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The process of multiple electron ionization of Ne and Ar noble gases produced by impact of proton beams
is studied in the framework of the independent-electron model. The role played by different mechanisms is
analyzed, including intershell Auger and intrashell Coster-Kronig electron emission, which follow the produc-
tion of vacancies due to direct interaction of the projectile with the target electrons. The present results,
obtained with the continuum distorted wave–eikonal initial state �CDW-EIS� approximation, confirm previous
predictions given by a different theoretical model. Semiempirical approximations are introduced by using
analytical single-ionization probabilities with adjustable parameters determined from CDW-EIS total cross
sections. The small computational time required to calculate multiple ionization cross sections with these
semiempirical approximations and the good agreement found with existing experimental data and with results
obtained with more elaborated theoretical models make them good candidates to study electron emission from
complex targets.
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I. INTRODUCTION

Different physical mechanisms contribute to the reaction
of multiple electron ionization of atomic targets by impact of
ion beams. They can be produced during the collision as the
result of the direct interaction of the projectile with the target
electrons or as the result of a postcollisional relaxation of the
residual target when the projectile is far away. In the first
case, processes of direct target ionization with or without
electron capture can contribute. In the second case, shell va-
cancies produced in the first step of the reaction can be fol-
lowed by intershell Auger and/or intrashell Coster-Kronig
electron emission. Moreover, these postcollisional mecha-
nisms can provoke additional Auger-type cascades �1�.

In recent years, active research has been devoted to un-
derstanding the physics involved in the reaction of multiple
ionization of noble gases. This activity was partially moti-
vated by discrepancies found between existing experimental
data and theoretical predictions. A theoretical time-dependent
independent-particle model was employed to analyze the
cases of Ne and Ar targets �2,3�. Single-particle time-
dependent Schrödinger equations were solved using the basis
generator method �BGM�, where the target ground state was
described in terms of the optimized potential method. A very
good description of experiments was obtained for single-
electron loss of the target for the cases of protons impacting
on Ne and Ar atoms �1,4–6�. However, for higher degrees of
target electron loss, the theory predicted larger cross sections
than the corresponding ones given by measurements at inter-
mediate impact velocities. On the contrary, at large enough
collision velocities the theoretical results gave a large under-

estimation of experimental cross sections. Discrepancies at
these high energies were attributed to postcollisional Auger
processes following previous K-hole production in the Ne
target case �2�. For Ar targets it was also suggested that they
could be due to L-shell vacancy production followed by Au-
ger and Coster-Kronig transitions combined with indepen-
dent M-shell vacancy formation �3�.

Recent measurements of absolute cross sections for single
and multiple ionization of Ne by fast protons were reported
in the collision energy range 0.75–3.5 MeV, showing
through the use of simple theoretical estimations that contri-
butions from time-delayed postcollisional mechanisms play a
principal role in the description of multiple electron emission
reactions �7�. Further theoretical work was reported using the
above-mentioned nonperturbative BGM to solve the
independent-particle Schrödinger equations �8�. A multino-
mial statistics was applied to calculate total cross sections for
q degrees of target electron loss, confirming the relevance of
Auger-type postcollisional effects for q�1, at high impact
energies. It was proven that the importance of these effects
increases as q increases. However, a theoretical overestima-
tion of experimental data is still observed at intermediate
collision velocities for q values larger than 1.

Very recently, a many-electron description was introduced
to study multiple ionization of noble gases �9�. This model,
which is based on the transport equation for an impacting ion
in an inhomogeneous electron density and where ionization
probabilities were obtained using the shell-to-shell local
plasma approximation with the Levine and Louie dielectric
function �10� to take into account the shell binding energy,
gives a good representation of experimental data for Kr and
Xe targets. However, as could be expected for a many-
electron approximation, a large overestimation of BGM re-
sults and so of experimental data is found for multiple ion-*Electronic address: galassi@fceia.unr.edu.ar
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ization at intermediate collision energies when lighter targets
are considered.

The interest of the present work is focused on the possi-
bility of generating simple models to allow multiple ioniza-
tion cross sections to be obtained, consuming short compu-
tational time. We will base the generation of these simple
models on the use of the continuum distorted wave–eikonal
initial state �CDW-EIS� approximation, which has been em-
ployed with success to study single ionization of multielec-
tronic targets interacting with ion beams �11–14�. We will
treat collisions in a high enough energy domain where elec-
tron capture processes can be neglected. As in previous
works, the independent-particle approximation will be used.
It is an almost obligatory limitation of theoretical models due
to the difficulty of considering in a proper way the dynamical
electron correlation for multielectronic targets. The present
work is motivated by the possible application of simple mod-
els in the determination of the response to ion irradiation of
complex targets like, for example, polymer chains, DNA,
liquid water, or biological tissue. In the case of irradiation of
biological matter, it is necessary to know how the projectile
beam deposits energy on the target. It is a very complicated
process, which is usually reduced to the study of water radi-
olysis. Thus, in the first stage, which is known as the physi-
cal one, the target molecules are ionized, so that simple and
multiple ionization cross sections must be used as input to
Monte Carlo codes employed to describe this stage, and con-
sequently the simulation of the following physicochemical
and chemical stages �15–18�. Moreover, for radiotherapy an
efficient and rapid determination of radiation dose is re-
quired. Thus, it is important in this case to avoid the use of
multiple ionization models involving large computational
times, like the BGM and CDW-EIS approximation.

