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We use perturbation theory to directly calculate the van der Waals and dipole-dipole energy shifts of pairs of
interacting Rb Rydberg atoms for different quantum numbers n, �, j, and mj, taking into account a large
number of perturbing states. Our results can be used to identify good experimental parameters and illuminate
important considerations for applications of the “Rydberg-excitation blockade.” We also use the results of the
calculation to explain features of previous experimental data on the Rydberg-excitation blockade. To explore
control methods for the blockade, we discuss energy shifts due to atom-atom interaction in an external electric
field.
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I. INTRODUCTION

Due to their large sizes and polarizabilities, Rydberg at-
oms excited from ensembles of laser-cooled ground state at-
oms interact strongly via resonant dipole-dipole or off-
resonant van der Waals interactions. These interactions can
lead to a number of interesting collisional effects including
state mixing �1,2�, the formation of ultracold plasmas �3–5�,
and the conversion of internal energy to center-of-mass en-
ergy �6,7�. For relatively low densities and short interaction
times, however, a window of experimental parameters exists
in which these incoherent processes are sufficiently sup-
pressed so that fragile, coherent dynamics is observable. A
coherent phenomenon that has recently attracted attention is
the so-called “Rydberg-excitation blockade,” or “Rydberg
blockade.” If a small atomic sample is uniformly excited into
Rydberg levels, collective states are created in which Ryd-
berg excitations are coherently shared among all atoms. For
example, the first excited state of an N-atom ensemble is
�N ,1�= �1/�N��i=1

N �g1 ,g2 , . . . ,ri , . . . ,gN�, where the sub-
scripts are the atom labels and �g� and �r� denote an atom in
the ground state and the Rydberg state, respectively. The en-
ergy levels of the system deviate from an equally spaced
ladder of energies because of coherent interactions between
Rydberg atoms. This is schematically represented in Fig. 1.
The energy of the second excited state, �N ,2�, is shifted by
the interaction energy, VInt, from its interaction-free value. If
the laser is tuned to the lowest transition in the system
�N ,0�→ �N ,1� and has a frequency bandwidth less than
VInt /h, excitation of all quantum states higher in energy than
�N ,1� is suppressed. This “blockade” of higher excitations
can potentially be applied to quantum information processing
�8,9�, quantum cryptography �10�, atomic clocks �11�, the
generation of mesoscopic entanglement �8�, and the im-
provement of spectroscopic resolution �8�.

Significant progress has been made towards demonstrat-
ing and understanding the blockade. Evidence of the block-
ade effect has been observed in the suppression of bulk Ry-
dberg excitation in large samples �12,13� and in the counting
statistics of the number of Rydberg excitations in small
Rydberg-atom samples �14�. Experimental evidence of a
blockade realized by the tuning of a Förster resonance in an

external electric field has also been reported �15�. The Ryd-
berg blockade has been modeled using many-body quantum
simulations �16,17�, and the application of the blockade to
quantum phase gates �18,19� has been analyzed. Additional
work has been done to characterize Rydberg-atom interac-
tions, including spectroscopic studies of resonant dipolar in-
teractions �5,20,21�, observation and characterization of mo-
lecular resonances �22,23�, and a study of the angular
dependence of dipolar Rydberg atom interactions �24�.

In Refs. �12–14,16,17�, the Rydberg blockade is based
primarily on level shifts caused by binary interactions be-
tween Rydberg excitations. While it is straightforward to es-
timate the order of magnitude of such interactions, knowl-
edge of their detailed dependence on the atomic species,
quantum numbers, interatomic separations, etc., is important
to understand the exact behavior of systems of interacting
Rydberg atoms. In this paper, we present calculations of van
der Waals and dipole-dipole energy level shifts, VInt, of pairs
of Rb Rydberg atoms for different quantum numbers n, �, j,
and mj, accounting for a large number of perturbing states.
We identify parameter ranges suitable for applications of the
Rydberg blockade and explain some features of recent ex-
perimental data �14�. We then discuss mechanisms for con-
trol of the Rydberg blockade based on calculations of inter-
action energies in external electric fields. These control
schemes may become useful in the proposed applications
discussed above.

En
er
gy

0

WRyd

2 WRyd

VInt

N, k = 2

N, k = 1

N, k = 0

FIG. 1. Lowest collective states of an ensemble of N atoms
containing k Rydberg excitations. Binary Rydberg-Rydberg interac-
tion causes an energy shift VInt of the state �N ,k=2�.
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II. COMPUTATION OF BINARY-INTERACTION
LEVEL SHIFTS

We use perturbation theory to compute the second-order,
binary interaction-induced energy level shifts due to cou-
plings of the type �B� � �C�VInt�A� � �A�, where �A�, �B�, and
�C� are single-particle Rydberg states. Generally, the interac-
tion operator, VInt, can be expanded in multipole terms that
scale with increasing negative powers of the interatomic
separation, R �25–27�. This paper primarily addresses situa-
tions in which the typical Rydberg-atom separation, R, is
about an order of magnitude larger than the atom size �Refs.
�12–14,16,17��. In first order, the electric-dipole interaction
scales as VInt	n4 /R3. If there is no external electric field
applied, the electric-dipole interaction produces level shifts
only in second order, because low-angular-momentum Ryd-
berg states of alkali atoms in zero electric field do not have
permanent dipole moments. For this case, the level shifts
scale as 	n11/ �sR6�, where the parameter s is a measure for
the magnitude of the energy detunings that occur in second-
order perturbation theory and is of order 0.1 or less �5�. For
P and D states, the quadrupole-quadrupole interaction occurs
in first order and leads to shifts that scale as 	n8 /R5. The
ratio of the quadrupole-quadrupole interaction to the second-
order dipole-dipole interaction scales as sR /n3. For the inter-
atomic separations of interest in this paper �R	10n2�, this
ratio is 	1/n. We therefore restrict our calculations to the
dipole-dipole interaction, which represents the dominant in-
teraction at the atomic separations of interest. It is noted that
in more general cases quadrupolar and higher interactions
will also become important �25–29�.

In the case of zero external field, computation of the van
der Waals level shifts due to the electric-dipole interaction
requires the evaluation of matrix elements of the form
�n� ,�� , j� ,mj�� � �n� ,�� , j� ,mj��Vdd�n ,� , j ,mj� � �n ,� , j ,mj�,
where Vdd is the potential energy operator for two interacting
electric dipoles. The operator Vdd is given, in atomic units,
by

Vdd =
p1 · p2 − 3�n · p1��n · p2�

R3 , �1�

where the operators p1 and p2 denote the individual electric-
dipole moments, the vector R is the separation between the
classical center-of-mass coordinates of the interacting atoms,
and n is a unit vector pointing in the direction of R. The
geometry of the problem is depicted in Fig. 2.

