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Single and triple differential cross sections for double photoionization of H™
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The hydride anion H™ would not be bound in the absence of electron correlation. Since the double-
photoionization process is exquisitely sensitive to electron correlation, one expects electron correlation effects
to leave a strong signature on the double-ionization cross sections for H™. We present fully differential cross
sections for the three-body breakup of H™ by single-photon absorption. The absolute triply and singly differ-
ential cross sections were obtained from ab initio calculations making use of exterior complex scaling within
a discrete-variable-representation partial-wave basis. Results calculated at photon energies of 18 and 30 eV are
compared with reported cross sections for helium calculated at 20 eV above the double-ionization threshold.
These comparisons show a clear signature of initial-state correlations that differentiate the He and H™ cases.
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I. INTRODUCTION

Recent experimental investigations have focused on
double photoionization (DPI) of two-electron atoms [1-7]
and molecules [8—11] as a sensitive probe of the correlated
motion of electrons. The DPI problem is interesting from
both experimental and theoretical viewpoints because the
process by which an atom or molecule absorbs a photon of
sufficient energy to eject two electrons into the continuum
necessarily depends on electron correlation. Since the optical
absorption is described by a sum of one-body dipole opera-
tors, any theoretical approach that treats the electrons in an
independent particle model with orthogonal orbitals will pro-
duce a zero result for the amplitudes connecting the initial
and final states. Such considerations have been previously
addressed using different theoretical approaches for both
atomic [12-25] and molecular [26-30] two-electron targets,
with varying degrees of electron correlation being included
in the initial and/or final states.

In addition to providing a fingerprint of correlated elec-
tronic motion, double-photoionization problems represent an
ambitious theoretical challenge because of the difficulty in
applying the correct boundary conditions when two electrons
enter the continuum. Since the pioneering theoretical work of
the 1960s [31-33] to describe the correct asymptotic form of
the wave function and the accompanying double ejection
amplitude, numerous efforts have been applied to the more
general three-body Coulomb breakup problem, including the
use of ansatz wave functions [12-14], convergent close-
coupling (CCC) methods [15-18], adapted R-matrix tech-
niques [19,20], time-dependent close-coupling (TDCC)
methods [21-23], complex basis functions [24], and finally
the method of exterior complex scaling (ECS) [25,34,35]. In
addition to ensuring that the calculated wave functions main-
tain the proper boundary conditions for three-body breakup,
each method requires a proper means to extract the physi-
cally relevant amplitude associated with the two-electron
outgoing wave to produce cross sections that can be com-
pared with experiment.
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The canonical system for both double-photoionization ex-
perimental investigations and theoretical calculations is the
helium atom. This case represents a three-body Coulomb
problem where electron repulsion represents a significant
contribution to the energetics of the system. Theoretical
treatments of helium DPI also benefit from atomic selection
rules that restrict the overall final state produced from
ground-state 'S helium to 'P symmetry, thereby restricting
the number of coupled angular momentum contributions that
must be considered in any partial wave expansion of the total
wave function.

Analogous to the helium case is double photoionization of
the isoelectronic hydride anion H™. Indeed, from a theoretical
point of view, DPI of H™ is more interesting because of the
greater importance of electron repulsion relative to the Cou-
lomb attraction of the electrons to the nucleus when Z=1.
Thus, the atomic properties of H™ are more sensitive to elec-
tron correlation effects when compared to helium. This can
be most easily demonstrated by simply comparing the results
of a Hartree-Fock calculation of the He and H™ ground-state
energies. Whereas in the case of helium the ground-state cor-
relation energy is a few percent of the exact total energy, the
Hartree-Fock energy of the hydride anion is above that of a
s hydrogen atom and a free electron by 0.33 eV [36,37].
The fact that an independent electron treatment yields in-
creasingly more significant contributions to the exact energy
of atoms as the nuclear charge Z increases indicates that the
electron correlation effects should be most important in the
prototypical case of H™.

Numerous theoretical approaches have been applied to
double photoionization of H™, dating back to a multichannel
J-matrix calculation by Broad and Reinhardt [38]. Since
then, the problem has been treated by model calculations
[39,40], variational methods [41], R-matrix methods [42],
convergent close coupling [43], time-dependent close-
coupling [44], and most recently by wave-packet propaga-
tion [45]. The application of these various methods has
yielded absolute total cross sections for DPI of H™ as well as
ratios of single ionization to double ionization. However, the
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most detailed information concerning angular distributions
and ejected electron energy sharing has yet to be reported. In
this paper, we complete the picture by applying the method
of exterior complex scaling to calculate the two-electron out-
going wave function and the associated scattering amplitudes
in order to report triply differential cross sections (TDCSs)
for H™. We will demonstrate, using our converged calcula-
tions and comparisons between H™ and helium, that a clear
signature of initial-state correlation is revealed in the TDCS
at extreme unequal energy sharing between the ejected pho-
toelectrons, while near equal energy kinematics, the differ-
ences are less prominent.

First, we present a brief overview of exterior complex
scaling and describe its application to a partial wave decom-
position of the outgoing wave function, highlighting the ex-
traction of double-photoionization amplitudes from the cal-
culated solution. In Sec. III we present total cross sections of
DPI of H™ and compare with previously reported calculated
results. This is followed by singly and triply differential
cross sections calculated at 18 and 30 eV photon energies,
with our focus in the discussion being comparison of the
present results with a similar treatment of the helium DPI
case [25].

