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We study the photoemission spectra of the hydrogen molecular ion for various geometrical arrangements.
For different angles between the internuclear axis and the polarization vector, we calculate the angular distri-
bution and analyze the results in terms of the symmetries and partial-wave contributions to the spectra.
Contrary to previous studies we find that the angular distribution is not aligned with the internuclear axis or the
polarization vector. The alignment is determined by the coherent superposition of �→� and �→� transition
amplitudes and by the relative contributions from the different partial waves, strongly dependent on the
photoelectron energy.
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I. INTRODUCTION

Angular distributions of electrons emitted in collisions be-
tween photons or charged particles with atoms or molecules
provide detailed information about the collision dynamics
�1�. For ion impact the required integration over the momen-
tum transfer impedes the complete understanding of the pro-
cess and photons are therefore the cleanest probe to study
electron emission. For photon impact on atoms the process is
strictly dipolar while for molecular targets high angular mo-
mentum partial waves can contribute to the cross sections. It
is, however, possible to obtain, both theoretically and experi-
mentally, the angular momentum components of the final
electronic distributions, in energy or angle of emission �2,3�.
These distributions depend on several parameters such as the
internuclear distance, the electron energy, and, for linear po-
larization, the angle between the molecular axis and the po-
larization vector. In a recent experimental study of the
photofragmentation of the deuterium molecule �4�, the pho-
toelectron angular distribution was measured for different
orientations and internuclear distances of the target molecule.
This experiment showed that the angular distribution is
highly sensitive to these features and depends markedly on
the target wave functions.

The theoretical description of photoelectron emission pro-
cesses from molecules involves multicenter electronic states.
The calculation of the continuum wave functions is signifi-
cantly more difficult than that of the corresponding bound
states. While the latter can be represented with very high
accuracy using the Hartree-Fock or density-functional meth-
ods, stronger approximations must be employed to represent
the continuum states. In most cases these are represented by
a product of one-center wave functions so that they can be
viewed as first-order perturbative approximations to the ex-
act ones. The first study of the photoelectron angular distri-
bution from diatomic molecules �H2

+ and H2� was performed

by Walter and Briggs �5�. Their model was based on the
approximate representation of both the initial ground state
and final continuum states employing a simple linear combi-
nation of atomic orbitals �LCAO� and a product of two one-
center wave functions �2C approximation�, corresponding to
the interaction between the emitted electron and each
nucleus of the molecule, respectively. These authors showed
that significant departures appeared with respect to previous
results obtained employing plane waves to represent the final
states �6�. The method of �5� allows us to obtain the transi-
tion amplitude in analytical form and is then useful for the
computation of cross sections. Recently it has been em-
ployed to study photoionization, photorecombination, brems-
strahlung, and Compton ionization by monochromatic pho-
ton fields and by attosecond x-ray pulses �7,8�.

Very recently, Rescigno et al. �9� and Della Picca et al.
�10� �to be referred hereafter as paper I� performed exact
calculations which showed significant departures from the
results obtained with the perturbative approximation. To test
without ambiguity the 2C approximation, Della Picca et al.
�10� made the same calculation as Walter and Briggs �5�
replacing their approximate final state by the exact wave
function. These results were compared with exact calcula-
tions which were employed as benchmark. This detailed
study showed that the 2C approximation failed to represent
the angular distribution up to a few hundredths eV. Interest-
ingly, Yudin et al. �7�, however, found that the angular dis-
tributions calculated with the 2C approximation were in ex-
cellent agreement with the exact calculations for very large
values of the internuclear distance �R=8 a.u.� and high pho-
ton energy ���=100 eV�.

Della Picca et al. �10� and Yudin et al. �7� restricted their
analysis to the case where the �linear� polarization vector and
the molecular axis are either parallel or perpendicular. These
geometries have the particular feature that, due to the sym-
metry of the problem, only �→� and �→� transitions are
allowed, respectively. These symmetries are broken for other
relative orientations of these two vectors and the analysis of
the angular distribution is thus more complicated. Rescigno*Electronic address: pablof@cab.cnea.gov.ar
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et al. �9� performed exact calculations for different orienta-
tions of the polarization vector ��̂� and the internuclear axis

�R̂� at 10 eV electron energy. Their results exhibit large de-
partures with respect to the perturbative results. These au-
thors noted that the angular distribution appears to be
aligned with the electric field, contrary to the results from the
2C approximation which have predicted that the angular dis-
tribution is aligned in the direction of the internuclear axis.

