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The optimized structure and electronic properties of neutral, singly, and doubly charged strontium clusters
have been investigated using ab initio theoretical methods based on density-functional theory. We have sys-
tematically calculated the optimized geometries of neutral, singly, and doubly charged strontium clusters
consisting of up to 14 atoms, average bonding distances, electronic shell closures, binding energies per atom,
the gap between the highest occupied and the lowest unoccupied molecular orbitals, and spectra of the density
of electronic states �DOS�. It is demonstrated that the size evolution of structural and electronic properties of
strontium clusters is governed by an interplay of the electronic and geometry shell closures. Influence of the
electronic shell effects on structural rearrangements can lead to violation of the icosahedral growth motif of
strontium clusters. It is shown that the excessive charge essentially affects the optimized geometry of strontium
clusters. Ionization of small strontium clusters results in the alteration of the magic numbers. The strong
dependence of the DOS spectra on details of ionic structure allows one to perform a reliable geometry
identification of strontium clusters.
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I. INTRODUCTION

During the past two decades numerous theoretical and
experimental works have been devoted to the study of stabil-
ity, ionic structure, and electronic properties of metal clus-
ters. Comprehensive survey of the field can be found in re-
view papers and books; see, e.g., �1–12�.

The most explored type of metal clusters are the clusters
of the alkali metals. It is worth mentioning that the electronic
shell structure of metal clusters has been discovered by the
observation of the strong peaks in the mass spectra of so-
dium clusters �13�. The enhanced stability of some clusters,
the so-called magic clusters, has been explained by the clo-
sure of shells of delocalized electrons. A simple physical
model describing the electronic shell structure of metal clus-
ters has been developed within the jellium approximation
�see, e.g., �6,15,16�� by analogy with the shell model of
atomic nuclei �see, e.g., �14��.

The jellium model is very successful for the simple alkali
metals, for which one electron per atom is delocalized, see,
e.g., �1,2,15–23� and references therein. The jellium model
electronic shell closures for alkali metal clusters define the
magic numbers N=8, 20, 34, 40, 58, and 92 that are in good
agreement with experiment. However, clusters of alkali met-
als are not representative for the whole class of metal clus-
ters. Clusters of alkaline-earth metals of the second group of
the Periodic Table are expected to differ from the jellium
model predictions at least at small cluster sizes. In this case,
bonding between atoms is expected to have some features of

the van der Waals type of bonding, because the electronic
shells in the divalent atoms are filled. Therefore, the evolu-
tion of the alkaline-earth metal cluster properties is governed
by an interplay of the electronic and geometry shell closures.
That fact implies using direct ab initio molecular dynamics
simulations methods rather than simple jellium model ap-
proaches when exploring electronic properties and structure
of alkaline-earth metal clusters. The structural behavior of
alkaline-earth metals is peculiar. With increasing atomic
number, the crystalline structure of the bulk alkaline-earth
metals alters from hexagonal closed packed �hcp� for Be and
Mg to faced centered cubic �fcc� for Ca and Sr and finally to
body centered cubic �bcc� for Ba �24�. Thus clusters of
alkaline-earth metals are very appropriate to study structural
transformations, nonmetal to metal transition, testing differ-
ent theoretical methodologies, and conceptual developments
of atomic cluster physics. However, relatively little work has
been done so far on the exploration of the alkaline-earth
metal clusters in comparison with that for the alkali metal
clusters; see, e.g., �6,25� and references therein.

Among clusters of the alkaline-earth metals the most sig-
nificant attention was paid to the berillium and magnesium
clusters; see, e.g., �12,26–35� and references therein. The
geometrical structure and bonding nature of MgN clusters
with N up to 13 have been studied in �29� using the density-
functional molecular-dynamics method. The size evolution
of bonding in magnesium clusters MgN with N=8–13, 16,
and 20 have been studied in �33� using the local-density
approximation that accounts for gradient corrections. Struc-
tural and electronic properties of small magnesium clusters
�N�13� were studied in �30� using a first-principles simula-
tion method in conjunction with the density-functional
theory �DFT� and the generalized gradient correction ap-
proximation for the exchange-correlation functional. It was
shown �30� that the metallization in magnesium clusters has
a slow and nonmonotonic evolution, although, also jellium-
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type magic clusters were observed �29,33�. In order to extend
such calculations to larger systems, symmetry restricted
methods have been developed. The spherically averaged–
pseudopotential scheme with the local and nonlocal pseudo-
potentials has been used for the investigation of the elec-
tronic structure and shell closures of spherical MgN clusters
up to N=46 �36�. Various properties of magnesium clusters,
such as their structure and formation of the basic elements of
the hcp lattice, the binding energy, ionization potentials, en-
ergy gap between the highest occupied and the lowest unoc-
cupied molecular orbitals �HOMO-LUMO gap�, average dis-
tances, and their evolution with the cluster size have been
investigated theoretically �see �26–28� and references
therein�. All-electron DFT calculations of the energetic and
structural properties of neutral magnesium clusters MgN �N
=2 to 22 and selected clusters up to 309� have been per-
formed in �64�. The mass spectrum of magnesium clusters
was recorded �37,38� and the sequence of magic numbers
was determined.

