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Genuine multiqubit entanglement and controlled teleportation
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We construct a genuine (2N+ 1)-qubit entangled state to perform controlled teleportation of an arbitrary
N-qubit state. The constructed state is a complementarity to the genuine 2N-qubit entangled state constructed
by Yeo and Chua for N=2 [Phys. Rev. Lett. 96, 060502 (2006)] and by Chen, Zhu, and Guo for any N [Phys.
Rev. A 74, 032324 (2006)]. We also quantify the entanglement of the state and classify it with the well-known
GHZ and W states by means of the recently proposed generalized global entanglement and the associated
auxiliary measures [Phys. Rev. A 74, 022314 (2006)]. Our study is of general importance with respect to
exploring and exploiting the genuine multiqubit entanglement.
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Historically the notion of entanglement dates back to
1935 by Schrodinger, but only during the last two decades
one could witness its positive power manifested in various
intriguing tasks of quantum information processing and
quantum computing. Although the general theory of en-
tanglement has blossomed enormously [1], only bipartite en-
tanglement is well understood with a good range of quanti-
tative measure of entanglement available [2]. As for
multipartite entanglement the complexity increases greatly
with the number of parties involved and one can by no
means simply extend the useful tools of the bipartite case to
the multipartite case because there are many possible ways in
which a multipartite state can be looked upon as an en-
tangled state (see, e.g., Ref. [3]). Intuitively, one can properly
explore multipartite entanglement if one finds various in-
equivalent entanglement formats, i.e., genuine entangled
states. To seek for genuine entangled states we can resort to
particular quantum schemes since in many cases sharing a
unique entanglement allows ones to do things that ones can-
not otherwise do. A paradigmatic example is the well-known
teleportation [4]. To teleport a unknown N=1 qubit state
from a sender Alice to a remote receiver Bob, the two parties
should share a priori an EPR pair. However, to teleport a
unknown N=2 qubit state, two EPR pairs [5] or generally a
quadqubit entanglement should be employed [6,7]. Differ-
ently from Ref. [6], where an explicit protocol is not yet
given, the authors of Ref. [7] construct a concrete structure
of a genuine quadqubit entangled state. Shortly after, the idea
of Ref. [7] was generalized to a genuine 2N-qubit entangle-
ment which can be used to teleport an arbitrary N-qubit state
[8]. However, restricted by the process of teleportation they
[7,8] cannot construct the genuine entanglement of
(2N+1)-qubit system. In this paper, we present an explicit
genuine (2N+ 1)-qubit entangled state motivated by the so-
called controlled teleportation (CT) of a unknown N-qubit
state, i.e., the state is to be teleported between Alice and Bob
under control of a third remote party Charlie. As is well
known, for N=1 [9] the CT can be performed via a triqubit
GHZ state [10]. However, for N>1 the multiqubit GHZ
state cannot do the job, but our (2N + 1)-qubit entangled state
can. This is a general important issue regarding the way to
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seek for potential candidates for CT as well as understanding
genuine multiqubit entanglement in systems consisting of
many qubits, either even or odd number of them. Here, to
quantify our (2N+1)-qubit entangled state in comparison
with other known states we adopt an operational method by
means of the so-called generalized global entanglement E(G”)
recently developed in Ref. [11].

As mentioned above, CT of a single-qubit can be done via
a single-GHZ trio [9]. A trivial way for CT of an arbitrary
N-qubit state is to use N GHZ trios [12]. However, this can
be done with less consumed quantum resources via just (N
—1) EPR pairs plus one GHZ trio, as we shall illustrate in
what follows. Suppose that the state to be teleported is

1
W)y = {EG @ g [ 12)ay 1Dy, (1)

Alice, Bob, and Charlie share beforehand a quantum channel
of the form

N-1
\Moniida,ays,8y,c= ©nct B4 5, ® |GHZ3)a 5,c (2)

which is in fact a tensor product of (N—1) EPR pairs

1
1
|BO>Aan =i 2 |jn>An|jn>B” 3)
V2,0
and a GHZ trio
L
\GHZ3)4 3 c = 5 2 imdalinsylindc: 4)
Y Jn=0

In terms of the basis [ky=(1/+2)ZL_,(-1)¥|s) for Charlie’s
qubit C, the quantum channel (2) can be expressed as

1 1

\Monsi)a B0 = T > i ‘ngk)
HA P ANE By \,2N+1 {1 k=0 I 2N PN
X[j1s s ind s ks (5)
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where {d?, 6V, 0, 6N ={I,0,,0 io,} with I the iden-
tity operator and o, .) the Pauli operators. Let the four or-

thonormal states constituting the so-called Bell basis of qu-
bits a, and A,, be

|Bin>anAn = a'gi:)|80>anAn (6)

with i, €{0,1,2,3} for each ne1,2,...,N—1. If Alice per-
forms N Bell measurements on the pairs (a,,A,) in the basis
|Bi»y with outcomes i, and Charlie measures her qubit C in

the basis |l€) with a outcome k, then Bob’s qubits
B|,B,,...,By are projected onto the state