Vdd can be written as

Vdd =
p1xp2x�1 − 3 sin2 �� + p1yp2y + p1zp2z�1 − 3 cos2 ��

R3

−
3 sin � cos ��p1xp2z + p1zp2x�

R3

or

Vdd =
p1+p2− + p1−p2+ + p1zp2z�1 − 3 cos2 ��

R3

−

3

2
sin2 ��p1+p2+ + p1+p2− + p1−p2+ + p1−p2−�

R3

−

3
�2

sin � cos ��p1+p2z + p1−p2z + p1zp2+ + p1zp2−�

R3 ,

�2�

where the first subscript of the p components identifies the
atom number, p±= 1

�2
�x± iy�, and pz=z �in atomic units�. The

matrix elements of Vdd are independent of the azimuthal
angle of R. From this expression, we see that calculating
two-particle matrix elements of Vdd involves evaluating the
single-particle matrix elements �n� ,�� , j� ,mj��p�,��n ,� , j ,mj�
where � is the particle number and �� 
+,−,z�.

In the following, we explain the essential details of the
numerical method used to obtain the single-particle radial
wave functions, ��r�, required to calculate the matrix
elements �n� ,�� , j� ,mj��p�,��n ,� , j ,mj�. The radial wave
functions are integrated using an algorithm that continuously
adjusts the step size such that it is smaller than, but
close to, 2� / ṽ divided by a constant, f , where
ṽ=��2E+2/r− l�l+1� /r2� �in atomic units; E is the single-
particle level energy�. In the classically allowed region, the
step size approximately equals the de Broglie wavelength
divided by f . To ensure reliable integration through the clas-
sical turning points, where the local wavelength diverges, the
step size is limited to a maximal value of dmax. For the data
presented in this paper, the step size parameters have been
set to f =200 and dmax=1. Since the local wavelength of the
Rydberg-electron wave function is very large at locations far
away from the core, the step-size adjustment considerably
speeds up the integration. The accuracy is consistent because
the number of points per wavelength at which the wave
function is determined is approximately fixed. The wave
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FIG. 2. Two interacting Rydberg atoms separated by a vector R
which defines an angle � with the quantization �ẑ� axis. In cases
where an electric field E is applied, the field is parallel to the quan-
tization axis.
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functions are integrated inward. Assuming that the wave
function has known values �0 and �p at locations r0 and
rp, respectively �r0	rp�, a location rm is determined
using the above stepwidth rules �rm	r0 and r0−rm

min(dmax,2� / 
ṽ�r0�f�)�. To determine the wave function
�m at location rm, we use

h = �rp − r0��r0 − rm��rp − rm� ,

fp = 2�r0 − rm�/h ,

fm = 2�rp − r0�/h ,

�m = 
�− p2�r0� + fp + fm��0 − fp�p�/fm,

where p2�r�=2E+2/r− l�l+1� /r2. This method allows for
continuous changes of the step size r0−rm. To estimate the
effect of numerical errors in the wave-function calculations
on the van der Waals level shifts, we have performed testcal-
culations with finer step sizes �parameters f =400 and dmax
=0.3�. Based on the results, the numerical errors of the van
der Waals level shifts presented here are estimated at about
1% or less.

To calculate van der Waals energy level shifts due to Vdd
in zero external electric field, we sum the level shifts due to
many perturbing channels in second-order perturbation
theory using the calculated matrix elements of Vdd. Explic-
itly, the van der Waals shift of the two-particle state
2� �n ,� , j ,mj� is given by the sum

�W�2� = − �
n�,��,j�,mj�,

n�,��,j�,mj�

��n�,��, j�,mj�� � �n�,��, j�,mj��Vdd�n,�, j,mj� � �n,�, j,mj��2

�
, �3�

where �
W�n�,��,j�,mj��+W�n�,��,j�,mj��−2W�n,�,j,mj�
is the

infinite-separation energy defect. To reduce the amount of
data in the calculation, we only include two-particle cou-
plings with ��¯�Vdd�¯ ��
10−4n*4 /R3, where n*=n−�� is
the effective principal quantum number. It is noted that all
elements of Vdd are calculated before the small ones are dis-
carded. Furthermore, in the sum in Eq. �3� we only include
terms with �� � 	100 GHz. We have confirmed in test calcu-
lations with unlimited ���, which have included all couplings
as small as ��¯�Vdd�¯ ��
10−6n*4 /R3, that the described
limitation of the sum in Eq. �3� does not change the calcu-
lated van der Waals shifts by more than about 1%. By re-
stricting the sum in the described way, we find that typically
of the order of hundreds of two-particle states
�n� ,�� , j� ,mj�� � �n� ,�� , j� ,mj�� still contribute, although the
dominant contributions usually come from only 5 to 10 two-
particle states, with one or two of those often accounting for
70%�90% of the level shift.

In our calculations, we have included single-particle basis
states with principal quantum numbers over a restricted
n-range and have verified that the inclusion of more bound
states does not noticeably change the results. We have not
included continuum states in our calculation. Continuum
states are important in calculations of van der Waals shifts of
atomic ground states or low-lying states, where in the sum in
Eq. �3� there are no near-resonant terms with very small �.
For instance, for basic estimates of ground-state level shifts,
one may approximate all energy denominators by the ioniza-
tion energy and use a closure relation to compute the sum in
Eq. �3� �30�. The closure relation incorporates all continuum
states. In contrast, for Rydberg-atom pairs the energy de-
nominators in Eq. �3� vary from tens of MHz for the near-
resonant two-particle states to about 1015 Hz for two-particle
states near the ground state, leading to an enormous variation

in the significance of terms. Typically, there are several near-
resonant terms, and it is found that those dominate the van
der Waals shifts of Rydberg atoms. We believe that due to
this resonant behavior the introduction of continuum states
will not make a significant difference.

In Sec. III we calculate the energy shifts, �W�2�, as a
function of the quantum numbers and the angle � of the
interacting Rydberg atoms �see Fig. 2� in the absence of an
applied external electric field.

In cases where an external electric field is applied, the
field-free eigenstates, �n ,� , j ,mj�, are no longer eigenstates
of the single-atom Hamiltonian. Therefore, to proceed with a
perturbative calculation of the binary interaction energies, we
first calculate the single-atom eigenstates of the Hamiltonian
H=Hat+Ez, where Hat is the field-free, single-atom Hamil-
tonian and E=Eẑ is the applied electric field. We label the
single-atom eigenstates as �� ,mj�, where � is an index which
uniquely identifies each Stark state of a given mj.