II. THEORETICAL FRAMEWORK
A. Exterior complex scaling approach

The details of using exterior complex scaling [46,47] in
theoretical treatments of problems involving two or more
continuum electrons have been extensively discussed in a
recent review [35]. The method has been successful in pro-
viding essentially exact results for both electron-impact ion-
ization of atomic hydrogen [34] and double photoionization
of atomic [25] and molecular two-electron targets [27-29].
Here we present the main broad strokes that illustrate how
ECS successfully deals with problems involving more than
one continuum electron.

Exterior complex scaling avoids the difficulties associated
with the explicit asymptotic form of multiparticle ejection
wave functions mentioned above by imposing outgoing wave
boundary conditions through a transformation of the radial
coordinate of the ejected particles,

r, r=Ry,

R0+(V—Ro)€i0, V>R0,

r— (1)
where R defines a radius beyond which the coordinates of
each electron become complex-scaled by a scaling angle 6.
This rotation of r into the complex plane is illustrated in Fig.
1, where the radial coordinate before R, corresponds to
physical values. As previously discussed [35], this transfor-
mation avoids the difficulties associated with explicitly im-
posing proper boundary conditions by causing solutions with
purely outgoing waves to decay exponentially along the
complex-scaled contour. This is demonstrated in the lower
panel of Fig. 1, which shows the exponential damping effect
of complex scaling beyond Ry;=20 on the one-dimensional
outgoing wave function for a model problem [48]. Because
of the sharp rotation of the radial coordinate into the com-
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FIG. 1. (Color online) Exterior complex scaling in a single ra-
dial dimension. (a) ECS contour in the complex plane, demonstrat-
ing the rotation of the radial coordinate beyond R into the upper
half complex plane by angle 6. (b) Real (solid line) and imaginary
(dashed line) components of an outgoing wave solution (in arbitrary
units) for a model problem [48] along the ECS contour. The oscil-
latory nature of the outgoing waves is exponentially damped by the
coordinate transformation beyond R. Inside R, the outgoing wave
is the physical solution. The radial coordinate r is plotted in atomic
units.

plex plane at R, the wavefunction itself develops a discon-
tinuous first derivative across this turning point. Several
adapted techniques for describing the radial coordinate, in-
cluding the use of finite elements [34], B splines [48], and
the discrete-variable representation [49], have been em-
ployed to address the issues associated with exterior complex
scaling. It is important to note that inside R, the wave func-
tion corresponds to the physical solution, thus allowing the
calculation of amplitudes associated with processes involv-
ing electron ejection, provided that the purely real part of the
grid is large enough to allow the wave function to reach its
asymptotic form. We briefly summarize the extraction of rel-
evant DPI amplitudes calculated within the ECS framework
in the following section.

B. Formulation of the atomic double-photoionization problem

The double photoionization of a target atom by one pho-
ton is described by treating the absorbed radiation as a per-
turbation, yielding the so-called first-order driven
Schrodinger equation (in atomic units, here used through-
out),

(Eg+o-H)|V) =€ pu[¥)= (di + i)|‘I'0>, (2)

21 de
where W7, is the purely outgoing wave function which in-
cludes double photoionization, W, is the initial bound state
of the target H™ atom with energy E, € is the polarization
direction of the photon defining the z axis of the laboratory
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frame, and u is the dipole operator, shown in Eq. (2) in the
velocity gauge. With this choice of orientation, the final state
for one-photon absorption from a 'S atom has the symmetry
'P,. Thus, the selection rules associated with a dipole-
allowed transition significantly reduce the number of angular
momentum channels that must be considered, restricting the
final state to include only L=1,M =0 contributions.

The atomic double-photoionization amplitude f(k;,k,)
associated with W, in an ECS approach has been shown to
be given, up to an irrelevant overall phase, by an integral
over a finite volume within R, [50,51],

f(ky,ky) = (DS (k1) D) (k1) |[E - T— Vi [WE), (3)

where E is the total energy, T is the two-electron kinetic
energy operator, and V; is the sum of all atomic nuclear
attraction potentials,

V1=—Z/r1—Z/r2. (4)

The distorted wave “testing functions” CD(Z_)(kl ,r) in Eq. (3)
are momentum-normalized atomic Coulomb functions with
charges Z equal to the charge of the nuclear potential in V; of
Eq. (4), which is Z=1 in the case of H™. With that choice of
effective nuclear charge on the testing functions, the finite-
volume amplitude integral above projects out single-
ionization contamination from the double-ionization channel
by orthogonality of the Coulomb functions to the residual
bound one-electron atom [35]. This choice for Z is in con-
trast to the usual “Peterkop condition” [33],

zZ zZ 1 1 1

+—=—+—- ,
ki ky ko ko K=k

(5)

which is formally adopted to eliminate an overall volume-
dependent phase. This phase, however, has been shown to
have no effect on the calculated cross sections [52]. It must
be stressed that the final state in Eq. (3) is not given by a
product of Coulomb functions but is contained in the outgo-
ing wave W ; the Coulomb functions serve to extract the
double-ionization amplitude from all other energetically al-
lowed processes (e.g., single-ionization channels) contained
in the exact solution.