The objective of the present work if therefore to study the
alignment of the angular distributions as a function of the
geometrical arrangement between the internuclear axis and
the polarization vector. For that purpose we extend the analy-
sis of Rescigno et al. �9� considering different angles be-
tween the two vectors, several electron energies, and differ-
ent internuclear distances. Atomic units will be used except
when otherwise stated.

II. THEORY

In this section we briefly review the method of calculation
and the main results obtained in paper I. We assume that the
nuclei remain fixed at the equilibrium internuclear distance
�R=2 a.u. for H2

+� and therefore neglect the vibrational and
rotational motions of the molecule. The molecular and labo-
ratory reference frames are defined as in Fig. 1 of �10�.

The electronic transition matrix in the dipole approxima-
tion is given by

Tfi
el = ���−��ke,r���̂ · �r��i�r�� , �1�

where ke�	ke ,�e ,	e
 is the ejected electron momentum in
the molecular frame and Ee=ke

2 /2 is the corresponding pho-
toelectron energy.

To obtain the initial �i and final ��−��ke ,r� states we solve
numerically the electronic Schrödinger equation, with the ap-
propriate asymptotic conditions, using well established com-
putational methods �11–13�.

With the initial and final wave functions we calculate nu-
merically the transition matrix �1� from which we obtain the
differential cross section for the fixed in-space molecule as a
function of the photoelectron energy and angle:

d�

dR̂ dk̂e

=
�2��2


�
�Tfi

el�2, �2�

where k̂e is the direction of the emitted photoelectron in the

molecular reference frame, R̂�	�R ,�R
 is the orientation of
the molecule with respect to the laboratory reference frame
�defined by the radiation field�, and 
 is the fine structure
constant. The differential cross section can be integrated over
the orientation of the molecule and the emission angle of the
photoelectron to get the total cross section. We calculate
these values to check with the ones obtained previously with
the similar methods by Richards and Larkins �14�. We note
that these results are practically indistinguishable from those
obtained with the analytical Guillemin-Zener �GZ� wave
function �25� for the initial state used in paper I. This vali-
dates the use of the GZ wave function in analytical calcula-
tions, as opposed to the simple LCAO model state which has

been shown to fail in many cases �see �15� and references
therein�.

The transition matrix �1� can be expressed as

Tfi
el = m� cos �R + m� sin �R, �3�

where m� and m� are body fixed �→� and �→� electronic
dipole transition elements, respectively. m� and m� can be
written as a series of odd associated Legendre functions �par-
tial waves�:

m� = C�
n=0



f2n+1
� P2n+1

0 �cos �e� , �4�

m� = − C cos 	e�
n=0



f2n
� P2n+1

1 �cos �e� , �5�

where C is a constant.

III. RESULTS AND DISCUSSIONS

A. Angular distributions: Geometrical dependence

Equation �3� shows that, when the molecular axis and the
polarization vector are in the same direction ��R=0�, only
�→� transitions are allowed. On the contrary, when these
vectors are at right angles, only �→� transitions can occur.
For other values of �R it is straightforward to obtain from
Eqs. �2� and �3� that the differential cross section is given by

d�

dR̂ dk̂e

=
�2��2


�
�m�

2 cos2�R + m�
2 sin2�R

+ 2 Re	m�
*m�
cos �R sin �R� . �6�

We see therefore that the differential cross section is thus
given by the incoherent sum of �→� and �→� cross sec-
tions, with weights cos2�R and sin2�R, respectively, and an
interference term. The differential cross section for any value
of �R is therefore determined by the corresponding values
for parallel and perpendicular alignment of the internuclear
axis and the polarization vector. As shown in paper I the
coefficients f2n+1

� and f2n
� in Eqs. �4� and �5� are strongly

dependent on the photoelectron energy. The angular distribu-
tion for different angles between the molecular axis and the
polarization vector ��R� will therefore reflect the competi-
tion between the two different types of transitions and the
dependence of the angular momentum components on the
electron energy. This behavior will therefore determine if the
angular distribution is aligned along the molecular axis, as
predicted by the 2C approximation, or in any other particular
direction. At low electron energy the f� and p� partial
waves give the main contribution to the �→� and �→�
transitions, respectively. As the electron energy increases
many partial waves contribute and the angular distribution is
determined by their coherent sum. We therefore choose for
the present study four values: 10, 50, 150, and 250 eV and
analyze the angular distributions in the molecular frame. As
in paper I we consider for simplicity the co-planar geometry
in which the photoelectron momenta, polarization and inter-
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nuclear vectors are all in the same plane. The angle �R was
defined in paper I as the angle between the polarization vec-
tor and the internuclear axis. Here, as we analyze the results
in the molecular frame, we introduce the angle �� �=−�R� as
the angle of the polarization vector in the molecular frame.
In the following, for each value of �� we calculate the an-
gular distribution as a function of �e.