If two Rydberg atoms interact in the presence of an ap-
plied electric field, both first- and second-order interaction
energies occur. Since the Stark eigenstates are not states of
definite parity, the diagonal single-atom matrix elements
�� ,mj�p�,z�� ,mj� of the dipole operator are nonzero. This
leads to a first-order dipole-dipole interaction energy of the
type

�W�1� = ��,mj� � ��,mj�Vdd��,mj� � ��,mj� . �4�

If the Stark eigenstates have large permanent electric dipole
moments, �� ,mj�p�,z�� ,mj�, the level shift in Eq. �4� domi-
nates, as discussed in Sec. V A.

In another scheme, the electric field may be used to
tune two distinct two-particle states �� ,mj� � �� ,mj� and
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��� ,mj�� � ��� ,mj�� into exact resonance ��=W���,mj��+W���,mj��

−2W��,mj�
=0�. These resonances are referred to as Förster

resonances. In the case of a Förster resonance, diagonaliza-
tion of the two-particle Hamiltonian within the subspace of
degenerate two-particle states leads to mixed eigenstates
with first-order dipole-dipole energy level shifts of

�W�1� = ± ���,mj�� � ���,mj��Vdd��,mj� � ��,mj� , �5�

which can dominate all other level shifts, as discussed in
detail in Sec. V B.

In cases where the Stark eigenstates have negligible per-
manent dipole moments and there are no electric-field-
induced Förster resonances, there still exists a second-order
van der Waals interaction of the type

�W�2� = − �
��,mj�,��,mj�

��0

����,mj�� � ���,mj��Vdd��,mj� � ��,mj��2

�

�6�

which may lead to significant level shifts. As an example, in
Sec. V C we examine the van der Waals level shifts of a
specific two-particle state as a function of � and E.

III. LEVEL SHIFTS IN ZERO ELECTRIC FIELD

A. Rb nD5/2 Rydberg states

In many experiments, Rydberg excitations are created via
a two-step process from a ground S state to S1/2, D3/2, and
D5/2 Rydberg states, through an intermediate P state. Since
the transitions into D5/2 states have the highest oscillator
strength, these states are often studied experimentally
�14,20,24�. Thus, we first investigate the binary interaction-
induced energy level shifts for nD5/2 Rydberg states of Rb in
zero applied electric field.

In Fig. 3, we present scaled binary energy level shifts of
2� �nD5/2 ,mj� states as a function of n at �=0 �a� and as a
function of � at n=60 �b�. The scaled level shifts are defined
by

�W̃�2��n,�, j,mj,�� 
 �W�2��n,�, j,mj,R,���R6/n*11� , �7�

with �W�2��n ,� , j ,mj ,R ,�� given in Eq. �3�. Due to the scal-

ing, the scaled shift �W̃�2� does not depend on R.
In Fig. 3�a�, we can distinguish between regions of quali-

tatively different behavior. In the ranges n�50 and n
35,
the scaled energy shift is roughly a constant function of n for
any given mj, while in the range 35
n
50 it is character-
ized by a prominent dispersive feature. These differences can
be attributed to the number of relevant channels in Eq. �3�
and their dependence on n.

In the ranges n�50 and n
35, the channel,

2 � nD5/2 → �n − 1�F7/2 + �n + 1�P3/2, �8�

dominates all other channels in the sum in Eq. �3� and ac-
counts for roughly 70%�80% of the total energy shift. The
product-state sum indices mj� and mj� of Eq. �3� are omitted in
the channel notation used in Eq. �8�. In many cases the chan-

nel in Eq. �8� has multiple subchannels that correspond to
different dipole-allowed combinations of mj� and mj�. The
allowed subchannels have fairly large coupling strengths
��¯�Vdd�¯ ��	1n*4 /R3, where the numerical prefactor “1”
depends somewhat on � and on the mj values. However, the
allowed subchannels also have large energy denominators
���1 GHz� � 58

n* �3�, which limit the magnitude of the result-
ant second-order shift. Because of the n*4 /R3 scaling of the
couplings and the 1/n*3 scaling of �, the contribution to the
second-order shift due to this strong, highly detuned channel
scales as n*11/R6. Since in the ranges n�50 and n
35 this

contribution dominates, the scaled shifts �W̃�2� are approxi-
mately constant, as observed in Fig. 3.

In the range 35
n
50, a different, nearly resonant chan-
nel significantly contributes to the perturbative sum and in-
terrupts the n*11/R6 scaling of the energy shifts. This chan-
nel,

2 � nD5/2 → �n − 2�F7/2 + �n + 2�P3/2, �9�

has a coupling strength ��¯�Vdd�¯ ��	0.36n*4 /R3 in the vi-
cinity of n=43 and a small, nearly resonant energy denomi-
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FIG. 3. �a� Scaled energy level shifts, �W̃�2�, as defined in Eq.
�7�, of 2� �nD5/2 ,mj� states as a function of n for different mj

quantum numbers and �=0. �b� �W̃�2� of 2� �60D5/2 ,mj� states as a
function of � for different mj quantum numbers.
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nator of ��71�n*−41.6� MHz, i.e., the energy denominator
undergoes a zero crossing between n=42 and 43. In the
vicinity of n=43, the scaled level shift of the state
2� �nD5/2 ,mj =5/2� due to the channels in Eqs. �8� and �9�
approximately follows, for �=0,

�W̃�2� � − �35 +
160

�n* − 41.6�� , �10�

in the same units as in Fig. 3. In the range 40�n�47, the
level shift due to the near-resonant channel �Eq. �9� and sec-
ond term in Eq. �10�� is greater than that due to the off-
resonant channel �Eq. �8� and first term in Eq. �10��. Since
these two terms have different n dependencies, the total shift
does not follow a simple scaling law in this n range.

The scaled level shifts in Fig. 3 are obtained perturba-
tively, and therefore care must be taken when interpreting
and using them. For any given n and R, one may determine
the absolute van der Waals level shift �in atomic units� from
Fig. 3 by multiplying the scaled shift with n*11/R6. However,
the result is only valid if, for the significant terms in the sum
in Eq. �3�, the coupling strengths ��¯�Vdd�¯ �� are smaller
than their energy denominators �. Generally, for each two-
particle Rydberg state 2� �n ,� , j ,mj� a critical radius Rc ex-

ists such that the perturbative method is valid for R
Rc.
Analogous considerations apply to Figs. 4–6.

The n dependence of the energy shifts depicted in Fig.
3�a� offers possible methods to control the Rydberg block-
ade. For excitation into 2� �nD5/2 ,mj =5/2� states by a laser
of reasonably small bandwidth �often a few MHz� and typi-
cal Rydberg atom separations �several �m in most atom
traps�, one would expect the blockade to begin to manifest
itself at n	50, where the energy shift roughly equals the
laser linewidth. Since for n�50 the shifts grow smoothly as
n*11, the blockade should rapidly become more effective as n
is increased. In the range n
50, the shifts will generally be
too small to cause an observable blockade effect, except in
the immediate vicinity of n=43, where the resonance in Eq.
�9� causes appreciable energy level shifts.