The six-dimensional finite-volume integral of Eq. (3) also
leads to a further computational simplification by application
of Green’s theorem, thus allowing the amplitude to be com-
puted as a surface integral. This allows the amplitude to be
evaluated by considering only the asymptotic form of the
scattered wave. The five-dimensional surface integral evalu-
ated in hyperspherical coordinates is given by

™2 sina cos’a
f(kl,kz) = dQ] sz dp da#
0

xq)(z_)(kbl'l)*q)(z_)(kz,rz)*

J E]
X (a—c%p—po) - éTp—po)—)‘I’Ic(rl,rz),
p dp

(6)

where the arrows above the partial derivatives indicate the
direction in which they operate and the & functions enforce
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the evaluation of the amplitude along the hypersphere de-
fined by p= V’r%+r§. The hyperangle « is defined by tan a
=r,/ry, while {}; and (), are the spherical polar angular co-
ordinates of electrons 1 and 2, respectively.

The triply differential cross section describing the angular
distributions of both ejected electrons and the energy sharing
between them is given by

AT kP ™
dEldQIdQZ— wC 12 e

C. Partial wave decomposition of ‘If;'c and the double-
photoionization amplitude

Following the prescription for practical calculation of the
double-photoionization amplitude utilized for both atomic
helium [25] and molecular hydrogen [29], we seek to decom-
pose the full scattered wave into angular components on a
radial grid in order to implement exterior complex scaling.
Thus, the scattered wave function that solves Eq. (2) is ex-
panded as

1 . .
q,:c = 2 2 o (/fllml,lzmz(rler)Yllml(rl)lemz(rZ)’ (8)
Iymy Lymy "172

where, unlike our earlier helium treatment, we have not ex-
plicitly partitioned the sum into direct and exchange compo-
nents, but have instead summed over angular configurations
(i.e., Im pairs) of the individual electrons. This sum, of
course, is over /m-pair configurations that give an overall L
=1, M =0 state required by photoabsorption selection rules.
The two-dimensional radial function . 1,m,(r1,7) multi-
plying the product of spherical harmonics is represented in a
product basis of one-dimensional (1D) finite-element-method
(FEM) discrete-variable representation (DVR) functions,
similar to the approach used in molecular hydrogen DPI ref-
erenced above. For overall singlet symmetry, the radial func-
tions, under exchange of the coordinates of the two electrons,
have the property

W1y gy (11572) = Wy 1 (r2,71) - ©)

The FEM DVR radial basis is an attractive choice because of
the computational efficiency gained as well as the natural
complementarity for implementing exterior complex scaling
[49].

The Coulomb functions in Eq. (3) are similarly expanded
in partial waves,

2\12 _ ilp=im A
q><2-><k,r>=(7—7) > HUNY,(D)Y;,(K), (10)

I,m k r

where qﬁgck) (r) is a radial Coulomb function with asymptotic
form

G (r) — sin[kr + (ZIk)In 2kr — l7/2 + (k)] (11)
as r—, and 7, represents the Coulomb phase
k) =arg I'(I + 1 - iZ/k), (12)

with Z equal to the nuclear charge in the one-body potentials
of Eq. (4). Here Z=1 for H™.
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By substituting the partial wave expansions of the full
scattered solution W, [Eq. (8)] and the product of testing
functions dD( (k,r) [Eq (10)] into the expression for the full
amplitude [Eq (6)] and integrating over the angular coordi-
nates d(),d(), of both electrons, we arrive at an expression
connecting the partial waves of W7 with the product of Cou-
lomb waves,

Sk, ky) =

E 2 ( )—(11+12 lﬂzl(kl)"'i’?lz(kz)
a

Lymy L,my
X [ﬂl,lz,ml,mz(kth)Yllml(kl)lemz(kZ)L
(13)

due to the orthogonality of the spherical harmonics. The sum
is once again constrained to include only angular momentum
pairs for which M =m;+m,=0. Using the standard theory of
rearrangement scattering, combined with a two-potential for-
malism, we can express the partial wave amplitudes
Fi,1,my.my\k1,ky) appearing in Eq. (13) as [35]

Fiybym,, mz(kl’k2) <¢1 Ky 1)¢12k2 (r)|E~h,

k ky
= hy| 'Mlm,,lzmz(ﬁ,rz»

ka d”ld”2¢(c) (71)¢§;)k2(’"2)

XA(E=hy=h2) P m, 1my(r1.12), (14)
where i, and h, are one-electron radial Hamiltonians,

1 d2 11+1 4
hi: ( B )—_. (15)
2dr 2r; T

l

As before, the radial volume integral can be simplified by
application of Green’s theorem,

(1%, (r)) B (rIE =y = Bl 1, (r172))

/2

=%f (‘751 (V1)¢12k2(i’2) lﬂzlmllsz(rl,rz)
0

da,

P=Pgy

& C C
- 'r//llml,lzmz(rl ’ Vz)a_p ¢§1,)k1(’"l ) 4’;2,)1(2(’”2))

(16)

where p, defines the hypersphere where the partial wave am-
plitudes are calculated, usually just inside the ECS turning
point Ry,

D. Cross section evaluation from reduced amplitudes

The partial wave amplitudes evaluated using Eqs. (14)
and (16) are then returned to Eq. (13) to construct the full
double-photoionization amplitude f(k;,k,). The TDCS can
then be calculated by Eq. (7).