1
de@n-m A (BT, .
k'S n=1i

N|M2N+1>A1~~ANBI---BNC’

()

where pi, is probability of Alice’s obtaining the outcome i,

and p, is probability of Charlie’s obtaining the outcome k.
Substituting Egs. (1), (5), and (6) into Eq. (7) yields

1
) (k)
2 @1 @neia |0'l"|l> OB s
\/pk®f:1p, 22N+1{/n1}— e, A
{% .. INUB Nlo'B L, >B = g() 1‘73 )|‘I’>Bl By
1,}=0

(8)

since py=1/2 and pi =1 /4¥ n. Thus, upon receiving Alice’s
and Charlie’s outcomes {i,} and k, Bob is always able to
obtain the de31red state (1) by applying on his qubits the
operators @ 1‘73 )crg‘N

We now consider the same CT task but using a new kind
of quantum channel, i.e., the genuine (2N+ 1)-partite en-
tangled state. To avoid reducibility to a tensor product of
EPR pairs and a GHZ trio and to ensure faithful teleportation
of the arbitrary N-qubit state, the (2N+ 1)-partite entangled
state to be shared between Alice, Bob and Charlie is con-
structed in the form

V11

E E|J>A, a7 -5 K
)

|M2N+1>A1---ANBI~~BNC 2N+1
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|.7>A1...AN: UAI...AN|]>A1"'AN, (10)

|j(k)>31-~BN: VBI---BNO'g{;|J>BI"'BN> (1)

where |O>1...N=|0>1' : '|0>N, 1>1...N=|0>1' "|1>N, aeny 2N
—1),..5=|1);-**|1)y are the binary form of N qubits (i.e.,
|J>l"'N:|jl’ ’jN>l"'N with jn S {0,1}) and Ul"'N’Vl"'N are

unitary operators acting jointly on N qubits 1,2,...,N such
that U,..xy# ®n U, and V.. N¢ ®N V.. We note that if
U..y=®Y U, and V. y=0®" V, state (9) reduces
to a tensor product of (N=-1) pairs
(A},B)),(A;,B,),. (AN_I,BN_I) and a trio (Ay,By,C). In
particular, if U;.. N—Vl ~=®_ I, state (9) is nothing else
but Eq. (5), which is a tensor product of (N—1) EPR pairs
and a GHZ trio. In general, U,...5(V,...y) are nonlocal with
respect to qubits A;,A,,...,Ay(B;,B,,...,By), state (9) is
irreducible to a tensor product of (N—1) pairs plus a trio and
thus may be a genuine multipartite entangled state. In terms
of the basis states |J>“1"'a/v’ the unknown state (1) can be

represented as
2N
|\I’>al~“aN= E aL|L>al“'aN' (12)

L=0

To accomplish the CT task one can define the following basis

of 4V orthonormal states for the 2N  qubits
al,...,aN,Al,...,AN
| PARSI|
|HllmlN>al~-‘aNAl---AN=W ® mE E|K>al aylBa -y
\ K=0 k=0
(13)

Now, using the quantum channel (9), the CT is carried out by
Alice’s performing a complete joint measurement on the 2N
qubits ay, ...,ay,Aq, ... ,Ay that project them on one of the
state (13), while Charlie, as before, needs just to measure her
qubit C in the basis {|E}}. Let Alice’s (Charlie’s) outcomes be
{i1,is,...,iy}({k}) which occurs with an equal probability
Pijiyiy=1 /4N(p;=1/2). After Alice’s and Charlie’s measure-
ments the state of Bob’s N qubits By,B,, ...,By collapses

with into
|
| 2N_
- _ _ ; k
\/=C<k|al---aNAl---AN<Hll IN|"I,>a1---aN|M2N+1>A1---ANBI---BNC > aa aN<J|®2’:1Ug:)|L>anVBl---BNUI(E?Z,|J>BI---BN
PiPijiy iy L.J=0
N1
=2 a Vg .50, )®n 10'53[")|L>Bl By =V, BNO'B)® 0'3”)|\P>B] By (14)
=0
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Expression (14) indicates that the CT always succeeds if the
outcomes {i;,i,,...,iy,k} are broadcasted. Namely, upon re-
ceiving the necessary information Bob is able to obtain an
exact replica of Alice’s 0r1g1nal state (12) by applying on his
qubits the operators ®, 10'53 )ch VB1