Not many works have been devoted to strontium clusters.
Initially the structures and stability of strontium clusters with
the number of atoms N up to 20 have been investigated using
an empirical atomistic potential of the Murrell-Mottram type
�39�. The pairwise additive Morse potential has been utilized
in Ref. �40�. Both of these potentials have been used to pre-
dict properties of bulk strontium and can also be employed to
describe strontium clusters. In the case of the Morse poten-
tial, clusters with polytetrahedral components dominate the
growth process �40�, whereas in the case of the Murrell-
Mottram potential, the icosahedral growth dominates, with
local regions of enhanced stability at N=4, 7, 13, and 19
�39�. At the ab initio level, calculations have been performed
within local-density approximation for the Sr2 molecule �41�
and small strontium clusters up to 13 atoms �42�. The ab
initio molecular-dynamics method with a plane-wave basis
and ultrasoft pseudopotentials have been used to study the
evolution of electronic states and multishell relaxations in
strontium clusters SrN with number of atoms N=2–35, 55
and 147 �43�. In Ref. �44� a many-body potential for stron-
tium clusters has been developed with parameters fitted to
the energy surface of strontium clusters containing up to 10
atoms calculated within the density-functional theory �DFT�
in the generalized gradient approximation. Structure and en-
ergetics of the most stable cluster isomers with up to 63
atoms have been obtained with genetic algorithms �44�. It
has been shown that the sequence of magic clusters possess-
ing enhanced stability with respect to its neighboring sizes
changes significantly with temperature �44�. This behavior is
due to structural transitions of the strontium clusters that
occur at finite temperatures. Experimentally obtained mass
spectra of the strontium clusters show that the magic num-
bers are substantially different than those of Lennard-Jones
clusters �44–46�.

Stability and fission of the positively charged strontium
clusters have been studied theoretically within a simple
liquid-drop model �47� and experimentally �47–50�. It has
been found experimentally that the internal thermal excita-
tion can influence fission channels and promote Coulombic
fission �48�. On the other hand, fission into two charged frag-
ments can stimulate an additional ejection of a neutral atom

during or immediately after the system overcomes the fission
barrier. Such an interplay between the Coulombic fission and
the evaporation processes has been observed recently in Ref.
�50�, and analyzed theoretically in Ref. �51�. Thermal pro-
motion of Coulombic fission of the Sr7

2+ has been predicted
�51�. Stability towards monomer evaporation and fission of
small neutral and positively charged strontium clusters has
been studied by means of ab initio DFT methods in Ref.
�51�.

In this paper we investigate the optimized ionic structure
and the electronic properties of neutral, singly, and doubly
charged strontium clusters within the size range N�14. We
calculate optimized geometries, average bonding distance,
electronic shell closures, binding energies per atom, HOMO-
LUMO gap, and spectra of the electronic density of states.
We demonstrate that the size evolution of structural and elec-
tronic properties of strontium clusters is governed by an in-
terplay of the electronic and geometry shell closures. We
show that the influence of the electronic shell effects on
structural rearrangements can lead to violation of the icosa-
hedral growth motif of strontium clusters. We study how the
excessive charge affects the optimized geometry and other
properties of the strontium clusters and demonstrate that ion-
ization of the small strontium clusters results in the alteration
of the sequence of magic numbers. We demonstrate that the
strong dependence of the density of electronic states �DOS�
spectra on details of ionic structure allows one to perform a
reliable identification of the geometry of strontium clusters.
Our calculations are based on ab initio theoretical methods
invoking the density-functional theory and molecular dy-
namics simulations. The results obtained are compared with
the available experimental data and the results of other the-
oretical works.

The atomic system of units, �e�=me=�=1, has been used
throughout the paper, unless other units are indicated.

II. THEORETICAL METHODS

Our calculations are based on ab initio theoretical meth-
ods invoking the density-functional theory. The standard
SDD �6D ,10F� basis set of primitive Gaussians has been
used to expand the cluster orbitals formed by the 4s24p65s2

outer electrons of Sr �10 electrons per atom�. The remaining
28 core electrons 1s22s22p63s23p63d10 of the Sr atom are
represented by a core-polarization potential �see, e.g., �52�
and references therein�. The computations are performed
within the DFT method based on the hybrid Becke-type
three-parameter exchange functional �53� paired with the
gradient-corrected Perdew-Wang 91 correlation functional
�B3PW91� �54,55�. Such an approach has proved to be a
reliable tool for the ab initio level studying the structure and
properties of strontium clusters �44�.

The cluster geometries have been determined by finding
local minima on the multidimensional potential energy sur-
face. We have applied an efficient scheme of global optimi-
zation called the cluster fusion algorithm �CFA� �56–58�.
The scheme has been designed within the context of deter-
mination of the most stable cluster geometries and it is ap-
plicable for various types of clusters �58�. We have used a
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similar approach to find the optimized geometries for noble
gas clusters, and Na, Mg, and La metal clusters
�25,26,56,59�.

While the global energy optimization for noble gas clus-
ters is a relatively simple problem and optimization could
easily be done for larger clusters, the calculations with metal
clusters present a serious challenge and require significant
computational resources. For both types of calculations the
CFA has proven to be a reliable and effective tool in multi-
dimensional global optimization. The proposed algorithm be-
longs to the class of genetic �also called evolutionary� global
optimization methods �60,61�.

In applications to clusters the genetic methods are based
on the idea that the larger clusters evolve to low energy states
by mutation and/or by mating smaller structures with low
potential energy. Our method uses the strategy of adding one
atom to a cluster of size N−1. There are, however, two im-
portant improvements which allow for a much faster conver-
gence in comparison with standard genetic methods. The first
one is the fact that the atom is not added at a random place
on the surface of the initial cluster. Rather, we use the deter-
ministic approach and the new atom is added to certain
places of the cluster surface, such as the midpoint of a face.
The second important feature of our method is that we add
the new atom not only to the ground state isomer of size N
−1, but also to the other, energetically less favorable, iso-
mers. This insures that we do not miss sizes at which smooth

evolution within one family of clusters �say, with the same
type of lattice� is interrupted and the global energy minimum
of the next cluster size lies within another cluster growth
branch.

