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Decoherence of coupled Josephson charge qubits due to partially correlated low-frequency noise
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Josephson charge qubits are promising candidates for scalable quantum computing. However, their perfor-
mances are strongly degraded by decoherence due to low-frequency background noise, typically with a 1/f
spectrum. In this paper, we investigate the decoherence process of two Cooper pair boxes (CPBs) coupled via
a capacitor. Going beyond the common and uncorrelated noise models and the Bloch-Redfield formalism of
previous works, we study the coupled system’s quadratic dephasing under the condition of partially correlated
noise sources. Based on reported experiments and generally accepted noise mechanisms, we introduce a
reasonable assumption for the noise correlation, with which the calculation of multiqubit decoherence can be
simplified to a problem on the single-qubit level. For the conventional Gaussian 1/f noise case, our results
demonstrate that the quadratic dephasing rates are not very sensitive to the spatial correlation of the noises.
Furthermore, we discuss the feasibility and efficiency of dynamical decoupling in the coupled CPBs.
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I. INTRODUCTION

One of the most serious obstacles towards implementing
charge-based superconducting quantum computing (QC)
[1,2] is low-frequency charge noise [3]. During the past few
years, the decoherence dynamics of a single Cooper pair box
(CPB) exposed to Gaussian 1/f noise or random telegraph
noise (RTN) [4] has been studied extensively [5-7]. In both
circumstances, the free induction decay (FID) and echo law
at an arbitrary working point have already been obtained. In
addition, to preserve the single qubit’s quantum coherence,
various elegant ideas, including optimal point operation [8],
bang-bang control [3,9], and decoherence free subspace
(DFS) encoding [10,11], have been developed.

Stimulated by these advances, recently attention has been
paid to the dissipation of coupled qubits [12—17]. The main
motivation is to facilitate the physical realization of universal
QC. Compared with its single-qubit counterpart, the analysis
of multiqubit decoherence becomes much more difficult. As
two extreme cases, coupled qubits in the presence of two
common and uncorrelated noise sources [12,13] have been
investigated within the Bloch-Redfield formalism [18]. The
interaction between many qubits and a common harmonic
bath with different coupling strengths has also been dis-
cussed in the context of quantum dots [14]. Very recently,
Tsomokos et al. have considered the entanglement dynamics
in chains of Josephson qubits with spatially uncorrelated
noise [17].

In charge-type Josephson junction nanodevices, a part of
the charge fluctuations results from the finite impedance of
the external control coil and the residual coupling from the
measurement apparatus. In most scenarios, this part of the
noise is nearly white with Gaussian statistics. It can thus be
well understood within the spin-boson model [19] and the
Bloch-Redfield equations. However, the main part of the
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charge fluctuations is the low-frequency background noise,
which is believed to be produced by the ensemble of charged
two-level fluctuators (TLFs) distributed in the oxide barriers
of the Josephson junctions as well as the dielectric substrate
[4,20]. The low-frequency noise is often long-range corre-
lated in time with a zero-frequency peak in its power spec-
trum. Due to this property, the background noise has little
effect on the depolarization process but dominates the
dephasing of charge qubits [5,7].

Therefore we can see there are still stumbling blocks in
applying previous approaches to characterize the decoher-
ence of coupled charge qubits. First of all, as indicated by
experiments [20], neither the common bath nor the uncorre-
lated bath can fully describe the realistic environment. More-
over, as a kind of Fermi golden rule theory, the Bloch-
Redfield formalism is valid only if the noise is weakly
coupled to the system and has a short correlation in time. In
more general situations, such as 1/f noise or a few very
strong RTNs [21,22], the Bloch-Redfield theory breaks down
and higher-order correction is necessary [5,7,23].

Based on these issues, in this paper we aim at calculating
the quadratic dephasing effect of two coupled CPBs [24,25]
caused by two partially correlated low-frequency noise
sources. To handle the partial correlation of noise sources,
we introduce a linear cross approximation (LCA) which is
supported by the present reported experimental data and the
widely accepted Dutta-Horn model [4] of low-frequency
noise. The LCA states that the cross spectrum of two noise
sources has the same form as their individual power spectra
[20]. With this approximation, the task of evaluating the
dephasing of coupled CPBs can be reduced to resolving a
single qubit’s dissipation. Our numerical results imply that
the quadratic dephasing depends weakly on the spatial cor-
relation of the noises. Furthermore, we also consider the ap-
plication of dynamical decoupling techniques in this coupled
system.