The singly differential cross section (SDCS), describing
the energy sharing between the two ejected electrons, is
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FIG. 2. (Color online) Convergence tests for the H TDCS,
calculated at 18 eV photon energy with the first electron direction
fixed at ,=40° and carrying 80% of the excess energy. (a) TDCS
results calculated in both length and velocity gauges. (b) Conver-
gence of velocity-gauge results as more partial wave terms are in-
cluded. (c) Convergence with respect to the radial grid, varying the
extent of the complex scaling point R, (d) Convergence of the
TDCS with different hyperspherical radii p for evaluation of the
finite-volume amplitude calculations. Cross sections in units of ki-
lobarns (kb) per eV per steradian (sr). 1 kb=10"2! cm?. R,, in units
of ay. 1ag=0.529 X 1078 cm

given by integrating the TDCS over all angles dQ,d(), of
electrons 1 and 2. Because of the orthonormality of the
spherical harmonics, cross terms between reduced ampli-
tudes for different angular configurations disappear; thus the
SDCS is simply given by

do i, 2]

dE = E 2 |-7:ll,12,ml,mz(kl’k2)|2' (17)
1

T/ lymy Ly

The total cross section for double photoionization is then
given by integrating the SDCS over the energy sharing
range,

Edo
o= | —dE, (18)
o dE;

although the SDCS is sometimes defined to give the total
cross section by integration over half the energy range. Be-
cause the SDCS is symmetric about E/2, this simply rede-
fines the SDCS as

da do
-, (19)
dE, . dE,
thus also making the total DPI cross section
E 4=
o= —dE;. (20)
o dE

For consistency with our published SDCS results for helium,
we have adopted the convention of Eq. (20) in this work.
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III. CALCULATED CROSS SECTIONS FOR DOUBLE
PHOTOIONIZATION OF H-

In order to solve the driven Schrodinger equation [Eq. (2)]
for the scattered wave, we must first describe the fully cor-
related ground state W, in our FEM DVR basis. This was
accomplished by solving for the lowest eigenstate of the H™
Hamiltonian described on a grid with 15 Lobatto quadrature
points within each of three finite elements chosen at r
=5.0ay, r=10.0a,, and r=20.0a,. Such a large radial grid is
required to describe the especially long exponential tail of
the H™ ground-state wave function. In addition, up to /=4
was used to describe the 'S state, yielding a ground state
energy of —0.527 68 hartrees. The exact ground-state energy
of H™ is =0.527 75 a.u. [53], indicating that electron correla-
tion is well accounted for in our ground-state wave-function
expansion.

A. Convergence tests

The final-state 'P continuum of W, from which the fol-
lowing cross sections were calculated was expanded accord-
ing to Eq. (8) on a radial grid with 15th-order DVR points in

04

W
\‘\‘\)\‘\‘\\ ",/,’” , \
LA\

FIG. 3. Real component of two partial waves,
labeled by the angular momentum of each elec-
tron (I;,m,,l,,m,), contributing to the full scat-
tered wave function. The upper panel corresponds
to the angular contribution (1,0,2,0). The lower
panel shows the partial wave for (4,3,5,-3).
Peaks along the r; or r, axis correspond to am-
plitude in single-ionization channels. r; are r,
and in units of bohr. 1 bohr=0.529 X 1078 cm.

several finite elements with an ECS turning point at R,
=100 bohrs. This large grid size is more consistent with
those used in atomic hydrogen electron-impact ionization
problems. It follows that a larger grid is required to fully
capture the dynamics involved in DPI when the nuclear at-
traction potential diminishes in magnitude in going from Z
=2 to Z=1. This observation was discussed in the B-spline
treatment of DPI from helium [25] and in the FEM DVR
calculation of molecular hydrogen DPI [29], where smaller
radial grids were sufficient to produce converged results.
Figure 2 demonstrates the convergence of the calculated
results with respect to several parameters. The triply differ-
ential cross sections were calculated for an 18 eV photon
with the fixed electron leaving at an angle ¢;,=40° and with
80% of the available excess energy. Unless otherwise stated,
the TDCSs are plotted for “coplanar geometry,” where the
polarization vector and the photoelectron momenta all lie in
the same plane. A comparison of the cross sections calcu-
lated in the length and velocity gauges is shown in Fig. 2(a).
The differences between calculations taken in the length and
velocity gauges are graphically indistinguishable in these
TDCS plots. Therefore the other TDCS results in Fig. 2 and
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in the examples throughout this work, unless otherwise
stated, are shown only in the velocity gauge.

Figure 2(b) demonstrates the convergence of the calcu-
lated results with increasing numbers of partial waves. The
results shown were computed using a value of /=4 for the
initial state W, and the various maximum / values shown to
describe the final state W7,. Increasing the number of partial
waves in the initial state to /=5 showed no changes from
these results, indicating an accurate description of the ground
state wave function was used. The general trend of the
TDCSs is given by the /=4 results, with the most significant
change occurring by including up to /=6 partial waves. The
results for maximum /=8 and 10 are nearly identical, indi-
cating that inclusion of partial waves of up to /=8 yields
converged results.