Note that, during the optimization process, the geometry
of the cluster as well as its initial symmetry sometimes
change dramatically. All the characteristics of the clusters,
which we have calculated and present in the following sec-
tion, are obtained for the clusters with the optimized geom-
etry. With increasing cluster size, such calculations become
computer time demanding. In this work, we limit the calcu-
lations by the cluster size N=14. Calculations have been car-
ried out with the use of the GAUSSIAN 03 software package
�62�.

III. NUMERICAL RESULTS AND DISCUSSION

A. Geometry optimization of SrN, SrN
+ , and SrN

2+ clusters

The results of the cluster geometry optimization for neu-
tral, singly, and doubly charged strontium clusters consisting
of up to 14 atoms are shown in Figs. 1–3, respectively.

Strontium clusters possess various isomer forms whose
number grows dramatically with cluster size. In Figs. 1–3,
we present the lowest energy configurations optimized with
the B3PW91 functional. The interatomic distances are given
in angstroms. The label above each cluster image indicates
the point symmetry group of the cluster.

FIG. 1. �Color online� Optimized geometries of neutral strontium clusters Sr2–Sr14 calculated in the B3PW91/SDD�6D ,10F� approxi-
mation. The interatomic distances are given in angstroms. The label above each cluster image indicates the point symmetry group of the
cluster.
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For the determination of symmetry of different clusters
certain constraints were used. The interatomic distances and
the angles were considered as equal within the tolerance of
0.07 Å and 1°, respectively. The constraints on the distances
and on the angles roughly correspond to the error in the total
energy of the system, which in our case is about 10−5 a.u. If
the deviation of some distances �or angles� was greater than
the chosen constraint value, and the cluster is topologically
close to a structure with higher symmetry, we indicate the
higher symmetry in the brackets �see Sr12

+ , Sr12
2+, and Sr13

2+ in
Figs. 2 and 3�.

Figure 1 shows that neutral strontium clusters form the
compact structures, maximizing the coordination number.
The Sr2 dimer is weakly bound possessing the dissociation
energy 0.139 eV, the bond length 4.659 Å, and the harmonic
vibrational frequency 45.33 cm−1, which is in good agree-
ment with the experimental results of Ref. �63�, where the
values 0.131±0.004 eV for the dissociation energy, 4.45 Å
for the bond length, and 40.32±0.02 cm−1 for the vibrational
frequency have been reported. The lowest energy state for
Sr3 is an equilateral triangle and for Sr4 is a regular tetrahe-
dron. As we discuss below, the Sr4 cluster is relatively more
stable and compact, as compared to the neighboring clusters.
The Sr5 cluster has a structure of slightly elongated triangu-
lar bipyramid. These structures are in good agreement with
the results obtained with the use of the empirical potential of

Murrell-Mottram type �39�. For larger strontium clusters, in
particular with N=6, 9, and 10, we found that the lowest-
energy isomers optimized within B3PW91/SDD�6D ,10F�
DFT method are considerably different from the Murrell-
Mottram structures. Although the Murrell-Mottram method
reproduces most stable structures with the closed geometry
shells it obviously fails to reproduce the influence of elec-
tronic shell effects on cluster geometry. The Sr6 consists of
three pyramids connected by their faces, Sr7 is a pentagonal
bipyramid, and Sr8 is a capped pentagonal bipyramid. These
geometrical structures are in good agreement with the results
of Ref. �44�. For N�8, the lowest-energy strontium isomers
are the same as for magnesium clusters, see, e.g., Refs.
�26–28,64�. Figure 1 demonstrates that the bonds between
the highest coordinated atoms for small neutral strontium
clusters are the shortest, and therefore the delocalization of
valence electrons is more pronounced in the vicinity of such
bonds �43�. Examples of such bonds are the short bond be-
tween the base atoms in Sr5; the bond sharing the pyramids
in Sr6, and the bond joining the apex atoms in Sr7 and Sr8. A
similar behavior has been observed for magnesium clusters
�26,29�.

It is worth noting that the optimized geometry structures
for small neutral strontium and magnesium clusters differ
significantly from those obtained for sodium clusters �see,
e.g., �25,65,66� and references therein�. Thus the optimized

FIG. 2. �Color online� Same as in Fig. 1, but for singly charged strontium clusters Sr2
+–Sr14

+ .
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sodium clusters with N�6 have the plane structure. For Na6,
both plane and spatial isomers with very close total energies
exist. The planar behavior of small sodium clusters has been
explained as a result of the successive filling of the 1� and
1� symmetry orbitals by delocalized valence electrons �65�,
in accord with the deformed jellium model calculations �22�.
The geometry structure of small alkali metal clusters is
mainly defined by the closure of electronic shells of the va-
lence electrons. Contrary to the small sodium clusters, the
strontium and magnesium clusters are tridimensional already
at N=4, forming structures nearly the same as the van der
Waals bonded clusters. It has been shown that the evolution
of the alkaline-earth metal clusters properties is governed by
an interplay of the electronic and geometry shell closures
�26,30�.