This paper is organized as follows. In Sec. II we express
the model of the coupled CPBs and the noise sources. In Sec.
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FIG. 1. Schematic plot of two capacitively coupled Josephson
charge qubits.

I, we first review the LCA with a detailed explanation of its
physical meaning, and then we use it to derive the FID law
of the system’s density matrix. In Sec. IV we discuss how to
realize the dynamical decoupling in the coupled-qubit sys-
tem. The numerical simulations of decoherence rates are pre-
sented in Sec. V, while the discussion and conclusion are
made in Sec. VL.

II. SYSTEM CHARACTERIZATION

We start with two capacitively coupled CPBs [26,24,25],
as sketched in Fig. 1. Each CPB consists of a small super-
conducting island with n; excess Cooper pairs, connected to
the ground electrode by a symmetric superconducting quan-
tum interference device with capacitance C;; and tunable Jo-
sephson coupling energy E; [27], for i=1,2. The gate volt-
ages V,,; bias the corresponding CPBs via the gate capacitors
C,;. Finally, the CPBs are connected to each other by a cou-
pling capacitor C,.. The Hamiltonian of the coupled system
reads [28]

HS = 4Em(n1 - ngl)(nZ - ngZ)

+ E [Eci(ni—ngi)2+Eﬁ COS ¢i]’ (1)

i=1,2

where n,,,=C,;,V,/2e denote the gate-induced charge
numbers on the corresponding qubits; @, , are the canonical
conjugate variables to 1, 5; E¢j ,=2¢*Cs,/(CsyCs12—C?)
are the effective Cooper-pair charging energies (Cs;=C,,
+Cj;+C, is the sum of all capacitances connected to the ith
CPB); and E,,=¢>C./(Cs,,Cs1,—C?) is the inter-qubit ca-
pacitive coupling energy. Near the codegeneracy point
Ny =ngH=1/2, one can use the two-level language [27,29,30]

ni:(1+0'zi)/2, COS q)i=O'X,-/2, (2)

for i=1,2, to describe the system as

1
Hg=E, 0,0, + 5 > (Eyo,+ Ejoy), (3)
=12
where
Epy 5 =2[E. (1 =2ng15) + E,(1=2n4,)]. (4)
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Like other Coulomb blockade devices [31], the coupled
CPBs are very sensitive to noise from charge degrees of
freedom. Incorporating on,,(t) as the fluctuations of the re-
duced offset charge Mg for i=1,2, we rewrite the Hamil-
tonian Eq. (1) as

1
HS:EmUZlUZZ+ 5 E {[Ebi+2Vi(t)]0'zi+EJio'xi}’ (5)
i=1,2

where

Via(t) = =2[E y 50ng) 5(1) + E,, Sngy 1 ()] (6)

By operating the single qubit at the optimal point, chosen
such that the linear longitudinal qubit-noise coupling van-
ishes, one can prolong the dephasing time by several orders
of magnitude [8,9,32,33], thus making the observation of the
detailed decoherence process possible. For this reason, here
we concentrate only on the behavior of the system at the
codegeneracy point n,;=ng,=1/2, which can be verified as
the optimal point for the coupled qubits. At this point, we
may use the local transformation of basis (for i=1,2, |T);,
and || ); are the eigenstates of ng; with eigenvalues 0 and 1,
respectively)

11— (1 + N2,

11— (1= [1DIN2, (7)

to transform the total Hamiltonian H to

Hg=Hy+H,, (®)
with
1
Hy= E(EJI 01+ Epoy+2E,0,0,), ©
Hy=0,Vi(1) + 0uV)(1). (10)

Without loss of generality, we consider identical qubits
with E; =E;,=E, and E. =E,=E,. Defining E=\E.+E,
and cos 20=E;/E, we get the representation of H, in its

eigenbasis  {|1)=cos 6|1 1)+sin 6| |), [2)=-sin 6] 1)
+cos 61 1), [3)=(11T D+ILTNA2, [4)=(1 1)=|1 1)/32}
E O 0 0
0 —-F 0 0
Ho=ly 0 Esn20 0 (1)

