-3d, dip.+oct.
2p-4s, dip
sum

(a)

(b)

(c) (f)

(e)

(d)

FIG. 1. �a� Comparison between the HF and RPAE GOS’s for the Ne 2p→3s and 2p→4s dipole and octupole transitions and their sum.
�b� Calculated RPAE GOS’s for the Ne 2p→3d dipole and octupole transitions and their sum. �c� Calculated RPAE GOS’s for the Ne 2p
→4d dipole and octupole transitions and their sum. �d� Comparison between the HF and RPAE GOS’s for the Ne 2p→3d and 2p→4d
dipole transitions. �e� Comparison between the HF and RPAE GOS’s for the Ne 2p→3d and 2p→4d octupole transitions. �f� Comparison
between the GOS for the dipole and octupole sum for the Ne 2p→3d transition and the GOS for the Ne 2p→4s transition. The GOS sum
�Ne 2p→3d, dipole plus octupole and the Ne 2p→4s dipole� is also presented.
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FIG. 2. �a� Comparison between the HF and RPAE GOS’s for the Ar 3p→4s and 3p→5s dipole transitions. �b� Calculated RPAE GOS’s
for the Ar 3p→3d dipole and octupole transitions and their sum. �c� Calculated RPAE GOS’s for the Ar 3p→4d dipole and octupole
transitions and their sum. �d� Comparison between the HF and RPAE GOS’s for the Ar 3p→3d and 3p→4d dipole transitions. �e�
Comparison between the HF and RPAE GOS’s for the Ar 3p→3d and 3p→4d octupole transitions. �f� Comparison between the GOS for
the dipole and octupole sum for the Ar 3p→3d transition and the GOS for the Ar 3p→5s transition. The GOS sum �Ar 3p→3d, dipole plus
octupole and the Ar 3p→5s dipole� is also presented. �g� Comparison of our calculated HF and RPAE GOS’s for the Ar 3p→4s dipole
transition with those measured by Zhu et al. �25�.

AMUSIA et al. PHYSICAL REVIEW A 75, 062703 �2007�

062703-6



be more complicated, exhibiting maxima for all the cases
considered.

The calculated excitation energies are presented in Table
I, along with the existing experimental data �39�. In Table I
we compare the experimental from Ref. �39� with the pre-
sent RPAE-L excitation energies for the various dipole tran-
sitions in Ne, Ar, Kr, and Xe. Also included in the table are
the excitation energies for some of the relevant octupole

transitions in these atoms. As seen from the table, indeed the
octupole excitations energies are quite close to their dipole
counterparts. The agreement between the experimental and
the RPAE values is better than 5% for the transitions in most
of the atoms, except in Ne where the agreement is better than
10%. Overall, the agreement is acceptable because the main
interest is the calculation of the GOS’s for the indicated tran-
sitions.
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FIG. 3. �a� Comparison between the HF and RPAE GOS’s for the Kr 4p→4s and 4p→6s dipole transitions. �b� Calculated RPAE GOS’s
for the Kr 4p→4d dipole and octupole transitions and their sum. �c� Calculated RPAE GOS’s for the Kr 4p→5d dipole and octupole
transitions and their sum. �d� Comparison between the HF and RPAE GOS’s for the Kr 4p→4d and 4p→5d dipole transitions. �e�
Comparison between the HF and RPAE GOS’s for the Kr 4p→4d and 4p→5d octupole transitions. �f� Comparison between the GOS for
the dipole and octupole sum for the Kr 4p→4d transition and the GOS for the Kr 4p→6s transition. The GOS sum �Kr 4p→4d, dipole plus
octupole and the Kr 4p→6s dipole� is also presented.
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Zhu et al. �25� have compared, concentrating on the po-
sitions of the extrema and the limiting behavior q2→0, the
variation of the GOS with q2 for the various transitions in Ar,
including the 4s �3/2�+4s� �1/2� dipole-allowed transition.
For the latter, they found generally good agreement with the
other data �5,40–44�. Included in the comparison were also
the GOS’s for the electric-quadrupole excitation of the 3p-4p

transition. The HF-L calculation gave good agreement with
the measurement, particularly around the maximum of the
GOS, while agreement with the monopole GOS was reason-
able �10�.

Table II presents the limiting behavior of the GOS’s as
q2→0, corresponding essentially to the OOS’s as required
by the Lassettre limit theorem �48�, for the various dipole-
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FIG. 4. �a� Comparison between the HF and RPAE GOS’s for the Xe 5p→6s and 5p→7s dipole transitions. �b� Calculated RPAE GOS’s
for the Xe 5p→5d dipole and octupole transitions and their sum. �c� Calculated RPAE GOS’s for the Xe 5p→6d dipole and octupole
transitions and their sum. �d� Comparison between the HF and RPAE GOS’s for the Xe 5p→5d and 5p→6d dipole transitions. �e�
Comparison between the HF and RPAE GOS’s for the Xe 5p→5d and 5p→6d octupole transitions. �f� Comparison between the GOS for
the dipole and octupole sum for the Xe 5p→5d transition and the GOS for the Xe 5p→7s transition. The GOS sum �Xe 5p→5d, dipole
plus octupole and the Xe 5p→7s dipole� is also presented. The data in the figures have been multiplied by 2.
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allowed transitions in Ne, Ar, Kr, and Xe, calculated in both
HF-L and RPAE-L. For these atoms, the RPAE-L and
RPAE-V GOS’s as q2→0 agree very well, implying that the
RPAE correlation effects have been accounted for ad-
equately. So in the table we present only the HF-L and
RPAE-L values to create more space for including data from
experiments and other calculations for easier comparison.
The general reasonable agreement between our HF-L and
RPAE-L on the one hand and the many other available
OOS’s on the other gives credence to our calculated GOS’s.
We note, however, that there is a great need for measured
and calculated data to fill the void in the various transitions
in Kr and that our Xe 5p-7d OOS, both HF-L and RPAE-L,
are about a factor of 2 larger than that of Ref. �39�. This
could be explained in the context of the possible need for the
inclusion of more correlation terms from higher orbitals.