The scaled level shifts of the two-particle states
2� �60D5/2 ,mj� as a function of � are shown in Fig. 3�b�.
Analogous curves for different 2� �nD5/2 ,mj� states can ap-
proximately be obtained by multiplying the curves shown in
Fig. 3�b� by the ratios

�W̃�2��n,l = 2, j = 5/2,mj,� = 0�

�W̃�2��n = 60,l = 2, j = 5/2,mj,� = 0�
,

which follow from the data shown in Fig. 3�a�. The similarity

among the curves �W̃�2��n , l=2, j=5/2 ,mj ,�� vs � for dif-
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FIG. 4. �a� Scaled energy level shifts, �W̃�2�, of 2� �nD3/2 ,mj�
states as a function of n for different mj quantum numbers and
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different mj quantum numbers.
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ferent n relies on the fact that the dominant channels, Eqs.
�8� and �9�, have the same angular-momentum quantum
numbers.

B. Other low-angular-momentum Rb Rydberg states

In this section we examine the scaled energy level shifts,

�W̃�2�, as a function of n and � for excitation into nD3/2,
nP3/2, nP1/2, and nS1/2 Rydberg states. In parts �a� of Figs.
4–6, we plot the scaled level shifts as a function of n for
specific � values which yield large level shifts ��=0 or � /2�.
In parts �b� of Figs. 4–6, we plot the scaled level shifts as a
function of � at fixed n=60. In the following, we discuss
some qualitative features of these plots.

The scaled energy level shifts of the states
2� �nD3/2 ,mj�, shown in Fig. 4�a�, exhibit a behavior similar
to that of the states 2� �nD5/2 ,mj�, except that two inter-
action channels, 2�nD3/2→ �n−2�F5/2+ �n+2�P3/2 and
2�nD3/2→ �n−2�F5/2+ �n+2�P1/2, become nearly resonant
at n=39 and n=58, respectively. The resonances manifest
themselves as dispersive-shaped features. The resonance
centered at n=39 is weaker than the one at n=58 due to a
smaller coupling strength, ��¯�Vdd�¯ ��. Away from these

two resonances, the scaled shift varies little with n because
an off-resonant channel with large coupling strength,
2�nD3/2→ �n−1�F5/2+ �n+1�P1/2, is responsible for the ma-
jority ��60% � of the level shift. The dependence of the
scaled level shifts of 2� �nD3/2 ,mj� on �, shown in Fig. 4�b�,
resembles that of 2� �nD5/2 ,mj�, shown in Fig. 3�b�. In both
cases, the level shifts are always negative and only moder-
ately sensitive to �. The considerable difference in the re-
spective magnitudes of the level shifts is due to the fact that
the case n=60 happens to be quite close to a resonance in
Fig. 4�a� but not in Fig. 3�a�.

Figure 5�a� shows �W̃�2� as a function of n for excitation
into 2� �nP3/2 ,mj� states, which exhibits a dispersive-shaped
feature centered at n=38 that has about the same width as
that in Fig. 3�a�. The energy detuning, �, of the responsible
near-resonant channel, 2�nP3/2→nS1/2+ �n+1�S1/2, varies
about as rapidly with n as that of the channel in Eq. �9�,
while the coupling strength, ��¯�Vdd�¯ ��, is a factor of 2
larger. The channel 2�nP3/2→nS1/2+ �n+1�S1/2 accounts
for greater than 90% of the level shifts of 2� �nP3/2 ,mj�
states over the whole n-range displayed in Fig. 5�a�, and no
other off-resonant channel contributes significantly. Far away
from resonance, the energy detuning of this channel tends to
scale as n*−3, leading to scaled energy shifts that are approxi-
mately constant as a function of n. As seen in Fig. 5�b�, the �
dependence of the shifts for the 2� �60P3/2 ,mj =1/2� states
resembles that for the 60D5/2 and 60D3/2 states. The shifts for
the 2� �60P3/2 ,mj =3/2� states, however, have a strong
variation that appears to be �sin2 �. This is because for mj
=3/2 the product states of the transition 2�nP3/2→nS1/2
+ �n+1�S1/2 must have mj�=mj�=1/2, leaving only the
p1−p2− sin2 � term in Eq. �2�. Other weakly contributing
channels cause slight deviations from a pure sin2 � depen-
dence and cause the level shifts to vanish and to change signs
at ��0.43 and 2.71 rad.

The scaled level shifts as a function of n for excitation
into 2� �nP1/2 ,mj =1/2� states, shown in the lower curve of
Fig. 6�a�, are relatively small and negative. In the displayed n
range, the level shifts vary only moderately with n. The
channel 2�nP1/2→nS1/2+ �n+1�S1/2 is responsible for
�90% of the shifts. Neither this channel nor any other
significant channel becomes resonant at any n in the dis-
played range. The � dependence of the scaled level shifts of
the state 2� �60P1/2 ,mj =1/2�, shown in Fig. 6�b�, resembles
that of the state 2� �60P3/2 ,mj =3/2� �but the shifts of
2� �60P1/2 ,mj =1/2� are about 10 times less than those of
2� �60P3/2 ,mj =3/2��. This indicates that for the shifts of
2� �nP1/2 ,mj =1/2� the term p1−p2− sin2 � in Eq. �2� also is
dominant; we have confirmed that this is the case by inspect-
ing the relative magnitudes of the dipole-allowed terms.

The scaled level shifts of the states 2� �nS1/2 ,mj =1/2�,
shown in Figs. 6�a� and 6�b�, are qualitatively different from
all other cases discussed in this paper in that they are large
and positive for all n and �. Four channels of the type
2�nS1/2→nPj�+ �n−1�Pj� account for most of the level
shift in the displayed region, where j� , j�=1/2 or 3 /2. None
of the channels becomes resonant at any n in the displayed
range. The level shifts of the states 2� �nS1/2 ,mj =1/2� are
almost entirely independent of �, reflecting the spherical
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FIG. 6. �a� Scaled energy level shifts, �W̃�2�, of 2� �nP1/2 ,mj�
and 2� �nS1/2 ,mj� states as a function of n for different �. �b� �W̃�2�

of 2� �60P1/2 ,mj� and 2� �60S1/2 ,mj� states as a function of �.