0 0 0 —Esin26

The operators o, , through which the system couple to the
environment have the matrix form
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0 0
0 0
0=
T
sin<0+—) cos<0+
4
T
—cos(0+—) sin(0+—
4
0 0
0 0
o

III. QUADRATIC DEPHASING AND THE SPATIAL
CORRELATION OF NOISE SOURCES

In general, the transverse noises V() and V,(r) lead to
relaxation through the nondiagonal entries of o,; and o,,.
However, due to their low-frequency properties, the effect of
quadratic dephasing becomes comparable with, or even more
severe than, the relaxation process [5,7]. The physical picture
of the quadratic dephasing can be imagined as follows. The
low-frequency charge noise slowly and randomly drifts the
system away from its initial bias point; then the system’s
quantum state will follow the drift adiabatically. During this
adiabatic process, each eigenstate will get a very small en-
ergy shift to the second-order approximation; thus an addi-
tional random phase is accumulated. Since the depolarization
process and the quadratic dephasing can be treated in a fac-
torized way [9,23], in the rest of this paper we calculate the
latter effect.

In realistic CPB implementations [8,9,24,25], E is often
of the order of 20 GHz, while the coupling strength E sin 26
is usually smaller than E by one order of magnitude; a typi-
cal choice C,=0.09Cs and E;=FE, leads to sin20=0.042;
thus E sin 26 is on the level of a few gigahertz; in addition,
for i=1,2 the strength of the dimensionless noise 5ngi is
usually on the level of 1073 [9]. Therefore, near the optimal
point, the eigenenergies of Hg can be derived by the second-
order perturbation theory:

E;=Ey+ aigi(D) + Big5(1), (14)
with

a1 =[Vy(D) + Vo) N2,

x2 ' - -
sin| 0+ — cos| 6+ —

4 4

T . T

cos| @+ —| —sin|l 0+ —
4 4
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. T T
sin| 0+ — | —cos| 0+ —
4 4
. T
sin| 0+ —
4

, (12)
0 0
0 0
(oe2) eof0e)
sin| 0+ — cos| O+ —
4 4
[005) -snlo7)
cos{ @+ — | —sin| 0+ —
4 4
(13)
0 0
0 0
I
01 =[Vi(1) = Va(0)IN2, (15)

where Ej, are the unperturbed eigenenergies of state |i) for
any 7 and the coefficients «;, B3; are

(1+sin26) (1-sin26)
a:—7 = . 9
E(1 -sin26) E(1 +sin26)

BIZB’ aZZ_B’ BZZ—Q’,

a3:_a+B’ ﬁ?a:O’ :84=a_ﬂ' (16)

The FID law of the nondiagonal element p,,,(f) of the
coupled system’s reduced density matrix p thus has the form

a=a,

a4:0,

_ PunlD) _ -ft _ 2
an(t) - an(o) - <exp l 0 dT[(an a’m)Ql(T)

+(Bn—/3m)q§(7)]> , (17)
P

where (- -+)p denotes the average over all possible stochastic
process of the fluctuations [3,33].

Direct calculation of Eq. (17) is complicated by the cor-
relation between ¢,(¢) and g,(z). To simplify this problem,
we make the linear cross approximation. This approximation
states that there exist a standard spectral function S(w) and
three constants {a,b, y} such that [20]

o]

Si(w) = (8nyy(1) gy (1 = 7))pe™dT= a*S(w), (18)

-0

S22(w)=f <5ng2(t)5ng2(t—T))Bei“’fd7'=b2S(w), (19)
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FIG. 2. (Color online) Schematic sketch of the charged TLFs
near the coupled qubits.

Sip(w) =f (g (1) On gy (2 — )’ 7dT=abyS(w),

(20)

S, () =f (Sng(1)Ong) (1 = 7))pe7dT=abyS(w).

(21)

The LCA is partially inspired by the present reported ex-
perimental results. For example, S(w) could be selected as
the ubiquitous 1/w spectrum in solid-state physics; thus Egs.
(18) and (19) suggest that both qubits suffer 1/w type noise;
in addition, the assumptions Egs. (20) and (21) are supported
by the detected approximative linear dependence of S ,(w)
on S;;(w) and Sy(w) in Ref. [20] with y=0.15+0.05.