Suffice it to state that the tabulated data will certainly
prove useful, particularly in guiding measurements, and that
the main interest of this paper is the investigation of the
contribution of the octupole transition to the GOS sum.

Figure 2�g�, below, compares the measured GOS by Zhu
et al. �25� with those calculated via the HF and RPAE. It is
seen that indeed the L=1 and L=3 transitions are rather close
together. The general feature for all of the GOS’s is the pres-
ence of maxima for the L=3 transitions while the L=1 have
only one maximum, not counting the one at q2→0. We note
that the results for the dipole components of the 3p→4s
level in Ar were obtained earlier �23�. Here our previous
results are complemented by those from the octupole contri-
butions.

The calculated GOS’s are presented in Figs. 1–4 for each
atom. Note that in Figs. 3 and 4 the GOS’s have been mul-
tiplied by a factor of 2. The general feature for all of them is
that the dipole �L=1� transitions are characterized by the
presence of a maximum, not counting the one which is at
q2→0, corresponding to the OOS. The Ar, Kr, and Xe octu-
pole �L=3� transitions are characterized by a single maxi-
mum near q2→0, approximately at q2�1.2 a .u. Beyond this
maximum, the octupole GOS’s dominate the dipole GOS’s.

For the 3p→3d and 3p→4d transitions of Ar, the 4p
→4d and 4p→5d of Kr, and the 5p→5d and 5p→6d of
Xe, the RPAE effects enhance the HF GOS’s by approxi-
mately 20% at their respective maxima. In Kr, the combined
dipole plus octupole GOS’s for the 4p→4d transition domi-
nate the dipole GOS for the 4p→6s transition beyond ap-
proximately q2�1 a .u. For the Xe 5p→7s transition, a sec-
ond maximum appears at about q2�2 a .u., but interestingly,
even very close to q2=0, the combined dipole plus octupole
GOS for the 5p→5d transition overwhelms the dipole GOS
for the 5p→7s transition �see Fig. 4�f� for Xe�.

The results of Fig. 1�f� of Ne and Fig. 2�f� of Ar provide
interesting comparison and contrast. In both the GOS’s ex-
hibit the expected dipole behavior near threshold because of

the strength of the dipole GOS. Namely, the maximum at
threshold �q2=0� is followed by a second maximum at
around 8.2 a .u. for Ne and at about 3 a .u. for Ar. However,
in Ne the combined dipole plus octupole GOS for the 2p
→3d transition decreases, becoming smaller than the dipole
GOS beyond the minimum of the dipole GOS; so the mini-
mum of the dipole GOS remains visible, somewhat slightly
shifted to a larger value of q2. Beyond about q2�5 a .u. the
dipole GOS remains the dominant component of the sum.
The maximum is the combined GOS for the dipole and the
dipole plus octupole for the 2p→3d transition, but only the
dipole GOS contributes to the sum for q2�15 a .u., whereas
that of the 2p→3s is at about 8.2 a .u.

In summary, peculiarities are noted in the GOS of only the
Ne dipole 2p→3s transition in contrast to the rest of the
atoms; viz., the characteristic minimum and the maximum
are not obliterated by the dominance of the 2p→3d GOS
dipole and octupole sums as in the other atoms. The depth of
the minimum of the GOS for the dipole 2p→3s transition is
reduced considerably by the 2p→3d dipole and octupole
GOS sums, while the corresponding maximum is enhanced.
In the GOS sum both the minimum and the maximum are
still identifiable, permitting experimental observation. Our
calculated HF and RPAE GOS’s for the 3p→4s dipole tran-
sition are compared with those measured by Zhu et al. �25�
in Fig. 7. As seen, the agreement with the measurement in
shape, including the position of the characteristic minimum
and maximum, is quite good, giving credence to the calcula-
tional methodologies.

IV. DISCUSSION AND CONCLUSION

We have investigated the GOS’s of discrete excitations
np→nd and np→ �n+1�s both dipole �L=1� and octupole
�L=3�, in Ne, Ar, Kr, and Xe. We demonstrated using both
Hartree-Fock and random phase approximation with ex-
change that although the relevant transitions in the same
atom are closely located in energy, their GOS dependence on
q2 is remarkably different. The GOS’s for the octupole tran-
sitions are characterized by maxima as a function of q2 and
dominate those for the dipole, starting from about q2

�1.5 a .u. For the Ar 3p→4s dipole transition, our calcu-
lated HF and RPAE GOS’s compare very well with the re-
cently measured data of Zhu et al., in both shape and posi-
tion of the characteristic minimum found at q2=1.4 a .u. This
gives credence to our calculated GOS data.
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