REINHARD et al. PHYSICAL REVIEW A 75, 032712 �2007�

032712-6



symmetry of s-state wave functions. �The shifts are not en-
tirely spherically symmetric because of spin orientation ef-
fects and fine-structure coupling.�

In all cases discussed so far, the detailed values of the
infinite-separation energy defect, �, depend sensitively on
the accuracy and precision of quantum defects used in the
calculations. We have used quantum defects for Rb from Ref.
�34�. Comparing the results to values obtained with alterna-
tive sets of quantum defects from other sources, i.e., Ref.
�35� and Ref. �36�, we have seen that typically the energy
detunings, �, vary by amounts of order tens of MHz. Varia-
tions of that size significantly affect the energy shifts only
very close to the resonances in Figs. 3–5. These variations
can change the n values where the resonances occur by ±1.

C. Applications of the level-shift calculations

Figures 3–6 enable one to choose Rydberg states with
properties that are appropriate for specific applications. For
example, in quantum-information-processing applications,
states with level shifts that are large and relatively insensitive
to variations in � and magnetic quantum numbers are desir-
able. If Rydberg states with these interaction properties are
used, experimental variations in angle and polarization will
not translate into excessive gate inefficiencies. Inspecting
Figs. 3–6 it is seen that large shifts may be obtained by
choosing a principal quantum number near an interaction
resonance, e.g., near n=58 for excitation into D3/2 states.
Another way to achieve large shifts is to exploit the generic
van der Waals scaling �absolute shift �n*11 for sufficiently
large atom-atom separation�, which in almost all cases stud-
ied leads to large shifts for n�70 �except for the P1/2 states�.
The requirement of low sensitivity of the level shifts to
variations in � and magnetic quantum numbers excludes P3/2
and P1/2 states. Rydberg atoms in nS1/2 states appear to be
particularly attractive candidates, because their energy shifts
are large, near-isotropic, and positive, leading to mutual re-
pulsion between atoms and therefore inhibition of ionizing
interactions triggered by attractive forces between atoms �5�.

Figures 3–6 can also be used to select Rb Rydberg states
in applications of dense Rydberg-atom gases and cold plas-
mas. In cases where state-changing and ionizing collisions
between atoms are not desired, one looks for positive energy
level shifts with weak dependence on magnetic quantum
numbers and �. These properties lead to repulsive forces be-
tween atoms that inhibit close, inelastic collisions. Among
the cases studied, all nS1/2 states and nD states in limited,
small ranges of n �n=41–43 for D5/2 and n=55–57 for D3/2�
meet these requirements. Alternatively, one may accelerate
the onset of collision-induced effects by choosing states with
negative, large, and resonantly enhanced shifts, e.g., nD5/2
with n�44, nD3/2 with n�59, or nP3/2 with n�40. A dense
cloud of Rydberg atoms initially prepared in one of these
states will exhibit a high initial rate of atom-atom collisions
triggered by attractive forces between the atoms, leading to
rapid ionization and accelerated transition of the cloud into a
cold plasma.

One may anticipate applications in which the magnitude
and the polar angle, �, of the relative vector, R, between the
interacting Rydberg atoms can be controlled using optical

lattices or other types of miniature atom traps. In such cases,
one may choose states whose level shifts depend strongly on
�, such as the states 2� �nP3/2 ,mj =3/2�. In this scenario, the
interaction strength between the atoms can be controlled by
controlling �.

IV. RELEVANCE TO A RYDBERG-BLOCKADE
EXPERIMENT

Recently, the effectiveness of the Rydberg blockade for
85Rb nD5/2 atoms in an electric-field-free environment has
been measured as a function of principal quantum number
using the counting statistics of detected Rydberg atoms �14�.
In this section, we use the results obtained in Sec. III A to
explain important trends observed in this experiment. Due to
the finite range of Rydberg-Rydberg interactions, if an
atomic ensemble is uniformly excited into Rydberg states
and a Rydberg blockade is effective, the excitation volume
will break up into regions within which, ideally, only a single
Rydberg excitation can be present. These regions have a vol-
ume Vse that corresponds to the volume over which the au-
tocorrelation function of Rydberg excitations in the many-
body system is approximately zero �16�. Exploiting the rules
of quantum measurement, this autocorrelation function can,
in principle, be profiled in an experiment in which the delo-
calized Rydberg excitations present in the sample are pro-
jected onto individual atoms and detected with high spatial
resolution. This measurement can be accomplished by
electric-field ionization of the Rydberg atoms and detection
of the liberated electrons with a position-sensitive micro-
channel plate detector. In the measurement result, each de-
tected, localized Rydberg excitation is surrounded by a
“bubble” of volume Vse within which no other Rydberg ex-
citation can be detected. In Fig. 7, two single-excitation vol-
umes are indicated as gray “bubbles.” Qualitatively, the ra-
dius of these regions is given by the distance Rse at which the
interaction potential of interacting Rydberg atoms equals h
times the laser linewidth. If the volume Vse is large enough to
contain a significant number of ground-state atoms, then the
number of Rydberg excitations in the system is approxi-
mately constant and given by the excitation volume divided
by Vse /8. There, the factor 1 /8 is due to the fact that, in a
three-dimensional configuration, of order eight single-
excitation regions may overlap each other. If the Rydberg

Boundaries of excitation volume

FIG. 7. Graphical representation of a Rydberg-excitation block-
ade inside an extended atomic ensemble. Within the boundaries of
the excitation volume �lines�, Rydberg excitations created in a cloud
of ground state atoms �dots� are localized and detected at certain
atoms �dark gray spheres� using a quantum measurement process.
Due to the Rydberg blockade, each detected Rydberg atom defines a
volume Vse �light gray regions� in which no other Rydberg atoms
can be detected.
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blockade is effective, fluctuations in the number of ground
state atoms do not translate into fluctuations in the number of
Rydberg excitations. Thus, sub-Poissonian distributions of
the Rydberg-atom number are an expected signature of the
blockade effect �14,16,17�.

The Mandel Q-parameter, used to characterize the width
of statistical distributions, is defined as the variance in the
distribution divided by the mean number of counts, minus

one, Q

�Ne

2�−�Ne�2

�Ne�
−1 �31�. For a given distribution of Ryd-

berg counts, the closer Q is to −1, the more sub-Poissonian
the distribution and the more effective the blockade. For un-
correlated, unblockaded excitation in real systems, one
would expect to obtain Poissonian counting statistics
�Q	0�. The Q-value provides a quantitative measure for
blockade effectiveness that is particularly well suited for
small atomic samples with few Rydberg excitations. The Q
value can be used to quantify the effect of parameters such as
atom density, laser detuning, and Rydberg-state quantum
numbers on the blockade. In Fig. 8, the data points �refer-
enced to the left y axis� represent Q values measured for
excitation into nD5/2 states as a function of principal quan-
tum number.