It should be noted that the number of partial waves nec-
essary to give converged results for H™ is significantly larger
than the maximum value of / used to treat double photoion-
ization in helium [25]. The electron-electron repulsion term
1/|r;=r,|, which is treated by a multipole expansion, is more
dominant for H™ than for any other two-electron atom. Thus,
the accuracy of the computed results depends more sensi-
tively on the number of partial waves taken for H™ compared
to helium, requiring higher-/ terms to converge the calcula-
tion as electron repulsion becomes more significant.

In addition to the angular decomposition, converged re-
sults must be robust with respect to the radial component
parameters. The variation of the computed TDCS with radial
grid extent is shown in Fig. 2(c). The exterior complex scal-
ing point R, was placed at 90, 100, and 110 bohrs. The re-
sults are insensitive to this change, further indicating that our
radial basis is essentially complete and that the calculation is
converged.

Finally, to ensure that the radial grid is sufficient to extract
accurate double-photoionization amplitudes by means of the
finite volume integral of Eq. (3), Fig. 2(d) shows TDCS re-
sults calculated at different extraction radii p just before the
ECS turning point Ry=100a,. The physically meaningful
DPI amplitude should be insensitive to the finite volume
used to extract it from the outgoing scattered wave, provided
that such a finite volume is large enough to fully account for
the dynamics of the problem. Figure 2(d) illustrates that that
is the case.

With these issues of convergence now resolved, we now
examine the components of the outgoing scattered wave that
make up the full solution. Such an exercise reveals interest-
ing aspects about the partial wave contributions to double
photoionization as well as the competing single photoejec-
tion process. Figure 3 displays the real part of two contrib-
uting partial waves of the full solution W}, along the real
radial grid. The upper panel shows Re(;,,,, 1,,) for a low-
angular-momentum pair /y=1,m;=0,l,=2,m,=0. The con-
tributions of this partial wave to single ionization are evi-
denced by the large peaks near the r, axis where r; is small.
The relative magnitude of the higher-angular-momentum
partial wave shown in the lower panel is much smaller, but
displays a significant contribution to the double-
photoionization channel. By contrast, the relative contribu-
tion of this higher-angular-momentum component to single
ionization or excitation ionization is evidently very small.
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FIG. 4. (Color online) Total double-photoionization cross sec-
tion of H™ at various energies. The solid and dashed curves corre-
spond to the present results calculated in the length and velocity
gauges, respectively. Circles correspond to results calculated
through wave-packet propagation by Foumouo ef al. [45]. Squares
correspond to results reported by Pindzola and Robicheaux calcu-
lated using TDCC methods [44]. Dotted curve corresponds to re-
sults in the velocity gauge reported by Kheifets and Bray calculated
using CCC methods [43]. Cross sections in units of megabars (Mb).
1 Mb=10""8 cm?.

The significance of the high-partial-wave components con-
firms the importance of electron correlation in describing the
double-photoionization process.

B. Total double-photoionization cross section

Previously published theoretical calculations treating
double photoionization of H™ have only presented total DPI
cross sections. To compare with some of these results, we
calculated the total DPI cross section at several energies ac-
cording to Eq. (20). The results are presented in Fig. 4. The
results calculated in both the length and velocity gauges are
nearly identical and agree well with the results calculated by
wave-packet propagation [45], by time-dependent close cou-
pling [44], and by convergent close coupling in the velocity
gauge [43] (circles, squares, and diamonds in Fig. 4, respec-

10

ol 1.

L L ‘
30 40
photon energy (eV)

—-
L L L L L
[ ]
(=}
w
(=

FIG. 5. (Color online) Ratio of double to single ionization cross
sections of H™ as a function of photon energy. Solid curve, present
results calculated in the velocity gauge; broken curve, results of
Ref. [42]; diamonds, results of Ref. [44].
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FIG. 6. Single differential cross section for DPI of H™ at two
photon energies 18 (solid curve) and 30 eV (dashed curve), plotted
as a function of the fractional energy carried by one electron. The
product of half the area under each curve and the excess energy
above the double-ionization threshold yields the integral DPI cross
section.

tively). In addition, we calculated the ratio of single to
double photoionization; the results are shown in Fig. 5. The
single-ionization cross sections were obtained by subtracting
the calculated total DPI cross section from the total photoab-
sorbtion cross section obtained from the optical theorem. Our
calculated single to double photoionization ratios are in good
agreement with the velocity gauge results of Kheifets and
Bray [43] (not shown) and Pindzola and Robicheaux [44].
Below 25 eV, they are somewhat higher than the results of
Meyer et al. [42].

Some interesting things to note about the DPI cross sec-
tion of H™ include its rather large magnitude compared to
that of helium, consistent with its small, correlation-induced
binding energy. The double to single photoionization cross
section ratio peaks at ~3.7% for helium, while for H™ the
peak ratio is substantially larger, near 10%. In addition, the
location of the maximum for H™ is only a few eV above its
threshold, whereas the maximum total cross section for he-
lium lies ~20 eV above the DPI threshold. However, the

5
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ratios of excess energy to the double-ionization potential at
these maxima are nearly the same.