We can also interpret the LCA from the microscopic point
of view [4]. In the system we consider, the origin of the
low-frequency charge noise can be regarded as the sum of a
noninteracting TLF ensemble broadly distributed in the
background [5,6,23,34], each fluctuator of which is charac-
terized by its switching rate I and coupling strength to the
two CPBs v, and v,, as shown in Fig. 2. In the high-
temperature limit [9], the self-cross-power spectra of On g, (1)
and on (1) are

S1i( )—ffd dr P( r)—V%F (22)
11\w) = Yy V1, O+ T2
2
1218
= dl' P(v,,')———= 2
Sy () fdez (v2, )w2+F2’ (23)

141 V2F
o’ +T?

(24)

S1z(w)=521(w)=jfd(Vﬂ/z)dF P(vv,,I)

where P(...) denotes the distribution functions of the particu-
lar variables.

In single-electron nanocircuits, the physics of the TLF
ensemble is often conjectured as thermal-activated hopping
of electrons in a localized bistable potential well or as charge
traps on a surface near the gate electrodes [35]. The switch-
ing rate I" of a TLF in the ensemble is usually determined by
the width or height of its localized potential barrier, while the
coupling strengths v, and v, depend on their location. In
disordered systems, it is generally assumed that the distribu-
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tion of the TLF’s location (and thus the coupling strengths
vy, ;) and its switch rate I" are independent, i.e., the distri-
bution functions P(»,I') in Egs. (22)—(24) have the factor-
ized form

P(v,I')=P(w)P(I). (25)

Therefore, the forms of the four spectra S;; are identical be-
cause all of them are determined by the same integral
SP(D)[T/(w?*+I?)]dr.

We move on by defining the functions

UL(1) = 1 ( Oy, (1) . Oy (1) > ’
2cos ¢ a b
L (g 5ng2(t))
Uale) = 2 sin go( a b ) (26)

where the angle ¢ satisfies cos 2¢=17. One can easily prove
that U, () and U,(¢) are “normalized” and uncorrelated:

f <U1(l)U1(l—T)>Beind7—:f (Us(1)Uy(t - 7)) ge’®dr

=S(w), (27)

o

J- <U2(t) Ul(l— T))BeiaJTde J <U1(t) Uz([— T)>Beim7'd7_

—o0

=0. (28)
In this way, Eq. (17) becomes

t

Fo(=( expi f dr A, Ui(t) + B, U5(1)
0

+2C,,,, U, (1) U2(t)]> , (29)

P

where the parameters A, B,,,, and C,, are inferred from
Eqgs. (6), (15), (16), and (26). For the real symmetric matrix

[Anm Con |

30
Cnm Bnm - ( )

we denote \y,,,, Ny, as its eigenvalues and its unitary Jor-
dan matrix J,,,=(J,,,);; as

+ )\lnm 0 ]
M, =T, Jm- (31)
0 )\2nm .
Therefore
AnmU%(t) + BnmU%(t) + 2Cnmljl (t) U2(t)
= )\Ian%nm(t) + )\anwgnm(t) s (32)
where
Wyt U, (t
[ 1 ()]:Jnm[ m} )
W2nm(t) U2(t)

Just like U,(z) and U, (1), W,,,,(t) and W,,,, (1) are also nor-
malized and uncorrelated; therefore F,,, (1) can be factorized
as
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an(t) = <exp<iftd7)\lnmw%nm(7—))>
0 P
><<exp<ift dr)\anWgnm(T)>> . (34)
0 P

Equation (34) indicates that we can directly get the decay
law of coupled qubits from the already known results for
single-qubit dephasing. One specific example is that both
qubits of the coupled system are exposed to transverse
Gaussian 1/f noise [S(w)=1/w]. From its single-qubit cor-

respondence [7], we write F,, (1) as
2 1 2 |-1/4
|an(t)| =1+ (_)\]nmt In _>
™ w;,t
2 1 2 |-1/4
X| 1+ <_)\2nmt In —) , (35)
™ w;, !

where w;, is the infrared cutoff of the 1/f noise.