The calculations of the energy level shifts presented in
this paper provide considerable insight into the experimental
data presented in Fig. 8. First, since the experiments were
performed on ensembles of randomly placed atoms, they did
not show how the energy shifts of D5/2 states depend on the
angle �. The theoretical results presented in Fig. 3�b� reveal
that the scaled shifts are large in magnitude for all �, never
change sign, and do not vary by more than a factor of 2 as a
function of �. The robustness of the level shifts against ex-
perimental � variations is consistent with the observation of a
blockade effect in Fig. 8.

Second, the results of Sec. III A also explain why the
Q-values exhibit a smooth transition from Q	1 at low n to
Q	0 at high n. Any strong resonance of the type apparent in
Figs. 3–5 would lead to an enhancement of the energy level
shifts and, therefore, to a dip in the Q-value centered at the

principal quantum number at which the resonance occurs.
The scaled van der Waals level shifts in Fig. 3�a� reveal that
over the range studied experimentally, 54�n�88 �14�, there
is no resonant channel for nD5/2 states, and consequently the
energy shifts scale smoothly with n as n*11. This translates
into a smooth increase of the blockade effectiveness and a
smooth decrease of the Q-value with increasing n.

This smooth scaling is further illustrated by examining
how many atoms are in the single-excitation volume, Vse, as
a function of n. The volume Vse can be estimated by

Vse�n� = 2��
0

�

sin �d��
0

Rse�n,��

r2dr , �11�

where Rse�n ,�� is the radial coordinate of the surface at a
given n and polar angle � at which the energy level shift
equals the laser linewidth �5 MHz in the experiment�. We
determine Rse�n ,�� by solving

�W�2��n,R,�� = h � 5 MHz

for R, where �W�2� is given in Eq. �3�. Due to the anisotropy
of the Rydberg-Rydberg interaction, the single-excitation
volume will, in general, not be spherical, as indicated by the
elliptical shapes in Fig. 8. To model the experiment in Ref.
�14�, in our calculation we use l=2, j=5/2, and mj =5/2 in
the expression for �W�2�. To estimate the number of all at-
oms Nse in Vse as a function of n, we multiply the values of
Vse�n� obtained from Eq. �11� by the ground-state atom den-
sity �5�109 cm−3 in Ref. �14��. Both ground state and Ryd-
berg atoms are included in Nse, and the number of atoms in
the sample per Rydberg excitation created is approximately
given by Nse /8 �the factor 1 /8 is due to the fact that of order
eight single-excitation regions may overlap each other�. The
results for Nse are shown as the solid line in Fig. 8 �refer-
enced to the right-hand y axis�. At n�55, where the
Rydberg-atom counting distribution has a Q	1, Nse	2.
This value is too low to ensure the creation of one Rydberg
excitation in each single-excitation region. The resultant un-
certainty in the overall number of Rydberg excitations in the
whole atomic sample, together with technical noise, results
in Rydberg-atom counting distributions with Q	1, as ob-
served experimentally for n
55. For n�75, where the Q
values saturate at about 0, Nse varies from approximately 10
to 26. This range is sufficiently high to ensure the creation of
a Rydberg excitation in each single-excitation region. It
should be noted that our estimates of Nse depend sensitively
on the assumed ground-state atom density �5�109 cm−3�
and the assumed laser linewidth �5 MHz� in the experiment.
Since the assumed values represent conservative estimates,
we believe that the actual values of Nse are considerably
larger than the ones shown in Fig. 8.

In the following we comment on the values of the mea-
sured Mandel Q parameter displayed in 8. At low n, where
the blockade is not expected to be effective, we observe Q
	1, indicative of super-Poissonian distributions. At high n,
where the blockade is expected to be effective, we observe
Q	0, indicative of narrower but not quite sub-Poissonian
distributions �37�. Evidently, at low n technical noise �e.g.,
super-Poissonian shot-to-shot fluctuations of the ground-state

FIG. 8. The symbols depict Q-values measured as a function of
principal quantum number n �Ref. �14�, left-hand axis�. The average
number of detected Rydberg atoms was kept constant at about 30.
The line shows the calculated number of atoms in the single-
excitation volume, Vse, using the interaction energies of Fig. 3 �right
axis�.
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atom number and variations in the single-atom excitation
efficiency� causes the statistics to be super-Poissonian �Q
	1�. At large n, the Rydberg excitation number distributions
are significantly narrowed by the blockade effect, causing the
Q value to decrease from 1 to about 0. In the absence of
technical noise, one would expect Q	0 at low n and sub-
stantially negative at high n �16,17�. The trends in the func-
tion Q vs n are, however, unaffected by technical noise. Re-
gardless of the level of technical noise, the blockade causes a
significant reduction in the value of Q.

V. LEVEL SHIFTS IN EXTERNAL ELECTRIC FIELDS

In Sec. IV we have seen that the strength of binary inter-
actions between Rydberg atoms can be varied using static
parameters of the system, such as the quantum numbers of
the Rydberg level excited. Applications of the Rydberg-
excitation blockade, e.g., in quantum information processing,
may benefit from dynamic control methods that enable re-
producible, rapid, and real-time variations of the interaction
strength. An external electric field applied to the atoms is a
readily accessible dynamic control parameter. In this section,
we discuss level shifts due to binary Rydberg-Rydberg inter-
actions in external electric fields. In one scheme, discussed in
Sec. V A, a fairly strong electric field is applied so that the

Rydberg states have large permanent dipole moments, lead-
ing to large first-order energy shifts that can be calculated
according to Eq. �4�. In an alternative interaction scheme
discussed in Sec. V B, a weak electric field is applied in
order to tune a well-defined interaction channel of the type
�� ,mj� � �� ,mj�→ ��� ,mj�� � ��� ,mj�� into resonance. In the
case of exact resonance, the resultant shifts are first order and
can be calculated using Eq. �5�. In cases where an electric
field is applied but there is no resonant, first-order shift, there
are usually still significant second-order, van der Waals
shifts, which are given by Eq. �6� and discussed in Sec. V C.

A. Permanent-dipole interactions

The permanent dipole moment of a Rydberg state with
energy W�E� in an electric field E is given by the slope,
−dW�E� /dE. Therefore, large permanent-dipole interactions
are achieved by exciting atoms into Rydberg levels with
large slopes in the Stark map. An example of a Stark map
for Rb in the vicinity of the 45D state is shown in Fig. 9�a�.
Since in lowest order the energy shifts of the states with
linear Stark effect have an upper limit of 3

2En2, the magni-
tude of the permanent dipole moment is limited by p= 3

2n2.
Following Eq. �1�, the magnitude of the dipole-dipole inter-
action energy is then limited by 4.5n4 /R3 �for �=0�, which
for n=45 and R=5 �m exceeds 100 MHz.