In the size region N�9 the optimized geometry structures
for strontium and magnesium clusters become different.
Thus the Mg9 cluster has a structure of tricapped trigonal
prism. The formation of the trigonal prism core plays an
important role in the magnesium cluster growth process and
is closely connected with the future formation of elements of
the hexagonal closest-packing �hcp� lattice of the bulk mag-
nesium �26�. For small strontium clusters, however, a motif
based on the icosahedral structure dominates the cluster
growth. It was shown in Ref. �43� that the icosahedral
growth of strontium clusters is induced by the sp-d hybrid-
ization. Icosahedral growth in the cluster size region 8�N

�13 results in the successive capping of the pentagonal bi-
pyramid core �structure of the Sr7 cluster�. Thus the Sr8 clus-
ter is a capped pentagonal bipyramid and Sr9 has a structure
of bicapped pentagonal bipyramid. We have found however
that for N=10, icosahedral isomer structure is not the lowest-
energy one. The most stable structure of Sr10 is a tricapped
trigonal prism with an additional atom in the center. This
structure appears to be new and more bounded compared to
those of Refs. �39,42–44�. As we show below, icosahedral
growth violation for Sr10 is a result of the strong influence of
electronic shell effects on structural rearrangements. The
configuration of Sr11 is a derivative from the structure of
Sr10. It can be obtained by addition of an atom to one of the
convex quadrangular faces of Sr10 and by allowing for relax-
ation. Starting from Sr12 an icosahedral growth mode re-
stores, which leads to a regular icosahedron structure for
Sr13. The lowest-energy structure for Sr14 is a capped icosa-
hedron.

Figures 2 and 3 show the optimized geometries of singly
and doubly charged cationic strontium clusters, respectively.
The Sr2

+ and Sr2
2+ cationic dimers are more bound and com-

pact as compared to the neutral dimer. For the singly charged
strontium dimer Sr2

+ the dissociation energy D2
+=1.104 eV

and the harmonic vibrational frequency �=75 cm−1 are in
good agreement with the experimental values D2

+

=1.092±0.016 eV and �=86±3 cm−1 reported in Ref. �45�.
The ground state geometries of the cationic strontium

clusters are not very different from those obtained for neutral

FIG. 3. �Color online� Same as in Fig. 1, but for doubly charged strontium clusters Sr2
2+–Sr14

2+.
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parent clusters. Exceptions are observed for small cationic
strontium clusters with N�4, where the equilibrium geom-
etries of Sr3

+, Sr3
2+, and Sr4

2+ are linear chains due to the Cou-
lombic repulsion. A single ionization of the Sr4 cluster with a
structure of a regular tetrahedron Td lowers its symmetry to
D2d for Sr4

+.
An interesting situation occurs for N=5. A single and

double ionization of the Sr5 cluster does not change its D3h
symmetry, while changing the cluster’s shape. It has already
been noticed that the bonds between the highest coordinated
atoms for small neutral strontium clusters are the shortest.
Thus the bond length between the base atoms of Sr5 is con-
siderably shorter than that between the base and the apex
atoms. Ionization of the Sr5 cluster leads to a gradual in-
crease in the bond length between the base atoms. Therefore,
an elongated triangular bipyramid structure for the Sr5 iso-
mer transfers to a regular triangular bipyramid structure for
Sr5

+ and finally to an oblate triangular bipyramid structure for
Sr5

2+. Single and double ionization of the Sr7 cluster lowers
its point symmetry group from D5h to C2v. Double ionization
of the Sr8 cluster raises its symmetry from Cs to D6h point
symmetry group for the Sr8

2+ cluster. The formation of a
highly symmetric hexagonal bipyramid structure for the Sr8

2+

cluster is a result of electronic shell closure. It has already
been noticed that closure of electronic shells for Sr10 results
in violation of icosahedral growth of small neutral strontium
clusters. However, charged Sr10

+ and Sr10
2+ clusters possess

opened electronic shells and as a result there is no violation
of icosahedral growth. Doubly charged Sr11

2+ cluster possesses
closed electronic shell structure and higher symmetry D4d if
compared with the opened shell neutral Sr11 cluster �C4v�.

In Fig. 4, we present the average bonding distance, Rav,
calculated within the B3PW91 functional for neutral, singly,
and doubly charged Sr clusters. When calculating the aver-
age bonding distance in a cluster, interatomic distances
smaller than 5.0 Å have only been taken into account. The
bulk limit for the strontium fcc lattice �24� is indicated in the
figure by a horizontal dashed line.

Figure 4 demonstrates that the dependence of the average
bonding distance on cluster size has essentially nonmonoto-
nous oscillatory behavior. For a weakly bounded Sr2 dimer,
the bonding distance is equal to 4.659 Å, which is in good
agreement with the experimental result 4.45 Å of Ref. �63�.

The appearance of the minima in the size dependence of
the average bonding distance shows that Sr4, Sr7, and Sr10
clusters �8, 14, and 20 valence electrons, respectively� are
more tightly packed than their neighbors. This behavior can
be interpreted by the influence of electronic shell effects on
the geometrical structure of strontium clusters. It supports
the conclusion of Ref. �67� that electronic shell effects can
enhance the stability of geometric structures resulting from
dense ionic packing. Figure 4 demonstrates the good agree-
ment of our results with the dependence of Rav on N calcu-
lated in �44� for neutral Sr clusters, except for the case of
Sr10. It was already noted that the Sr10 cluster violates icosa-
hedral growth due to the strong influence of electronic shell
effects. Therefore, this structure is more bounded if com-
pared with that of Ref. �44�.

Evolution of the average bonding distance with cluster
size differs for alkaline-earth clusters from that for clusters
of alkali metals. For neutral alkali metal clusters, one can see
odd-even oscillations of Rav atop its systematic growth and
approaching the bulk limit �25�. These features have the
quantum origin and arise due to the spin coupling of the
delocalized valence electrons. For alkaline-earth metal clus-
ters, the average bonding distance depends on their size non-
monotonically. Such an irregular behavior is induced both by
the closure of electronic shells of the delocalized electrons
and by the structural rearrangements �26�.