To study properties of our state (9) let us restrict our-
selves to N=2, for simplicity, i.e., we shall be explicitly con-
cerned with the pentaqubit entangled state

1 31

|M5>A|A23132C = E% ];0 |~7>A]A2|*7(k)>B|Bz|E>C~ (15)

Suppose that,
U R and VBIB2 are chosen as

1 0 01
1 0 1 10
UA1A2=VBIBZ=VT§ 1 0 01 (16)
0 -1 10
Then, we have from Eq. (15)
_ 1
[925)4,,8,,c = -(100000) +]00001) + 001 10) - 00111)

+01010) +[01011) —|01100) + [01101)
—[10010) + [10011) +[10100) + [10101)
+]11000) - [11001) + 11110}

+ |11111>)A1A23132C- (17)

According to definition 2 in Ref. [11], a pure state of A
qubits |¥) is a genulne multiqubit entangled state if Vn

<N, Tr(p]) Tr(pj ]) . Tr(pjz-l’jz,._”jn)$l/2, where
Py Tr—(|\lf><\lf|) 1<ji<jp< - <j,<N
and j, ]2,..., Jjn 1s the complement of the subsystem
JisJaseens ],, For our state (17), calculations

yield Tr(p ) 1/4 for j,e{A,A,,B,B,}, Tr(p)=1/2
for k=C, Tr(p2 J=1/4 for jijre{AAy,AB,,BB,,
B,C,B,C,AB,,A 2C A,C}, Tr(pk k) 172 for  kik,
€{A1B1,A2By}, TT(P] jyi) =114 for Ju2jz €{A1AB),
AsB By, BiB,C, AA,ByAyB,C,AASC, A B, By, A ByC,

Tr(pk koks )=1/2  for  kjkyk; €e{A,B,C,A;B,C}, and
Tr(lejzjm) =1/2  for  jijajajs €{A1A,B,B2,A2B B, C,
AA,B,C,A1A,B,C,A\B\B,C}.  Therefore, our state
|A7I 5>A1 A,B,B,C is authentically a genuine pentaqubit entangled
state. To identify our state we adopt the concept of the gen-
eralized global entanglement E(” and the auxiliary measures

G(n,iy,iy,...,i, ;) defined as [11]
N-1 N-1  N-1
<n>_wE Y x-
CT (V=)
WNV-1)! i1=1 =i+ igmigt]
N-1
X Gmiyis o sin 1), (18)
ir[—l=in—2+1

where all the parameters are natural numbers n<N, 1<,
<ip<-<i,_;<N-1 and iy=0;
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__4 ], 1
Td-1 N=i,,

N=i,_
X 2 Tr(pjj+l|j+12 wJ i, 1) >

j=1

G(n,il,i2, ’in—l)

(19)

where Pj jiy i i, is obtained by tracing out all the sub-
systems {s  but  Su={S;. 8. S,Jr,2 S hd
=min{dim S,,dim S,} with dim S, and dim SA the Hilbert
space dimension of S, and its complement S, respectively.
In summation, the index 7 is for the number of subsystems in
the A partition and the indices iy,i,,...,i,_; are the neigh-
borhood addresses for each of the involved subsystems. The

other well-known genuine pentaqubit entangled states to be
compared with ours are the GHZ state

1
|GHZS>A]AZB|32C = $(|00000> +[1111 1)a,a,8,8,¢
(20)

and the W state

1
|W5>A1AZBIBZC= _§(|1OOOO> +[01000) + [00100) + |00010)
v

+100001))4 4,5 5,c- (21)

The results are shown in Table I. From the table, E(l)

discriminates |[Ms) from |Ws) but identifies it with |GHZ5>.
However, for n>1 all the three considered states are well
distinguished. A transparent fact of belonging to different
classes of genuine entanglement is that the multiqubit GHZ
state, Eq. (20), and W state, Eq. (21), cannot be served as a
quantum channel for CT, but our state can. This fact can be
proved as follows. Let the total entanglement amount
of a (2N+1)-partite state be Eg=32" E("). The computed

n=1
in Table 1 clearly that Eg(|]\_45>)

