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Twin paradox on the photon sphere
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We consider another version of the twin paradox. The twins move along the same circular free photon path
around the Schwarzschild center. In this case, despite their different velocities, all twins have the same nonzero
acceleration. On the circular photon path, the symmetry between the twins situations is broken not by accel-
eration (as it is in the case of the classic twin paradox), but by the existence of an absolute standard of rest
(timelike Killing vector). The twin with the higher velocity with respect to the standard of rest is younger on
reunion. This closely resembles the case of periodic motions in compact (nontrivial topology) three-
dimensional (3D) space recently considered in the context of the twin paradox by Barrow and Levin [Phys.
Rev. A 63, 044104 (2001)], except that in that paper accelerations of all twins were equal to zero and that, in
the case considered here, the 3D space has trivial topology.
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The resolution of the classical twin paradox is that the
traveling twin must suffer an acceleration since he stops,
turns around, and returns to his never accelerating twin
brother. The physical situation of the twins is therefore not
the same and, indeed, the one who accelerates is younger on
reunion. Barrow and Levin [1], see also [2], discussed a
clever version of the paradox in compact spaces, with the
twins moving with zero acceleration on a closed path. Com-
pactness of the space defines a global standard of rest, and
the twin moving faster with respect to this standard is
younger on reunion. In this Brief Report we consider still
another example of the twin paradox. Twins move with con-
stant velocity along a circular photon path in the Schwarz-
schild spacetime. In this case, as shown by Abramowicz and
Lasota [3], see also [4], they all have the same nonzero ac-
celeration. We will show that the one who moves faster with
respect to the standard of rest (given by the Killing symme-
try of the Schwarzschild spacetime) is younger on reunion.

In Schwarzschild coordinates, the Schwarzschild metric
has the form
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The metric depends neither on the time coordinate 7, nor on
the azimuthal coordinate ¢. It is convenient to invariantly
express these time and azimuthal symmetries in terms of two
Killing vector fields,
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=8, €=6, 7&=0. )
Note that 77=g,=1-rg/r, and §i§,-=gw=—sin29r2. The

unit timelike vector,

N'= ()™, (3)

defines the static observers outside the event horizon r=rg.
They provide the absolute standard of rest in Schwarzschild
spacetime.

Circular orbits r=const on equatorial plane §=/2 have
the only nonzero components U'=dt/ds=A and U®
=dg/ds=AQ). They are invariantly defined by

U'=A(7 +Qg). )
Since U'U;=1, the normalization is 1/A%=7 5+ Q*&¢,.

The velocity with respect to the absolute standard of rest
(static observers) is defined by

Vi=(8,- NNy U* (5)

and the corresponding speed V (or V) is defined by

V2 =-Viv,. (6)
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Note that V=cf and V= cfBy in terms of the Lorentz 8 and
v=(1-%7"2. From the above definitions one calculates
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The quantity R is the “distance from the rotation axis.”
The acceleration on an orbit described by Eq. (4) is

lVi(77k77k) + QPV(£¢)
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a;= UV, U;=- (8)
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and then put the acceleration formula (8) into a form identi-
cal with its Newtonian version,
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From this equation one calculates that for the free (geodesic)
motion, the orbital velocity V2 equals, in the Schwarzschild
spacetime,
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In particular, for r=(3/2)rg it is V=1, which therefore cor-
responds to a free, circular motion of photons. The r
=(3/2)rg circles are called the photon circles, and one also
speaks about the photon sphere.

Abramowicz and Lasota [3] noticed that V;R=0 on the
photon circle, and they deduced from Eq. (10) that on the
photon circle acceleration does not depend on the orbital
velocity: For all steady, nongeodesic, circular motions along
r=(3/2)rg the acceleration takes the universal value (we
give its r component only, as all other components are zero),
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This suggests another version of the twin paradox. At the
time 7=t two identical twins meet. Because they move with
two different, constant, orbital velocities V; and V, along the
same photon circle, they will certainly meet again. Who will
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be younger on reunion at the time r=7y+Ar? Unlike in the
classical version of the twin paradox, but similarly as in the
case of compact space considered by Barrow and Levin [1],
the acceleration a cannot be the answer here, as the two
twins have the same acceleration. In the compact space they
all have a=0, and on the photon circle they have a=a" given
by Eq. (12). Indeed, like in the compact space, the answer is
the velocity, the absolute velocity with respect to the abso-
lute standard of rest: As we shall see, on reunion the twin
who moves faster with respect to the standard of rest is
younger. In the compact space, as explained by Barrow and
Levin, there is no local standard of rest, but there is a global
one. In the case of photon circle, the standard of rest is local,
and given by the Killing symmetry.
The proper time elapsed from separation to reunion is
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From this, one finally deduces
T = 27'2, (14)
4!

which proves the point: The twin who moves faster is
younger on reunion.

The acceleration-free version of the twin paradox has a
long history. We are aware of several papers which discussed
the paradox in a cylindrical Minkowski spacetime [5-7], and
of several papers which discussed the paradox for geodesic
observers orbiting the Sun [8] and the Kerr black hole [9,10].

We acknowledge support from the Polish State Commit-
tee for Scientific Research, through Grants No. 1P03D 012
26, No. 1PD3D 005 30, and No. N203 009 31/1466.

[17J. D. Barrow and J. Levin, Phys. Rev. A 63, 044104 (2001).

[2] B. F. Roukema and S. Bajtlik, e-print astro-ph/0606559.

[3] M. A. Abramowicz and J. P. Lasota, Acta Phys. Pol. B 5, 327
(1974).

[4] M. A. Abramowicz, B. Carter, and J. P. Lasota, Gen. Relativ.
Gravit. 20, 1173 (1988).

[5] P. C. Peters, Am. J. Phys. 51, 791 (1983).
[6] E. A. Olszewski, Am. J. Phys. 51, 919 (1983).
[7] R. J. Low, Eur. J. Phys. 11, 25 (1990).
[8] B. R. Holstein and A. R. Swift, Am. J. Phys. 40, 746 (1972).
[9] F. Markley, Am. J. Phys. 41, 1246 (1973).
[10] D. E. Hall, Am. J. Phys. 44, 1204 (1976).

044101-2