Manifestation of the magic numbers in the dependence of
the average bonding distance on cluster size coinciding with
the deformed jellium model magic numbers does not imply,
however, the rapid metallization of strontium clusters. To
investigate the transition of van der Waals to metal bonding
in strontium clusters it is necessary to explore the evolution
of their electronic properties. Below we perform such analy-
sis in detail.

Filled circles and triangles in Fig. 4 represent the average
bonding distance as a function of cluster size calculated for
singly and doubly charged strontium clusters, respectively.

Figure 4 demonstrates the essential difference in the clus-
ter size dependence of Rav for the ionized and neutral stron-
tium clusters with N�8. The small singly charged strontium
clusters are more compact in comparison with the corre-
sponding neutral clusters. For example, for Sr2

+ the bonding
distance is equal to 4.247 Å, which is much less than in the
case of Sr2. This phenomenon has a simple physical expla-
nation: The removed electron is taken from the antibonding
orbital. The fact that cationic strontium clusters are more
stable than the parent neutral and anionic clusters has already
been noted in �26,31�. Within the size range N�7, the aver-
age bonding distances for singly charged and neutral stron-
tium clusters behave similarly. The absolute value of Rav for
singly charged clusters is slightly smaller in this region of N.
Figure 4 demonstrates that singly charged Sr5

+, Sr7
+, and Sr9

+

clusters are more tightly packed than their neighbors. Such
an alteration in packing after ionization occurs due to mani-
festation of electronic shell effects and has already been ob-

FIG. 4. �Color online� Average bonding distance as a function of
cluster size for neutral, singly, and doubly charged strontium clus-
ters. Open squares present the results of the work by Wang et al.
�44�.
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served for cationic magnesium �26� and strontium �51� clus-
ters.

Figure 4 shows that small doubly charged Sr2
2+ and Sr3

2+

clusters are more compact in comparison with the corre-
sponding neutral and singly charged clusters. Thus, for Sr2

2+,
the bonding distance is equal to 4.106 Å. However, in the
size range 4�N�10 doubly charged clusters are less com-
pact. This fact can be explained by the influence of Coulom-
bic repulsion forces on cluster structure. It is known that
small doubly charged strontium clusters are metastable
within the size range N�7 and can decay via Coulombic
fission if they have enough energy to overcome the fission
barrier �51�.

B. Binding energy per atom for SrN, SrN
+ , and SrN

2+ clusters

The binding energy per atom for neutral, singly, and dou-
bly charged atomic clusters is defined as follows:

Eb/N = E1 − EN/N , �1�

Eb
+/N = ��N − 1�E1 + E1

+ − EN
+�/N , �2�

Eb
2+/N = ��N − 2�E1 + 2E1

+ − EN
2+�/N , �3�

where EN, EN
+, and EN

2+ are the energies of a neutral, singly,
and doubly charged N-particle atomic cluster, respectively.
E1 and E1

+ are the energies of a single atom and an ion.
Figure 5 shows the dependence of the binding energy per

atom for the most stable neutral, singly, and doubly charged
Sr clusters as a function of cluster size. Filled squares,
circles, and triangles represent binding energies Eb /N, Eb

+ /N,
and Eb

2+ /N obtained within the B3PW91/SDD method. The
corresponding point symmetry groups and the accurate val-
ues of the total energies calculated within the B3PW91/SDD
approximation for the most stable neutral, singly, and doubly

charged clusters as well as their isomers are presented in
Tables I–III, respectively. Crosses in Fig. 5 present the re-
sults of the work by Wang et al. �44�.

For small Sr clusters the binding energy per atom in-
creases steadily with the cluster size. The peculiarity in the
size dependence of Eb /N, at N=4, 7, and 10 correspond to
the most stable configurations of neutral Sr clusters. The
same magic numbers have also been obtained from the
analysis of binding energies of small neutral Mg �26� clus-
ters.

The analysis of the second differences of the binding en-
ergy, �2EN=EN+1−2EN+EN−1, points to a relative stability of
the Sr13 cluster, in addition to the magic clusters Sr4, Sr7, and
Sr10 �see Fig. 6�. The principal magic numbers 7 and 13 can

FIG. 5. �Color online� Binding energy per atom for the most
stable neutral �filled squares�, singly charged �filled circles�, and
doubly charged �filled triangles� strontium clusters as a function of
cluster size. Crosses present the results of the work by Wang et al.
�44�.

TABLE I. Total energies and the point symmetry groups for a
variety of isomers of neutral strontium clusters. Calculations have
been done by the B3PW91/SDD method.