In addition to large dipole moments, the utilized Rydberg
levels must also have sufficient low-angular-momentum
�low-�� character so that selection rules allow for efficient
laser excitation from low-lying atomic states. Stark states
with maximal dipole moment do not satisfy this requirement.
Stark states with both large permanent dipole moment and
reasonably high oscillator strength from low-lying atomic
states are found in the intersection region between low-� and
linear Stark states, as indicated by the circle in Fig. 9�a�. For
a discussion of the tradeoff between electric dipole moment
and oscillator strength see Ref. �32�.

Inspecting Eq. �2� and noting that the diagonal matrix
element �� ,mj� � �� ,mj�Vdd�� ,mj� � �� ,mj� does not couple
different m manifolds, it is immediately apparent that the
permanent-dipole shift �W�1�= pz

2�1−3 cos2 �� /R3, where
pz=−�� ,mj�z�� ,mj�. In Fig. 9�b� we show the permanent-
dipole shift at �=0 of the two-particle state that converges
into 2� �45D5/2 ,mj =1/2� for E→0 �bold line in Fig. 9�a��.
In the electric-field range E
7 V/cm, the shift is small
while the oscillator strength from low-lying P states is large.
In the range 7
E
9 V/cm, the shift increases and reaches
�90% of the limiting value −4.5n*4 /R3 mentioned above,
while the oscillator strength from low-lying P-states rapidly
drops, as shown in Fig. 9�c�. At an electric field of E
�8 V/cm we find both reasonably large permanent-dipole
shifts and oscillator strengths. The oscillations seen in Fig.
9�b� for fields E�11 V/cm reflect corresponding oscilla-
tions of the slope ��dipole moment� of the investigated
level—the bold line in Fig. 9�a�—in the n-mixing regime.

Generally, it should be possible to employ the electric-
field dependence of permanent-dipole Rydberg-Rydberg in-
teractions to enable and disable the Rydberg blockade in a
controlled manner. Since this interaction is ��1−3 cos2����,
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FIG. 9. �a� Stark map of the mj =1/2-manifold of Rb in the
vicinity of the 45D energy level vs electric field E. The energy W is
relative to the ionization potential. Levels with large permanent
electric dipole moment and large oscillator strength from the low-
lying P states are found within the dashed circle. The bold level
identifies the state that converges to �45D5/2 ,mj =1/2� at E=0. �b�
Level shift �W�1� due to permanent-electric-dipole interaction of
the two-atom state that converges to 2� �45D5/2 ,mj =1/2� at zero
field vs E for R=5 �m and �=0. �c� Oscillator strength for � ex-
citation from the �5P3/2 ,mj =1/2� state into the state that converges
to �45D5/2 ,mj =1/2� at E=0.
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it is strongly dependent on � and vanishes at �=55°. In ex-
periments one may be able to avoid the angle �=55° through
the use of an optical lattice or an appropriately configured
system of miniature atom traps.

B. Förster-resonance interactions

A second method for achieving large interaction energies
is to tune Rydberg-Rydberg collisional interactions, such as
the ones described in Sec. III, into exact resonance via the
application of a relatively weak external electric field
�8,15,33�, thereby inducing a Förster resonance. For suffi-
ciently large atom-atom distance, the resultant resonant
shift dominates any other van der Waals shifts that may
also be present. As an example, we consider the channel
2�nD5/2→ �n−2�F+ �n+2�P3/2. The electric fields required
to tune these interactions into exact resonance are too small
to change the angular-momentum-character of the involved
P and D states and to break their fine-structure coupling, as
illustrated in the example shown in Fig. 10 �upper two pan-
els�. As a result, in weak electric fields the P and D states are
not significantly perturbed, and we may use electric-field-
free quantum numbers ��, j, and mj� to identify those states.
However, the very small fine structure of the involved F state
is broken in the electric-field range of interest, as is apparent
in the bottom panel of Fig. 10. Therefore, we label the F
states by magnetic quantum numbers for electron spin and
orbital angular momentum, ms and m, respectively. �In some
cases, even the orbital-angular-momentum character of the
involved F state becomes significantly perturbed.�

The detailed coupling scheme of the Förster resonances
2�nD5/2→ �n−2�F+ �n+2�P3/2 is most transparent for

the case that the initially excited two-atom state is
2� �nD5/2 ,mj =5/2�. In this case, the operator in Eq. �2�
allows only the three couplings

2 � �nD5/2,mj = 5/2� → ��n + 2�P3/2,mj = 3/2�

+ ��n − 2�F,ms = 1/2,m = 1� ,

2 � �nD5/2,mj = 5/2� → ��n + 2�P3/2,mj = 3/2�

+ ��n − 2�F,ms = 1/2,m = 2� ,

2 � �nD5/2,mj = 5/2� → ��n + 2�P3/2,mj = 3/2�

+ ��n − 2�F,ms = 1/2,m = 3� .

�12�

In zero electric field, these couplings have infinite-separation
energy defects with magnitudes ranging from 0 to
	400 MHz for 40�n�60, as shown in Fig. 11�a�. In the
range n�44 they can be tuned into resonance by application
of electric fields of up to about 0.4 V/cm, which tune the
infinite-separation energy defects downward toward negative
values. The tuning largely occurs through the Stark shifts of
the F levels, which have, due to their small quantum
defect, the largest electric polarizabilities among the in-
volved states ���−2.1 GHz/ �V/cm�2, −1.7 GHz/ �V/cm�2,
and −1.1 GHz/ �V/cm�2 for 43F, m=1,2 ,3, respectively�.
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FIG. 10. �Color online� Stark map showing the detailed energy
structure of the 45D, 47P, and 43F states. The vertical arrows in-
dicate the resonant transitions corresponding to the interaction
channels in Eq. �12�.

FIG. 11. �a� Infinite-separation energy defects, �, of the channel
2�nD5/2→ �n−2�F+ �n+2�P3/2 vs n. �b� Electric fields, ERes,m at
which the magnetic subchannels identified in Eq. �12� become reso-
nant. �c� Scaled reduced coupling strengths, �m /n*4, m� 
1,2 ,3�,
of the channels in panel �b� vs n.
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Since the polarizabilities depend on m, the couplings in
Eq. �12� come into resonance at slightly different electric
fields, as shown in Fig. 11�b�. Inspecting Eq. �2� it is seen
that the coupling strengths follow angular and radial
dependencies − 3

2�1 sin2��� /R3, − 3
�2

�2 sin���cos��� /R3, and

�3�1− 3
2 sin2���� /R3, with reduced coupling strengths �m for

m=1,2 ,3. In Fig. 11�c� we show the reduced coupling
strengths scaled by n*4 at the resonant electric fields as a
function of n. In the range 44�n
48, the scaled � values
are fairly constant, reflecting the fact that in this range of n
the F states ��n−2�F ,ms=1/2 ,m� with m=1,2 ,3 are mostly
unperturbed. For n�49 the state ��n−2�F ,ms=1/2 ,m=3�
becomes increasingly mixed with high-� hydrogenic states,
leading to a spread of F character over multiple states and,
therefore, to an abrupt drop of the � value of the strongest
resonance ��3�. The resonances involving ��n−2�F ,ms

=1/2 ,m=2� and ��n−2�F ,ms=1/2 ,m=1� exhibit similar re-
ductions in strength at somewhat higher values of n.