C. Single differential cross sections at 18 and 30 eV

The single differential cross section results for photon en-
ergies 18 and 30 eV are shown in Fig. 6. At w=18 eV, rep-
resenting the maximum integral DPI cross section, the SDCS
for H™ is two orders of magnitude larger than the size of the
largest SDCS for helium, and quickly diminishes in magni-
tude as the photon energy is increased. The general variation
of the SDCS as the energy shared between the electrons
changes, however, appears like those exhibited in helium and
molecular hydrogen. In all these cases, the SDCSs feature a
similar trend as shown in Fig. 6, with a relatively flat curve
that increases by only a few percent as the energy sharing
becomes more unequal.

D. Triple differential cross sections at 18 and 30 eV

The most detailed information that can be observed in a
double-photoionization experiment is the triple differential
cross section. We begin by considering the variation of the
cross section with energy sharing. Figure 7 shows computed
TDCS results for an 18 eV photon (3.64 eV above threshold)
with 6,=0°, i.e.,, with the first electron ejected along the
polarization axis. The panels feature cases of energy shar-
ings, from top to bottom, of 15%, 35%, 50%, 65%, and 85%
for the first electron. Included in Fig. 7 are the corresponding
TDCS results for DPI of helium calculated at peak energy (
20 eV above threshold). The magnitude of helium cross sec-
tions has been scaled by a factor of 100. As the energy shar-
ing is varied from the equal-sharing case, the cross section
increases toward the direction opposite the first electron,
similar to the case for helium. However, the H™ case shows a
much more rapid approach to the opposite direction of ejec-
tion at less unequal energy sharings than does helium. The
general shape of TDCS for helium at 15% and 85% energy
sharing thus agree more with the TDCS corresponding to

25

0

1

W

FIG. 7. (Color online) TDCS for double
photoionization of H™ with a photon 3.64 eV
above threshold (solid line) and of helium with a

photon 20 eV above threshold (dashed line), with

f=]

6, fixed at 0°, at various energy sharings. The
energy of the fixed electron (E;) corresponds to
energy sharings of 15%, 35%, 50%, 65%, and

85%, top to bottom panels, respectively. Selec-

TDCS (kb eV st”)

f=]

tion rules [13] prevent the second electron from
exiting opposite the first in the center panel. As
the symmetry is broken, this quickly becomes the

NS U = Lo W = Lo

preferred direction. The results for helium are

N
n

scaled by a factor of 100.

042715-7



YIP et al. PHYSICAL REVIEW A 75, 042715 (2007)
2
"1 ]
L _
()
o 1 4
f/ —
8 ]
2 0.5 | FIG. 8. (Color online) TDCS of H~ for a pho-
/ ton 3.64 eV above threshold (solid curve) with
0 — ious fixed first el les 6, and equal
9 30 130 various fixed first electron angles #; and equa
energy sharing. The dashed curves are similar
8 | | cases involving DPI of helium at 20 eV above
o | | threshold, scaled by a factor of 100. Selection
6 | | rules cause the cross section to disappear oppo-
2 ] ] site 6.
24 - |
0 B B
O
a2 = =
N ] \ \ A
‘ IS/ N VA R N ! 1
-180 -90 0 90 180  -180 -90 0 90 180
0, (deg) 0, (deg)

35%and 65% energy sharings, respectively, in the case of
H™. In addition, the more extreme unequal-energy-sharing
cases for H™ show a larger variation in the magnitude of the
cross sections relative to equal energy sharing than does the
helium case.

Figure 8 shows H™ TDCS results for various equal-
energy-sharing orientations at 18 eV photon energy. In gen-
eral, the peaks are narrower for H™ when compared to similar
cases of DPI of helium at 20 eV above threshold, also shown
in Fig. 8, but the overall trends within each panel and varia-
tion as the orientation of the first outgoing electron changes
are similar to those of helium. The locations of the peaks in
0, are slightly further away from the fixed ejected electron’s
direction in H™ compared to the corresponding peak angles
found in helium. This seems reasonable given the more sig-

nificant contribution of electron repulsion in H™ than in he-
lium. Again, the magnitude of the TDCS variation changes
more dramatically for H™ than for helium as the first electron
orientation is varied. The TDCS relative magnitude changes
are two to three times larger in H™ than the variations ob-
served for helium. Similarly evident from the panels in Fig.
8, as in the helium case, is the selection rule that prevents the
two electrons from exiting in opposite directions at equal
energy sharing [13].

Figure 9 displays TDCS results for a fixed electron at 6,
=30° at various energy sharings for both H™ and helium at
peak double-photoionization energies. Again, similar trends
exist between these examples for H™ and helium as the en-
ergy sharing is varied, the most pronounced differences be-
tween the two cases occurring when one electron moves

FIG. 9. (Color online) H~
double-photoionization TDCS for

a photon 3.64 eV above threshold

(solid curve) with fixed first elec-
tron angle 6;=30° at various en-
ergy sharings. Also shown are cor-
responding TDCS results for DPI
of helium at 20 eV above thresh-
old (dashed curve) scaled by a

factor of 100. The panels corre-

~ ]
<6 6,=30" I |
G E, =0.18eV E, =0.55eV E =091eV
>4 . -
o
el
= - 2 -
g2
. f /
0 A SV | B R
— ‘ T T ‘ T T ‘ ‘ T ‘ T ‘ T T ‘ T T ‘
‘T‘: _ | 4+ —
- E, =127eV E =182V E =237eV
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Lol
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spond to 5%, 15%, 25%, 35%,
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available energy carried by the
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away much faster than the other. The angles of the maximum
cross section for H™ again vary further away from the first
electron compared to helium as mentioned above.