N Point group Energy �a.u.� N Point group Energy �a.u.�

1 −30.70847 8 Cs −245.84074

2 D	h −61.42205 C2v −245.82452

3 D3h −92.14800 Td −245.82432

D	h −92.13653 C2v −245.82417

4 Td −122.89206 D	h −276.42527

D2h −122.87073 9 C2v −276.58446

C2v −122.86321 Cs −276.57496

D	h −122.85123 C2v −276.57416

D4h −122.83811 D3h −276.56851

5 D3h �153.62367 C3v −276.56442

C3v −153.60733 D9h −276.43620

C2v −153.59587 D	h −276.42527

D2d −153.58852 10 D3h −307.33650

D2h −153.58822 C4v −307.33647

D5h −153.57875 D3h −307.33584

D	h −153.56600 C1 −307.31907

D4h −153.55701 C3v −307.31242

6 C2v −184.35712 Td −307.30354

D2h −184.35228 C2v −307.29648

Cs −184.34533 D4d −307.29497

D4h −184.34482 11 C4v −338.06968

C5v −184.33493 Cs −338.06433

D4h −184.33275 Cs −338.06289

D4h −184.32647 C3v −338.06261

D5h −184.32514 C1 −338.05926

D6h −184.28641 12 C5v −368.80586

D	h −184.28081 C1 −368.79762

7 D5h −215.10755 13 Ih −399.55317

C3v −215.09144 Cs −399.54227

Cs −215.08857 C2v −399.53176

C3v −215.06345 14 C3v −430.29538

C3d −215.05850 Cs −430.28818

D3h −215.05488 C2v −430.28723

D	h −214.99562 C2v −430.26811
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be explained by atomic shell closing effects. Indeed, the en-
hanced stability of Sr7 and Sr13 clusters arises when their
ionic structure is highly symmetric and corresponds to the
icosahedral type of packing. This icosahedral growth se-
quence for metal clusters has also been seen for clusters of
Ba �68�, which exhibit nonmetal to metal transition with in-
creasing cluster size. It is important to note that for alkaline-
earth metal clusters there is a strong competition between
geometrical and electronic shell closures �26,51�. The elec-
tronic configuration of the Sr atom is �Kr�5s2, which means
that there are two valence electrons per atom. Accounting for
the semicore 4p electrons of strontium increases the absolute
value of the binding energy by about 10–20% although it
does not change the general qualitative trend in the evolution
of properties of small strontium clusters �43�. The most
stable magic clusters Sr4, Sr7, and Sr10 possess Nel=8, 14,
and 20 valence electrons, respectively, which is in agreement
with the deformed jellium model �see, e.g. �20–23� and ref-
erences therein as well as discussions in �26,51��.

Filled circles in Fig. 5 show the binding energy for singly
charged strontium clusters. The singly charged small stron-
tium clusters are more stable towards decay in comparison
with neutral clusters. This phenomenon has a simple physical

explanation: The removed electron is taken from the anti-
bonding orbital, and thus small cationic strontium clusters
are bounded stronger. A similar effect has been discussed for
cationic magnesium clusters in �26�.

The local maxima in the size dependence of the binding
energy Eb

+ /N for the Sr5
+, Sr7

+, and Sr11
+ clusters indicate their

enhanced stability. This result is in very good agreement with
the experimental data on cation clusters, which show 5, 7,
and 11 to be magic numbers �46�. The analysis of the second
differences of the binding energy �see Fig. 6� also suggests
relative stability of the Sr9

+ and Sr13
+ clusters.

Figures 5 and 6 clearly demonstrate that the single ioniza-
tion of small strontium clusters results in alteration of the
“electronic” magic numbers. The similar change of the
magic number from N=4 for neutral to N=5 for cationic
magnesium clusters has been noticed in our recent work
�26�. This fact can be explained by the manifestation of shell
effects. The singly charged alkaline-earth metal clusters al-
ways possess an odd number of valence electrons and, thus,
always contain open electronic shells. In this case the en-

TABLE II. Total energies and the point symmetry groups for a
variety of isomers of singly charged strontium clusters. Calculations
have been done by the B3PW91/SDD method.

N Point group Energy �a.u.� N Point group Energy �a.u.�

1 −30.50178 Cs −214.94678

2 D	h −61.25080 Cs −214.94521

3 D	h −91.98237 Cs −214.94128

C2v −91.98166 C6v −214.92417

C2v −91.98114 D3h −214.92301

4 D2d −122.72840 D6h −214.92288

D2h −122.72200 D	h −214.86911

C2v −122.71088 8 Cs −245.69976

D4h −122.71024 9 C2v −276.44939

D	h −122.70764 C2v −276.43578

5 D3h −153.47798 Cs −276.42626

C4v −153.46502 D	h −276.30501

C2v −153.44398 10 C3v −307.19508

C2v −153.43894 Cs −307.18589

D	h −153.42975 C3v −307.16873

D2h −153.42803 11 D4d −337.94355

D5h −153.38024 Cs −337.94355

6 C2v −184.21175 C3v −337.93088

C2v −184.20765 C3v −337.92971

D2h −184.19720 C1 −337.92839

D4h −184.18385 Cs −337.92753

C2v −184.16255 12 Cs −368.68015

D	h −184.15003 13 Ih −399.42589

7 C2v −214.96077 D5d −399.42566

C2v −214.96077 14 C3v −430.16961

D5h −214.96050 C3v −430.15400

TABLE III. Total energies and the point symmetry groups for a
variety of isomers of doubly charged strontium clusters. Calcula-
tions have been done by the B3PW91/SDD method.

N Point group Energy �a.u.� N Point group Energy �a.u.�

1 −30.09466 Cs −214.70161

2 D	h −60.93737 D	h −214.66885

3 D	h −91.71211 8 D6h −245.47031

C2v −91.68897 9 C2v −276.22101

4 D	h −122.46405 C2v −276.21198

D2h −122.46174 Cs −276.20961

D4h −122.46080 D3h −276.15813

D3h −122.45971 D	h −276.12063

5 D3h −153.22187 C2v −276.10672

C4v −153.21640 10 C3v −306.97717

C2v −153.20566 C2v −306.97017

D	h −153.20478 C2v −306.97007

C3v −153.19623 Cs −306.97694

D2h −153.16818 Cs −306.96509

D5h −153.14856 C2v −306.93038

6 C2v −183.96634 C4v −306.91598

D4h −183.95722 11 D4d −337.73861

D4h −183.95044 Cs −337.73773

Oh −183.94618 Cs −337.72032

C2v −183.94147 Cs −337.71191

D6h −183.93625 Cs −337.71174

D	h −183.93894 C1 −337.71162

D4h −183.93852 12 Cs −368.46909

7 C2v −214.71314 13 Cs −399.21551

C2v −214.71228 Cs −399.21547

D5h −214.71005 14 C3v −429.96531

Cs −214.70977 Cs −429.96361

D6h −214.70406 C2v −429.95582

D3h −214.70311
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hanced stability of a singly charged alkaline-earth metal clus-
ter ion arises, when the electronic configuration of the ion
has one hole in or an extra electron above the filled shells
�26�. Thus the electronic configuration containing an extra
electron becomes more favorable for Sr5

+ and Sr11
+ . Note that

magic numbers N=7 and 13 correspond to the geometry
shell closures, and therefore they do not alter due to single
ionization. This effect is clearly seen in Fig. 6.