Atomic units will be used except where otherwise stated.

II. THEORY

The reaction of multiple emission of target electrons pro-
voked by the impact of protons is here described using an
independent-particle model. Thus, the interaction between
the electrons is considered in the mean-field approximation,
so that the dynamical evolution of each one of them is as-
sumed to be completely independent of the evolution of the
other ones. In order to calculate exclusive probabilities and
cross sections for q degrees of target ionization, a binomial
statistical distribution is employed �19,20�. Following Refs.
�7,8�, the probability for ionization degree q, as a function of
the impact parameter �, is given by the following expression:

Pq�b� = �
q1+q2+¯+qN+�=q

�
i=1

N �Ni

qi
�pi

qi���

��1 − pi����Ni−qiP�q1,q2, . . . ,qN,�� , �1�

where qi and Ni indicate the ionization degree and the occu-
pation number of the i subshell, respectively, � is the number
of postcollisional electrons emitted from the target, which is
composed of N subshells, and q is the total number of ejected
electrons. Also, pi��� is the probability for single ionization
per electron for each atomic subshell and P�q1 ,q2 , . . . ,qN ,��
is the probability for postcollisional emission of � electrons
after the creation of qi vacancies in each one of the i sub-
shells. In the same expression, the binomial coefficient is
given by � Ni

qi
�=Ni! /qi!�Ni−qi�!. According to Ref. �8�, the

probability P�q1 ,q2 , . . . ,qN ,�� can be obtained using the ex-
pression

P�q1,q2, . . . ,qN,�� = �
�j=0

�

�
j=1

q1

M1�q2,q3, . . . ,qN,� j� �
j=q1+1

q1+q2

M2�q3, . . . ,qN,� j� � ¯ � �
j=q1+q2+. . .+qN−2+1

q1+q2+. . .+qN−1

MN−1�qN,� j� �2�

considering that

�
j=1

q1+q2+. . .qN−1

� j = � . �3�

In Eq. �2�, Mx�… ,� j� is the probability for the postcolli-
sional production of � j electrons provoked by only one va-
cancy in the inner subshell x, accompanied by direct outer-
shell ionization. These probabilities must take into account

the fact than more than one electron can be directly ionized,
reducing thus the number of electrons that can be ejected
after the collision. In order to estimate them, we use the
experimental photoionization probabilities mx�� j� for the
postcollisional production of � electrons if only one electron
is directly removed from the subshell x, while all other elec-
trons remain bound to the target �21�. Thus, it is easy to
obtain that

M1�q2,q3,�� = 	1 −
8 − q2 − q3

8
�1 − m1�0�� for � = 0,

8 − q2 − q3

8
m1��� for � � 0,
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M2�q3,�� = 	1 −
6 − q3

6
�1 − m2�0�� for � = 0,

6 − q3

6
m2��� for � � 0,
 �4�

for the case of a Ne target, and

M1�q2,q3,q4,q5,�� = 	1 −
16 − q2 − q3 − q4 − q5

16
�1 − m1�0�� for � = 0,

16 − q2 − q3 − q4 − q5

16
m1��� for � � 0,


M2�q3,q4,q5,�� = 	1 −
14 − q3 − q4 − q5

14
�1 − m2�0�� for � = 0,

14 − q3 − q4 − q5

14
m2��� for � � 0,


M3�q4,q5,�� = 	1 −
8 − q4 − q5

8
�1 − m3�0�� for � = 0,

8 − q4 − q5

8
m3��� for � � 0,


M4�q5,�� = 	1 −
6 − q5

6
�1 − m4�0�� for � = 0,

6 − q5

6
m4��� for � � 0,
 �5�

for the case of an Ar target. The subscripts 1, 2, 3, and 4 in
Eqs. �4� and �5� correspond to the 1s, 2s, 2p, and 3s sub-
shells, respectively. The probability P�q1 ,q2 , . . . ,qN ,�� ac-
counts for the production of multiple inner-shell vacancies
during the collision.