The TDCS results for different orientations (6,=60° and
90°) with unequal energy sharing (E;=15% and 85% of
3.64 eV above threshold) are shown in Fig. 10. The general
features of the cross sections appear similar to the corre-
sponding cases for helium DPI at peak photon energy, shown
as the dashed line in Fig. 10.

To better visualize the double ionization beyond the co-
planar geometry, i.e., with both electrons exiting in the same
plane as the polarization, three-dimensional TDCS results of
DPI from H™ at 3.64 eV above threshold are shown in the
upper panel of Fig. 11. The lower panel displays a corre-
sponding TDCS calculated for helium DPI by a photon with
20 eV above threshold energy. The first electron in both
cases is fixed at #;=30° with equal energy sharing. Again,
the selection rule preventing the second electron from being
ejected opposite €, is demonstrated, causing a flattening out
of the larger lobe near 6#,=210°. More prominent than in the
helium case is the small lobe near 6,=180°. The case of
unequal energy sharing is illustrated in the two panels of Fig.
12, where the upper panel displays the H™ three-dimensional
TDCS with the first electron carrying away 15% of the avail-
able energy and the lower panel displays similar results cal-
culated for helium. The nonapplicability of the equal-energy-
sharing selection rule is most apparent for both cases. The
lengths of the arrows for the H™ results shown in the upper
panels of Figs. 11 and 12 correspond to 1600b eV~!sr7!,
while for the helium cases of the lower panels the arrow
lengths correspond to 20 b eV~! sr™!. The H™ cross sections
of Figs. 11 and 12 exhibit a magnitude several orders larger
than for helium, but perhaps most striking is the orientation
of the larger lobe away from the xy plane for H™. The helium
case shows a preferred ejection into the xy plane away from
the first electron. The different orientation of the major lobes
for H™ and helium is illustrated more dramatically in three
dimensions.

One of the influences on the features of the triple differ-
ential cross sections is the energy above threshold available

180

ity
o7/
Y/

\

FIG. 11. (Color online) Three-dimensional TDCS results for
DPI of H™ with a photon 3.64 eV above threshold (upper panel) and
for helium with a photon 20 eV above threshold (lower panel) with
equal energy sharing and the first electron ejected in a direction
fixed at #;=30" (shown as dashed arrow) from the polarization di-
rection (solid arrow). The direction of the larger lobe is further
away from the fixed direction #; in H™ than is observed for helium.
The arrow lengths of the H™ panel are 80 times larger than those
shown in the lower panel for helium.
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FIG. 12. (Color online) Three-dimensional TDCS results for
DPI of H™ involving a photon 3.64 eV above threshold (upper
panel) and for helium with a photon 20 eV above threshold (lower
panel) with 15% energy sharing carried by the first electron into the
fixed direction #;=30" (shown as dashed arrow) from the polariza-
tion direction (solid arrow). The breakdown of the selection rule
manifest in Fig. 11 is apparent. The arrow lengths of the H™ panel
are 80 times larger than those shown in the lower panel for helium.
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to both electrons. Foster and Colgan [54] report calculated
TDCS results that show comparable angular features for
cases in which the ratio of excess energy available to the
ejected electrons to the corresponding double-ionization po-
tential is similar for two-electron atoms with Z=2. The cross
sections calculated above for H™ have been calculated at an
energy where the total DPI cross section is maximal, lying at
an energy close to the double-ionization threshold. Because
the general features may be strongly influenced by threshold
effects, we now consider the TDCS results calculated for
double photoionization with a photon of 30 eV, 15.64 eV
above the H™ double-ionization threshold. This photon en-
ergy corresponds to total ejection energies closer to those for
which TDCS results for helium have been measured experi-
mentally and theoretically calculated.

Figure 13 shows TDCSs calculated for H™ at 30 eV pho-
ton energy with equal energy sharing at various ejected elec-
tron angles. Comparing these results and those calculated for
H™ at 18 eV (Fig. 8) with results calculated at 20 eV above
threshold for helium (shown as the dashed line in Fig. 13)
demonstrates that there are more similarities between H™ and
helium at more comparable above-threshold energies for
equal energy sharing. The results of Fig. 13 demonstrate that
the cross section peaks as a function of 6, at angles more
similar to helium at this higher photon energy. Furthermore,
the relative magnitude of the cross section features both
within each panel and among the different angles for 6, are
closer to those exhibited in helium than the nearer-to-
threshold case shown in Fig. 8.

The case of unequal energy sharing at 30 eV photon en-
ergy and fixed angle for one ejected electron is illustrated in
Fig. 14. The results in general show as much variation as
those in Fig. 9 when compared to helium DPI at 20 eV above
threshold. Consistent with the results mentioned above, bet-
ter agreement between the general shape and relative peak
heights compared to helium occurs for the 30 eV photon
near equal energy sharing. The larger differences occur at
more severe energy sharings.