IV. DYNAMICAL DECOUPLING IN COUPLED CPBs

Since decoherence in Josephson circuits is dominated by
strong low-frequency noise, the dynamical decoupling tech-
nique (also called spin-echo or bang-bang control), already
used in the field of nuclear magnetic resonance (NMR), ap-
pears to be particularly promising [3] in prolonging the co-
herence time. For the above coupled-qubit system, before
discussing the efficiency of dynamical decoupling we should
first consider its feasibility. We summarize the local opera-
tion resources we can achieve from operators:

1
R, = F(le +0,)
V2

0 0 cos f+sinfd 0O

0 0 cos f—sinf 0O
- cos #+sin # cos @—sin 6 0 0|

0 0 0 0

(36)

Ry = TE(O'XI -0y)

0 0 0 cosf@—sinf

0 0 0 —cos #—sin 6
- 0 0 0 0
cos @—sin @ —cos f—sinf 0 0

(37)

It is thus suitable to use charge-type ac local gate pulses to
selectively address transitions between the four states
[8,9,32]. For example, to complete a population inversion
between states |1) and |3), which we label as I3, we can
apply an ac pulse of R; resonant with the transition fre-
quency w;3=|E;o—E3|. In the interaction picture, the evolu-
tion of the system is governed by [9]
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FIG. 3. Dynamical decoupling pulses in the coupled system.
The hollow rectangles represent the operation IT;;®1l,4 and the
shaded are for operations I1;,® I1,3.

H,.(1) = gR, (1) (¥ + Hoc.), (38)

where the g factor denotes the Rabi frequency, typically on

the level of 100 MHz, and R, (7) is the representation of R; in
the interaction picture:

f]?;(t) =[(cos O+ sin §)e™ ™13 1)(3| + (cos 6— sin H)e™'“23'|2)
X(3|]+H.c. (39)

Suppose the g factor is much smaller than |w;3— ;s
=2F sin 26; at time ty=m/[4g(cos O+sin 0)] we get

0

eXP<—ift0 Hac(T)dT> = [1)(3[+[3X1| =T33,  (40)

while the [2)«+|3) is suppressed by the large detuning
2E sin 26 [36]. The other unforbidden interlevel population
inversions 11,4, 11,3, and II,,, can be similarly realized.

Any random phase noise in the four-dimensional Hilbert
space of coupled qubits can be decomposed into linear addi-
tion of the following three operators (the trivial identity op-
erator has been omitted):

10 0 0 1 0 0 0
01 0 0 0 -10 0
N1= 5 N2= B
00 -1 0 00 1 0
00 0 -1 0 0 0 —1
1 0 0 0
0 -1 0 0
M=l 0 -1 0 (1)
00 0 1

To dynamically decouple N;-type noise, we only need to
perform II;; and II,; synchronously. In the same way, the
noise N, and N3 could also be dynamically decoupled.

A schematic diagram of the dynamical decoupling pulses
is depicted in Fig. 3. The evolution of p,,, in the presence of
these pulses could be evaluated from Eq. (34) and previous
spin-echo results for a single pulse [23]:

t 1/ N ¢ 2 . -1/2
FEnm(t) — pEnm( ) =1+ _( Inm ) (wct)z In &
pnm(o) 2 2 Wiy

1/x ”mt 2 o, -1/2
BRI
2\ 2w ;,
(42)
where the subscript £ denotes the word “echo” and w,. is the
ultraviolet cutoff of the 1/f noise. One should notice that Eq.

(42) is an approximate result because in the pulse sequence
of Fig. 3, N; has been decoupled twice while both N, and N5
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FIG. 4. (Color online) FID decay times and dynamical decoupling decay times of each nondiagonal matrix element of the coupled
system’s density matrix. The circles represent the decay times when bang-bang pulses as shown in Fig. 3 are injected, while the triangles

represent the FID case.

have been decoupled once, i.e., Eq. (42) overestimates the
decoherence to some extent.