If one of the subchannels in Eq. �12� is exactly resonant,
the resultant level shifts of the two-atom states are first-order
and are given by the coupling strength of the resonant chan-
nel �see Eq. �5��. The two-particle states that correspond to
the two eigenvalues in Eq. �5� are given by the symmetric
and antisymmetric combinations of 2� �nD5/2 ,mj =5/2� and
��n−2�F ,ms=1/2 ,m� � ��n+2�P3/2 ,mj =3/2�. For instance,
at n=45, R=5 �m, �=0, and E=0.36 V/cm the resonance
for m=3 generates two such superposition states at energy
separations of about ±18 MHz from the interaction-free
energy. In comparison, the van der Waals shift of the state
2� �45D5/2 ,mj =5/2� at E=0 would only be of the order of
1 MHz. Therefore, strong binary Rydberg-Rydberg interac-
tions may be turned on and off by rapidly tuning interactions
of the type in Eq. �12� into and out of resonance by switching
weak electric fields. Similar to the permanent-dipole interac-
tions studied in Sec. V A, the Förster-resonance interactions
also strongly depend on the angle � for a given interaction
channel. The � dependence renders the interactions ineffec-
tive along certain angles.

C. van der Waals shifts in electric fields

The channels identified in Eq. �12� cause some shifts even
if the electric field E does not induce an exact Förster reso-
nance. For sufficiently large separation R, these level shifts
can be calculated in second order, as a function of � and E,
using Eq. �6�. As an example, in Fig. 12 we plot the level
shift of the state 2� �45D5/2 ,mj =5/2� as a function of E
and �. In the range E
0.25 V/cm, the van der Waals
shifts are always negative and have a weak dependence on �.
The interaction channels in Eq. �12� generate prominent
resonant features that follow angular patterns proportional
to ��1

3
2 sin2����2 near 0.255 V/cm, ���2

3
�2

sin���cos����2

near 0.283 V/cm, and �
�3�1− 3
2 sin2�����2 near

0.359 V/cm. �Note that these expressions correspond to the
squares of the angular dependencies mentioned in the para-
graph after Eq. �12�.� For electric fields just below a reso-
nance, the shifts are negative, because the energy defect, �,
of the nearest-resonant term is 
0. For electric fields just
above a resonance, the shifts tend to be positive, because the
energy defect, �, of the nearest-resonant term is 	0. In be-
tween resonances, the sign of the second-order shift varies as
a function of � due to the competing effects of two nearby
resonances with different angular profiles, one producing
positive and the other producing negative second-order
shifts.

We have investigated in great detail other Förster reso-
nances as well. The resonances of the states 2� �nD5/2 ,mj
=3/2� and 2� �nD5/2 ,mj =1/2� are qualitatively similar to
those of the states 2� �nD5/2 ,mj =5/2� discussed here, but
have more than three allowed angular-momentum subchan-
nels �up to eight� and occur at somewhat different electric
fields. Many more Förster resonances occur at fields larger
than the ones displayed in Fig. 12. However, due to the in-
creasingly complicated underlying Stark maps, these higher-
field Förster resonances follow rather erratic patterns and are
usually weak. Therefore, any experimental applications of
Förster resonances will likely employ simple cases, such as
the ones discussed in this section.

D. Experimental considerations

The control of binary interactions in Rydberg blockade
experiments using electric fields of the magnitudes discussed
in Sec. V A requires a high degree of temporal and spatial
field stability. Variations of Stark shifts due to field instabili-
ties should be less than the laser linewidth �which, in order to
observe blockade effects, must be smaller than the binary
interaction under investigation�. For excitation bandwidth
��, the temporal electric-field variation, �E, should satisfy
p�E
h��. For ��=5 MHz, excitation of atoms into 45D
states, and assuming a dipole moment p near the upper limit,
p= 3

2n2, we estimate a required temporal field stability �E

0.0015 V/cm. Furthermore, spatial Stark-shift variations
over the range of the excitation blockade and the diameter of
the excitation region should both be 
h��. For ��=5 MHz
and 45D states, the resultant limitation for the electric-field
inhomogeneity is ��E�
1 V/cm2. While these requirements
on temporal and spatial field stability do not pose enormous
experimental problems, they are stringent enough that they

FIG. 12. Scaled energy level shifts, �W̃�2� of 2� �45D5/2 ,
mj =5/2� states as a function of � and the applied electric field. The
magnitude of the scaled shifts are shown on the right-hand side and
the signs of the shifts are indicated on the figure.
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must be taken into account in the design of Rydberg-
blockade experiments.

VI. CONCLUSION

We have calculated the van der Waals level shifts, VInt, of
pairs of interacting Rb Rydberg atoms in zero applied field
for different quantum numbers n, �, j and mj, taking into
account a large number of perturbing states. We have identi-
fied states with interaction properties favorable for several
applications, including quantum information processing and
collision studies in cold Rydberg-atom gases. The calcula-
tions were used to analyze data obtained in a recent experi-
ment on the Rydberg blockade. We have also calculated the
energy level shifts of Rb Rydberg states for optical excitation
in the presence of an applied electric field. We have dis-
cussed the calculations in the context of possible schemes
which could be used for electric-field control of the block-
ade. In the future, we also plan to include higher-order mul-
tipole interactions in our level shift calculations.

This work suggests several future avenues for experimen-
tal research on the Rydberg blockade and on systems of in-

teracting Rydberg atoms in general. We plan to compare the
dependence of the Mandel Q-parameter of Rydberg excita-
tion distributions on n for several different types of quantum
states �nD5/2, nD3/2, and nS1/2 states�. Thereby, the effects of
the near-resonant interaction channels 2�43D5/2→41F7/2
+45P3/2 and 2�58D3/2→56F5/2+60P1/2 on the Mandel
Q-parameter are of particular interest. One may experimen-
tally explore the use of electric fields in controlling the ef-
fectiveness of the Rydberg blockade. Specifically, we intend
to measure the Mandel Q-parameter to characterize the ef-
fectiveness of both the permanent-dipole-interaction method
and the Förster-resonance tuning method, described in Secs.
V A and V B, respectively. The results presented here may
also be used to study the dependence of plasma formation in
cold Rydberg gases on various quantum states and excitation
geometries.
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