> Eq(|GHZs)) ,E¢(|Ws)). In general, we have Eg(|May,1))
>Eq(|GHZypi1)) » E(|Wany.1)). Suppose that Alice and

values indicates

Charlie share an entangled state |A7[2N+1>“i"'“,'val"'azvc' of
which qubits aj, ...,ay,ay, ... ,ay belong to Alice and qubit
C’ belongs to Charlie. If the quantum channel

|GHZ2N+1>A1,..ANBI...BNC(|W2N+I>A1---ANBI--~BNC) could be used
for CT of qubits a,,...,ay to qubits By, ...,By, then, as a
result, Alice, Bob, and Charlie would share the entangled

state al By ByC! This would mean that the parties

19N

could increase their shared entanglement amount just by lo-
cal operations and classical communication (LOCC), which
is impossible in quantum information processing. Therefore,

we conclude that neither state |GHZ,y,,) nor |Wyy,;) can

implement CT. This also implies that state |A_42N+1> is both
sufficient and necessary for CT of an arbitrary unknown
N-qubit state. Since ours is the most entangled state among
the three, the multiqubit GHZ and W states cannot be con-
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TABLE 1. Generalized global entanglement Eg') and their associated measures G(n,iy,i,...,i,;) for

three genuine pentaqubit entangled states |GHZs),

W5>, and |A_45>

|GHZs)4 4,8,8,c

|W5>A1A231320 |M5>A1A23132C

EY 1 16/25=0.640 1

EY 2/3=0.667 16/25=0.640 17/18=0.944
G(2,1) 2/3 16/25 1
G(2,2) 2/3 16/25 7/9=0.778
G(2,3)=G(2,4) 2/3 16/25 1

E) 2/3 16/25 11/12=0.917
G(3,1,2)=G(3,1,3)=G(3,1,4) 2/3 16/25 1
G(3,2.,3) 2/3 16/25 5/6=0.833
G(3,2,4) 2/3 16/25 2/3
G(3,3,4) 2/3 16/25 1

EY 2/3 16/25 1
G(4,1,2,3)=G(4,1,2,4)=G(4,1,3,4) 2/3 16/25 1
=G(3,2,3,4)

verted to ours by any LOCC. Yet, the question of whether or
not our state can be converted by LOCC to either GHZ or W
states requires further investigations.

In conclusion, we have explicitly constructed a genuine
(2N+1)-qubit entangled state making use of the controlled
teleportation of any unknown N-qubit state. We have showed
that it is a genuine multiqubit entanglement and compared its
properties with those of the corresponding GHZ and W
states. Our state is not only important as potential candidates
for controlled teleportation, but together with the genuine
2N-qubit entangled states studied in Refs. [7,8] it also pro-
vides a complementary insight into the understanding of
genuine entanglement in systems consisting of both even and
odd numbers of qubits in general. It is also noted that al-
though our state manifests genuine entanglement among qu-
bits, it is not the most general one for any possible kinds of
entanglement among (2N+1) qubits. It was especially con-
structed here for the purpose of controlled teleportation and
in fact it exhibits quantum correlations between three remote
locations of Alice, Bob and Charlie. In this sense, our state
can as well be looked upon as an extended tripartite maxi-
mally entangled state (i.e., pa . a..P5, .8, Pc*]) in an en-
larged Hilbert space of dimension 2V ® 2]\/v ®2.

Finally, it is worth mentioning again that our primary pur-
pose is to explore possible different inequivalent
(2N +1)-partite entangled quantum channels to perform CT
(the same purpose was also pursued in [7,8] for candidates to
perform teleportation exploring 2N-partite entangled quan-
tum channels). Because CT was explored here to define a
multiqubit entangled state, the entanglement content of this
state can be viewed as a resource for CT. Thus, it would be
interesting to show the advantages/disadvantages by using

the genuine multiqubit entangled state |M2N+1>A1"'AN31“'BNC
instead of a tensor product of (N—1) EPR pairs and one GHZ
trio (i.e., the state |M2N+1>A1"'ANB1-~BNC) or of N GHZ trios.
In view of the quantum resource, N GHZ trios are most
expensive since they consume 3N qubits, while
|M2N+1>Al---ANBl---BNC and |M2N+1>A1---ANBI---BNC are  more
economical since only (2N+1) qubits are needed. As far as

CT is concerned, M2N+1>A1'“AN31'“3NC seems to have no su-
perior advantage to |M2N+1>A1'“AN31“‘BNC' In fact, given
|A712N+1)A1...ANBI...B ¢ Alice (Bob) can, in principle,
. 1 .

implement Uy 4 ... AN(VE1 By BN) on the  qubits
A,Ay, -+ AN(B, By, ,By) to convert
|M2N+1>Al---ANBl--~BNC into |M2N+1>A1---ANBI---BNC and then use
Moy Ay---AyB,---ByC O perporm the CT as described in Egs.
(7) and (8). However, since |A712N+1)A1...ANBI...BNC is a genuine
multiqubit entangled state which possesses a richer structure
compared to |M2N+1>A1"‘AN31"'BNC’ it would find more power
in other tasks of quantum networking, i.e., quantum informa-
tion processing and distributed quantum computing involv-
ing many remote parties. In other words, it would not be
excluded that there might exist tasks that cannot be done by
means of |M2N+1>A|"'AN31"'BNC but can be done by means of

|M2N+I>Al~--ANBl-~~BNC-
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