Total cross sections for q-order ionization of atoms can be
obtained as

�q = 2�� �Pq���d� . �6�

To calculate the single-electron probabilities pi��� we em-
ployed the CDW-EIS and the semiempirical exponential
�EM� models �1,22�. In the CDW-EIS model, the initial elec-
tron orbital wave function is distorted by a multiplicative
eikonal phase associated with the projectile-electron Cou-
lomb interaction. In the exit channel, the emitted electron is
described by a double product of a plane wave and two con-
tinuum factors, associated with its interactions with the re-
sidual target and with the projectile. Thus, the electron is
considered to move in the combined field created by the
residual target and the projectile �11,13�. CDW-EIS single-
electron probabilities pi��� are calculated following the pro-
cedure indicated in Ref. �23�. For further details, the reader is
referred to that work.

In the exponential model, it is assumed that the single-
ionization probability per electron for a given subshell pre-
sents an exponential dependence on the impact parameter,

pi��� = pi�0�exp�− �/ri� , �7�

where ri is a characteristic interaction distance for each elec-
tronic orbital and pi�0� is the single-ionization probability for
zero impact parameter.

CDW-EIS reduced probabilities �pi��� for impact of pro-
tons on Ne atoms are presented in Fig. 1, at collision ener-
gies of 0.5 and 9 MeV. Roothaan-Hartree-Fock orbitals �24�
and effective Coulomb continuum factors are employed in
the initial and exit channels, respectively �11�. It can be ob-
served that the maxima of reduced probabilities are produced
for impact parameters that coincide approximately with the
Hartree-Fock mean radius of the different subshells �25�.
Also, the positions of these maxima present a weak depen-
dence on the impact energy. As reduced probabilities calcu-
lated with expression �7� present maxima at �=ri, we choose
ri according to two criteria: �i� as the corresponding Hartree-
Fock mean radius for each different subshell, and �ii� as the
radii given by the Bohr atomic model, ri=ni / �−2�i�1/2, with
�i the orbital energies �which in our case are chosen as the
Rothaan-Hartree-Fock values�. It must be noted that for im-
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pact of protons on Ne and Ar targets it has been obtained
using experimental data that, at high enough collision ener-
gies, ri is approximately equal to the Hartree-Fock mean
shell radius when outer-shell ionization is considered, pre-
senting a weak dependence on the collision energy �1�.

The parameter pi�0� is determined to reproduce CDW-EIS
total cross sections for single-electron emission per electron
for each subshell, but using expression �7�. It is clear that
with this simple expression only a general description of the
qualitative behaviors of CDW-EIS impact parameter prob-
abilities can be expected. The corresponding reduced prob-
abilities obtained using the exponential model with Hartree-
Fock �EMHF� or Bohr �EMB� subshell radii are also
included in Fig. 1. The EMHF and EMB calculations are in
reasonable agreement for the 1s and 2s subshells, but they
differ for the 2p subshell. For the 2p case, which dominates
the direct single-emission reaction, EMHF reduced prob-
abilities are in good comparison with CDW-EIS ones for the
impact energy of 0.5 MeV, but overestimate them for the
9 MeV case. On the contrary, EMB 2p calculations underes-
timate CDW-EIS results at 0.5 MeV but they compare fairly
well for the 9 MeV case.

III. RESULTS AND DISCUSSION

CDW-EIS reduced probabilities for multiple ionization
from Ne �normalizing their maxima to 1� are presented in
Fig. 2. This figure shows that as q and the impact energy
increase �for q�1�, the collision is dominated by closer en-
counters. Similar behaviors also appear in the EMHF and
EMB descriptions �not shown in the figure�.

In Fig. 3, total cross sections �q �with q=1, 2, and 3� for
impact of protons on Ne targets are shown. The present cal-
culations obtained using the CDW-EIS, EMHF, and EMB
models are compared with previous theoretical predictions
corresponding to the BGM �8� and the many-electron model
�9�, and with experimental data �6,7�. The close agreement
obtained between the CDW-EIS and BGM models for all q
values confirms the theoretical predictions previously given
by the latter. The results corresponding to the many-electron
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FIG. 1. �Color online� Reduced single-electron probabilities cal-
culated applying the CDW-EIS, EMB, and EMHF models, for im-
pact of protons on Ne atoms at collision energies of 0.5 and 9 MeV.
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FIG. 3. �Color online� Total cross sections for ionization degree
q of Ne by proton impact.
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approximation overestimate experimental data for q=2 and 3
in the whole energetic range considered, for this target with a
relative small number of electrons �9�.