Filled triangles in Fig. 5 present the binding energy per
atom, Eb

2+ /N, for the doubly charged strontium clusters. Fig-
ure 5 demonstrates the fast increase in the value of Eb

2+ /N
with the cluster size. Binding energy Eb

2+ /N possesses a
negative value for Sr2

2+, and is negligible for Sr3
2+. This fact

means that Sr2
2+ and Sr3

2+ clusters are intrinsically unstable
towards complete fragmentation, because the final state of
the system is energetically more favorable in comparison
with the initial state of the parent cluster. However, in order
to decay the parent cluster has to overcome the Coulombic
fission barrier. The doubly charged strontium clusters remain
metastable for N�7 �51�. For larger sizes N�8 doubly
charged strontium clusters are intrinsically stable towards the
Coulombic fission. Therefore, the critical appearance size
for the doubly charged strontium clusters is equal to Napp
=8 �51�. It is important to note that we found a drastic alter-
ation of the cluster geometry upon ionization for N=8. The
effect of alteration of the ionic structure for Sr8

2+ arises due to
the influence of the electronic shell effects on the cluster
geometry. It is very important to take into account such an
alteration when calculating the critical size of stability of
doubly charged strontium clusters.

C. HOMO-LUMO gap and electronic structure

Let us now consider how the gap Eg between the highest
occupied and the lowest unoccupied molecular orbitals
�HOMO-LUMO gap� for Sr clusters evolves with increasing
cluster size. The HOMO-LUMO gap can be used to analyze
the transition to metallicity with increasing cluster size. Fig-

ure 7 shows the HOMO-LUMO gap for neutral, singly, and
doubly charged strontium clusters as a function of N. We also
compare our results with those presented in Ref. �26� for Mg
clusters.

The gap Eg calculated for neutral strontium clusters shows
the oscillatory behavior accompanied by the gradual de-
crease in the absolute value. Maxima in this dependence at
N=4, 7, 10, and 13 correspond to the most stable magic
clusters. It was discussed before that the most stable magic
clusters Sr4, Sr7, and Sr10 possess Nel=8, 14, and 20 valence
electrons, respectively, which is in accordance with the de-
formed jellium model. In addition to the electronic shell clo-
sure for N=4, 7, and 10, clusters Sr7 and Sr13 possess closed
geometry shells. Thus variations of Eg both appear due to the
electronic subshell closures and the cluster structural rear-
rangements. Similar behavior of Eg as a function of N has
been noticed for Mg clusters �26� �see Fig. 7�. It is important
to mention that the size dependence of Eg for neutral Sr
clusters differs from that for Na clusters. For neutral sodium
clusters Eg has an odd-even oscillatory behavior as a func-
tion of N with local maxima at N=6, 8, 10, 14, and 20. These
maxima correspond to the electronic shell closures as pre-
dicted by the deformed jellium model.

Figure 7 shows that the HOMO-LUMO gap calculated for
singly charged strontium clusters demonstrates a rather
smooth decrease in the absolute value. The singly charged
strontium clusters always possess an odd number of valence
electrons; therefore, electronic shell effects in such systems
are quenched. For doubly charged strontium clusters the gap
Eg demonstrates the oscillatory behavior with pronounced
maxima at N=5, 8, and 11. The corresponding clusters Sr5

2+,
Sr8

2+, and Sr11
2+ possess Nel=8, 14, and 20 valence electrons,

respectively, in full agreement with the deformed jellium
model. We note that the HOMO-LUMO gap for strontium
clusters remains rather large in all ranges of considered sizes
N. This fact confirms the conclusion on the slow and non-

FIG. 6. �Color online� Second differences of total energy for
neutral �filled squares�, �2EN=EN+1−2EN+EN−1, and singly
charged �filled circles�, �2EN

+ =EN+1
+ −2EN

+ +EN−1
+ , strontium clusters.

FIG. 7. �Color online� Gap between the highest occupied and
the lowest unoccupied eigenstates �HOMO-LUMO gap� for neutral,
singly, and doubly charged strontium clusters as a function of clus-
ter size. Open squares represent the HOMO-LUMO gap calculated
for Mg clusters �26�.
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monotonous evolution of metallic properties in Sr clusters.
Figures 8–10 demonstrate the evolution of the density of

electronic states �DOS� for neutral, singly, and doubly
charged strontium clusters, respectively. For the sake of com-
parison, for each spectrum the zero level of energy is chosen
equal to the Fermi level Ef of the corresponding cluster. For
the strontium atom, the energy level of 5s valence electron
lays at 1.52 eV below the Fermi level, while unoccupied 5p
and 4d levels lay at 1.52 eV and 1.89 eV above the Fermi
level, respectively. For the dimer Sr2 valence electrons form
one bonding and one antibonding � orbital. The HOMO-
LUMO gap is relatively high �2.11 eV�; therefore, there is no
interaction of valence electrons with the 4d and 5p states.
Figure 8 clearly demonstrates formation of the electronic
shell structure of small strontium clusters in accord with the
jellium model. Sharp peaks in the energy spectrum of Sr4 and
Sr10 correspond to the closed electronic shells 1s21p6 and
1s21p61d102s2, respectively. The DOS spectra for small neu-
tral strontium clusters are in good agreement with the results
of Ref. �43� with the exception of Sr10.