V. NUMERICAL RESULTS

The decoherence times of F,,,(f) and Fg,,,(f) versus the
noise correlation factor vy have been plotted in Fig. 4. As
shown in Egs. (35) and (42), neither the FID nor the dynami-
cal decoupling decay is exponential; thus the dephasing
times T,,(Tg,,) are defined by F,,(T,)=1/e or
Frum(Tgum)=1/e. The parameters we use are selected based
on reported experimental data: for the coupled qubits, we
choose E;=E.=16.4 GHz and E,=0.06E,, while for the
noise sources, we set two identical noise sources with a=b
=1.3X 107 s/rad and cutoff frequencies ;=27 X 1 Hz,
w,.=217X0.4 MHz.

From Fig. 4 we can see the dephasing times are generally
of the order 0.1 us, on the same level as the observed single-
qubit dephasing time [8,9]. One may find that the efficiency
of dynamical decoupling in our calculation is higher than the
experimental data [3,9]. This can be attributed to the omis-
sion of the nearly white noise from the gate bias and the
high-frequency tails of the 1/f noise [21,37].

One important result is that the quadratic dephasing times
depend weakly on the noise correlation factor . In some
previous proposals, it has been suggested that the correlation
of the noise sources, whether intrinsic or coupling induced
[10,11], could be used to construct DFS; hence the coherence
of some particular states could be protected. However, this
method is valid only for longitudinal dephasing. Even if the
linear longitudinal qubit-noise coupling is completely elimi-
nated by the collective environment, the quadratic dephasing

still exists. From this point of view, we may conclude there
are still many problems left in suppressing the decoherence
of superconducting circuits by the encoding method.

VI. DISCUSSION AND CONCLUSION

Before concluding we offer a remark about the correlation
factor y. The previous common and uncorrelated noise mod-
els could be viewed as the zero-order expression for the
noise correlation. In this sense, our introduction of the factor
v is a first-order correction. However, it is clear that just this
rough factor cannot contain all the details of the noise spatial
correlation. Hence we expect a more refined formalism in
further study of decoherence in coupled qubits.

One point we should emphasize is that our method is
applicable only if the decoherence process could be com-
pletely described by the spectra of noises. As shown in Sec.
III, the LCA is deduced from the following two basic as-
sumptions of the Dutta-Horn model: (i) the low-frequency
noise is the sum of many RTNs; (ii) for these RTNs, the
distributions of their coupling strengths and switch rates are
factorized. In most realizations of Josephson charge qubits,
these two assumptions prove to be correct. However, in re-
cent research on single-qubit decoherence, in addition to the
observation of conventional Gaussian 1/f noise [3,21], some
novel phenomena such as sample-to-sample effects and non-
Gaussian noise have also been demonstrated [9], i.e., in some
experiments, single-qubit decoherence cannot be fully deter-
mined from the information about the noise spectrum. Physi-
cally speaking, this anomaly could be traced back to the
qubit-TLF interaction mechanism. In some particular experi-
mental setup (e.g., the material of the substrate in which the
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TLFs are embedded), the influence from a few strongly
coupled TLFs (which are located nearest to the qubit) on the
single-qubit dephasing exceeds that from the other many but
weakly coupled TLFs. For the small number of the strongest
TLFs, the concept of a statistical distribution function be-
comes meaningless. From the mathematical point of view,
the peculiar qubit-TLF interaction form may lead to a singu-
lar distribution function P(v) of the coupling strength v be-
tween the fluctuators of the TLF ensemble and the qubit,
which makes the standard central limit theorem break down
[34]. For example, if we attribute the TLFs to the structural
defects behaving as elastic dipoles that interact with the qubit
via a deformational potential, we will get a distribution func-
tion P(v)= 1/v? which provides divergence variance [6]. In
this situation, the detailed statistics of the noise source be-
comes important in the single-qubit decoherence. For the
coupled-qubit system here, the Gaussian 1/f noise case has
been considered, while the understanding of more general
situations requires exploration in the future.

PHYSICAL REVIEW A 75, 052327 (2007)

In conclusion, in this paper we consider the quadratic
dephasing of capacitively coupled CPBs exposed to partially
correlated low-frequency charge noise. With the help of a
reasonable approximation, we calculate the dephasing rate
versus the spatial correlation of the environment for Gauss-
ian 1/f noise. We also discuss realizing dynamical decou-
pling in the coupled system with present technology. This
work may offer improvement in preserving the quantum co-
herence of solid-state systems.
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