CDW-EIS and BGM cross sections are also in agreement
with EMHF ones for all q values at intermediate energies,
where direct multiple ionization dominates �7,8�. This behav-
ior can be explained in terms of the concordance of CDW-
EIS and EMHF reduced probabilities shown in Fig. 1 for the
2p subshell. At higher energies, EMHF results are slightly
larger than those of the CDW-EIS model and BGM. For q
�1, the CDW-EIS, BGM, and EMHF results overestimate
experimental data at collision energies smaller than approxi-
mately 2 MeV. The source of this disagreement with experi-
ments could be the use of an independent-particle model to
describe multiple electron reactions. Also, it should be noted
that EMB cross sections are in better agreement with experi-
ments for all q values over the whole energy domain consid-
ered. However, this agreement should be taken with caution
considering the fact that we are dealing with a semiempirical
approximation.

In Fig. 4, total cross sections �q obtained by employing
the CDW-EIS and EMB models, with or without inclusion of
postcollisional effects, are shown. As in previous calcula-
tions �7,8�, the dominant role played by postcollisional elec-
tron emission for q�1, at high enough impact energies, is
confirmed by the present results. According to Fig. 2, at high
collision velocities the projectile preferably penetrates the

K-shell atomic region, ionizing K-shell electrons and thus
favoring postcollisional emission. In this velocity regime,
EMHF and EMB reduced probabilities �pi��� are in good
agreement with CDW-EIS ones for emission from the K shell
�see Fig. 1�. It could explain the accordance obtained when
the simple exponential models and the more elaborated
CDW-EIS and BGM models are employed to calculate �q
cross sections �see also Fig. 3�.

The case of impact of protons on Ar targets can be ana-
lyzed from Figs. 5 and 6. EMHF and EMB calculations are
done with the parameters pi�0� and ri chosen following the
criteria used for the Ne case. So ri are taken as the Hartree-
Fock and Bohr radii corresponding to the different subshells
and pi�0� is determined using the numerical CDW-EIS model
from Ref. �13�. From Fig. 5, EMHF and EMB cross sections
�q are compared with previous BGM predictions �8� and
with experimental data �6,7�. For q=1, a reasonably good
agreement is obtained between the three models shown, even
when both exponential approximations present values
slightly larger than the BGM ones. Also, the three models
overestimate the experimental results at intermediate ener-
gies. However, it can be considered that, in general, the dif-
ferent theories adequately describe the measurements. The
many-electron model results coincide with those given by
the three other approximations at high impact velocities, but
underestimate them at lower energies. For larger q values,
EMHF and BGM results are in agreement with experiment
for high enough collision energies, given a large overestima-
tion of them at lower ones. Also, for this target case, the
EMB model presents results that are closer to measurements
for the whole energetic domain here considered, except be-
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FIG. 4. �Color online� Comparison between total cross sections
for ionization degree q of Ne, by proton impact, calculated with and
without inclusion of postcollisional effects.
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low 0.2 MeV. As could be expected, for q�1, the many-
electron model gives a better representation of experiments
than for the Ne case.

In Fig. 6, the importance of postcollisional effects for q
�1 is emphasized using EMB calculations �with and without
Auger-type contributions�, confirming previous predictions
given for Ar atoms �8�. It can be observed that postcollisional
emission dominates the multielectron production at high
enough energy for q=2, and dominates over the whole ener-
getic domain for q�2. The importance of this effect in-
creases as q increases.

IV. CONCLUSIONS

The multiple electron ionization of atomic targets has
been considered, paying particular attention to the contribu-

tion of postcollisional mechanisms �Auger and Coster-
Kronig emission�. The cases of impact of protons on Ne and
Ar noble gases, for which experimental data are available,
are analyzed.

CDW-EIS calculations of cross sections for q ionization
degree confirm previous theoretical predictions given by the
BGM. It is also shown that for single-electron emission the
maxima of reduced probabilities present a weak dependence
on the collision velocity. However, the situation is different
for multiple ionization, where for high velocities the maxima
move to a small parameter region where K-shell ionization
dominates, favoring postcollisional effects.

Theoretical exponential models, EMHF and EMB, with
adjustable parameters obtained from the CDW-EIS model,
are also introduced. Their main advantage is the small com-
putational times required for the calculation of impact-
parameter-dependent probabilities. Multiple ionization cross
sections are then easily computed using a binomial statistical
distribution. The EMHF model gives cross sections in gen-
eral agreement with the corresponding ones resulting from
the use of models that involve large-scale computers and
long computational times. Also, the EMB calculations are
closer to experimental values at intermediate impact energy
for all ionization degrees. The use of these semiempirical
models is supported by comparisons with CDW-EIS direct
ionization cross sections. Thus, they offer the possibility of
their application to the study of the interaction of proton
beams with atomic targets and complex molecules, espe-
cially when a rapid computation of cross sections is required,
as happens in radiotherapy.
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