As we discussed above, we found that the most stable Sr10
structure violates icosahedral growth and it is more bounded
compared to those of Refs. �42–44�. The icosahedral growth
violation for Sr10 is a result of the strong influence of elec-
tronic shell effects on structural rearrangements. It is seen

from Fig. 8 that the DOS spectrum for Sr10 cluster contains
well separated maxima below the Fermi level. These maxima
correspond to the closed electronic shells 1s21p61d102s2.

As cluster size increases, the HOMO-LUMO gap de-
creases, the unoccupied 5p and 4d states are shifting to the
higher binding energy, while the highest occupied molecular
orbital shifts toward the lower binding energy. This results in
an increase in interaction between valence and unoccupied
states and, hence, an increase in sp-d hybridization. In turn,
the sp-d hybridization significantly changes electronic states
near the HOMO level. The most stable clusters possess local
maxima in the size dependence of the HOMO-LUMO gap
and therefore for such clusters sp-d hybridization decreases.
Therefore, the electronic states of magic clusters are similar
to those expected from a jellium model as can be seen from
Fig. 8.

For the charged strontium clusters the DOS spectra of
low-lying valence states are quite similar to those obtained
for the neutral clusters. The difference can be observed for
the states near the HOMO as well as for the unoccupied
states. Single and double ionization of the strontium dimer
leads to removing valence electrons from the antibonding
HOMO orbital that can be seen in Figs. 9 and 10. Removing
the electron from the antibonding orbital results in increased
stability of Sr2

+ and Sr2
2+ ions. The most stable configuration

of Sr3
+, Sr3

2+, and Sr4
2+ is a linear chain. For the linear geom-

FIG. 8. Density of states for neutral strontium clusters. Gaussian
broadening of half-width 0.15 eV has been used. The zero level of
energy is chosen equal to the Fermi level Ef �vertical line�.

FIG. 9. Same as in Fig. 8, but for singly charged strontium
clusters.
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etry the successive filling of � orbitals is more favorable
energetically. It is seen from Figs. 9 and 10 that this fact has
an affect on the DOS spectra of Sr3

+, Sr3
2+, and Sr4

2+ clusters.
As we discussed above, the ionization of the Sr10 magic clus-
ter results in alteration of the magic number from 10 to 11
due to the electronic shell effects. Figure 10 confirms the
conclusion about the origin of such an alteration. Indeed,
energetically well separated maxima below the Fermi level
correspond to the closed electronic configuration
1s21p61d102s2 of the Sr11

2+ cluster. In conclusion it is neces-
sary to note that DOS spectra of free electronic states ob-
tained for cationic clusters are more complicated if compared
with those calculated for neutral clusters due to the addi-
tional Coulombic field.

The DOS spectra are very sensitive to the cluster isomer
structure, and thus can be used for determination of the ge-
ometry of strontium clusters. Recently, a similar approach
has been used for identification of a specific icosahedral
growth motif of medium-sized sodium clusters �69�. Figure
11 presents the DOS spectra calculated for three different
isomers of Ih, Cs, and C2v point symmetry group of the Sr13
cluster. The energies of the two lowest lying states are not
affected by the cluster geometry alterations. These states can
be associated with the 1s2 and 1p6 levels in accord with the
spherical jellium model. However, from Fig. 11 one can see
considerable rearrangement and splitting of the states lying

in the vicinity and above the Fermi level. The level splitting
due to the geometry distortion of the cluster has been ex-
plored in detail in Refs. �20–22� within the deformed jellium
model. A similar behavior of energy levels is well known for
deformed nuclei �see �70��.

IV. CONCLUSION

The optimized structures and electronic properties of neu-
tral, singly, and doubly charged strontium clusters have been
investigated using ab initio theoretical methods based on
density-functional theory. We have systematically calculated
the optimized geometries of neutral, singly, and doubly
charged strontium clusters consisting of up to 14 atoms, av-

FIG. 10. Same as in Fig. 8, but for doubly charged strontium
clusters.

(a)

(b)

(c)

FIG. 11. Density of states for three different isomers of Sr13.
From left to right: Isomers of Ih, Cs, and C2v point symmetry
groups, respectively. Gaussian broadening of half-width 0.15 eV
has been used. The zero level of energy is chosen equal to the Fermi
level Ef �vertical line�.

INTERPLAY OF ELECTRONIC AND GEOMETRY SHELL … PHYSICAL REVIEW A 75, 053201 �2007�

053201-11



erage bonding distances, electronic shell closures, binding
energies per atom, the gap between the highest occupied and
the lowest unoccupied molecular orbitals, and spectra of the
electronic density of states. We have shown that the size
evolution of structural and electronic properties of strontium
clusters is governed by an interplay of the electronic and
geometry shell closures. The influence of the electronic shell
effects on structural rearrangements can lead to violation of
the icosahedral growth motif of strontium clusters. We have
demonstrated that electronic shell structure of small stron-
tium clusters forms in accord with the jellium model. It is
shown that the excessive charge essentially affects the opti-
mized geometry of strontium clusters. Ionization of small

strontium clusters results in the alteration of the magic num-
bers. We demonstrate that the strong dependence of the DOS
spectra on details of ionic structure allows one to perform a
reliable identification of the geometry of the strontium clus-
ters.
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