Figure 15 highlights the changes that occur as the elec-
trons have more available kinetic energy when the photon
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~ 6,=0 1T 6, =30" 1
5 015 - 03 —
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= | \ ), ] | \ | FIG. 13. (Color online) TDCS for double
ol NSy L L2 0 LN [ photoionization of H™ (solid curve) involving a
-180 90 0 90 180 -180  -90 0 90 180 30 eV photon (15.64 eV above threshold) at vari-
0.4 0.4 ‘ ‘ — ous fixed first electron angles ¢; and equal energy
- r 0 =90° 1 sharing. Also reproduced are the corresponding
" 03 03+ ! — helium results (dashed curve) shown in Fig. 8,
s o 1 now scaled by a factor of 10.
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energy is changed from 18 to 30 eV. The TDCS results cal-
culated for various geometries and energy sharings at 30 eV
scaled by a factor of 16 (solid curve) are shown along with
the results calculated with an 18 eV photon from Fig. 10
(dashed curve). Also shown are the corresponding helium
TDCS results calculated at photon energy 20 eV above the
DPI threshold (dash-dotted curve). The overall trends are
similar, but with the H™ cross section maxima located at
angles closer to those in helium for the 30 eV photon.
Finally, to compare with Figs. 11 and 12 we present in
Fig. 16 a three-dimensional view of the TDCS calculated at
30 eV photon energy with 6, fixed at 30°. The top left panel
shows the case of equal energy sharing for H™, followed by
the corresponding helium case at photon energy 20 eV above
threshold shown in the top right panel. The overall shape of

oo

the cross section and orientation along the xy plane is more
similar to the results for DPI of helium than was the case for
H™ shown in Fig. 11 involving an 18 eV photon. The smaller
lobe opposite the larger one about the selection-rule-
prohibited direction in Fig. 11 is more suppressed in the
more comparable excess energy case of Fig. 16. The bottom
left panel displays the case where the first electron carries
away 15% of the 15.64 eV above threshold energy. In this
case the cross section becomes significant in the lobe outside
the xy plane. Here, the TDCS for H™ is significantly less like
the unequal-energy-sharing case of helium, reproduced in the
bottom right panel, as demonstrated in the extreme energy-
sharing cases shown in Fig.14. The scale of the H™ cross
sections in Fig. 16 is ten times smaller than the H- TDCS
displayed in Figs. 11 and 12.

+~ =)}

TDCS (kbeV ™' sr”)
[\)

oo

FIG. 15. (Color online) TDCS for double
photoionization of H™ involving a 30 eV photon
(solid curve) and an 18 eV photon (dashed curve)
and for DPI of helium involving a 99eV photon
(dash-dotted curve) with fixed first electron
angles 0, =60 (first column) and 90° (second col-

=)}

A~

(3]

TDCS (kbeV ' sr7)

umn) and at energy sharings of 15% (first row)
and 85% (second row) available energy carried
by the first electron. The solid curve results have
been scaled by a factor of 16 while the helium
results have been scaled by a factor of 200.
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FIG. 16. (Color online) Top left panel: Three-dimensional H~ TDCS results for a 30 eV photon with equal energy sharing. Top right
panel: Corresponding case for helium at 99 eV photon energy. Bottom left panel: H™ TDCS with 15% energy sharing. Bottom right panel:
Unequal-energy-sharing results for helium DPI. The direction of the first ejected electron is fixed at 6;=30° (shown as dashed arrow) from
the polarization direction (solid arrow). The scale of the arrow lengths for the helium panels is the same as those for helium results depicted
in Figs. 11 and 12, while the scale of the H™ panels is eight times greater than the helium examples depicted.

IV. CONCLUSIONS

The triple differential cross sections, representing the
most detailed information measurable for atomic double-
photoionization processes, have been presented for the H™
negative ion, along with SDCS and total cross section re-
sults. The H™ system presents a challenging case to treat
theoretically because of the significant contribution of elec-
tron correlation to the overall dynamics, more so than for any
other atomic three-body problem.

Results calculated for H™ show general trends similar to
those theoretically calculated and experimentally observed in
helium double photoionization, where nuclear attraction is
comparatively more dominant. Significant differences be-
tween these two atomic cases however exist, most notably in
the results presented at 18 eV where the total cross section is
maximal. The location of this maximum near the H™ double-
ionization threshold produces effects different from those ob-
served for DPI of helium at its maximum total cross section
20 eV above threshold. When the photon energy is increased
to 30 eV to provide more comparable ejection energies

above threshold, the differences between the H™ and helium
TDCS results appear less severe. This trend is more the case
for equal energy sharing, with significant differences remain-
ing in the extremely unequal-energy-sharing cases. These ex-
tremes with one electron moving much more slowly than the
other would appear to be more sensitive to electron correla-
tion effects in H™ than in helium, where nuclear attraction is
more significant. For extreme asymmetric energy sharing,
one expects postcollision interaction effects to be relatively
less important, so it is not surprising that these cases reflect
the significant differences in initial-state correlation between
H™ and helium.
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