In Figs. 1–4 we plot the full result, in the solid line, and
the contributions from the �→� and �→� transitions as the
dashed and dot-dashed lines, respectively, for the four pho-
toelectron energies indicated above. In some plots the results

have been multiplied by the indicated factors to put them all
on the same scale. In Fig. 5 all these results are summed up
as polar plots. From these figures one can identify, at each
angle ��, the weighted contribution from the two types of
transitions. As the full transition amplitude is given by the
coherent sum of electronic dipole transition elements, m� and
m�, there are of course interference effects, as can be readily
recognized by the asymmetry of the peaks at 60° and 120°
for ��=10° in Fig. 1. In the electron energy range consid-
ered here the angular distribution for parallel alignment
���=0° � has distinct f�, p�, and h� symmetries as the elec-
tron energy increases. For perpendicular alignment ���
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FIG. 1. H2
+ molecular frame photoionization differential cross

section for 10 eV electron energy and ��=0° ,10° ,45° ,90°.
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=90° � the angular distribution has dominant p� and f� sym-
metries at low and high energies, respectively. These partial
waves always display a maximum in the direction perpen-
dicular to the molecular axis, i.e., in the direction of the
polarization vector. The resulting angular distribution for
other values of �� have therefore a component in the direc-
tion of the molecular axis, arising from the �→� transitions,
and a component in the perpendicular direction, arising from
�→� transitions. Therefore, except for the case of ��=0°
and at very small angles, the angular distribution shows no
preference for emission in the direction of the molecular axis
as predicted by the 2C approximation. By the same token,
there is no preference for alignment by the electric field. As
an example we consider the ��=45° case. At 10 and 50 eV
the �→� contribution is much larger than the �→� contri-
bution, and therefore the angular distribution is oriented in
the direction perpendicular to the internuclear axis. The
small departure from this direction, to lower angles, is due to
the interference between the two transition amplitudes which
is not negligible. At 150 and 250 eV, both transition ampli-
tudes give contributions of the same order. This gives rise to
a lobe in the angular distribution close to �e=45°, i.e., in the
direction of the polarization vector. We cannot conclude,
however, that these are general features. Each case requires a
detailed analysis of the partial-wave contributions to the
transition amplitudes.

Very recently, Selstø et al. �16� studied the geometrical
dependence of the angular distributions but in the context of
multiphoton ionization of H2

+ by high intensity, high-
frequency, ultrashort laser pulses. Interestingly, the results
presented here in Fig. 2 and in the second column of Fig. 5
can be compared with the results shown in the second row of
Figs. 5 and 6 of their work. Independently of the photon field
characteristics we observe striking similarities. For ��=0°
both results show the �→� symmetry with contributions
from p� and f� partial waves, the latter giving rise to the
two smaller maxima �note that in �16� the angles are taken
with respect to the polarization vector�. For ��=90° both
results show the same �→� symmetry with dominant con-
tribution from the p� partial wave. For ��=45° the angular
distribution is similar although the relative values of the

peaks are different. It is therefore the two-center geometry of
the molecular target which determines the main features,
such as the interferences, in the photoelectron angular distri-
bution.

B. Angular distributions: Dependence on the internuclear
distance

Paper I displayed for one photoelectron energy the depen-
dence of the angular distribution upon the target internuclear
distance. By varying this parameter comparisons with ex-
perimental results for photoionization of H2 �17,18� and of
the N2 K-shell �19,20� �cf. also �21,22�� were also presented.
As the internuclear distances for N2 and H2

+ are comparable,
there are great similarities in the angular distribution of the
photoelectrons emitted from these targets. H2 is, however,
quite different since the internuclear distance is much
shorter. We have therefore carried out new calculations for
R=1.4 a .u. and various polarization directions. Note that in
this section our purpose is not to present accurate cross sec-
tions for H2, which would require a complete two-electron
treatment �23,24�, but to compare only qualitatively the an-
gular distributions for different values of R.

Figure 6 displays the angular distributions for R
=1.4 a .u. and different angles between the molecular axis
and the polarization vector. These results are quite different
from the ones plotted in Fig. 5 �R=2 a.u . �. The angular
distributions for parallel alignment show a p� character ex-
cept in a well defined range �around 50 eV� where the con-
tribution from this partial wave goes through a minimum �a
Cooper-like minimum� in favor of the f� ones, cf. �24�. For

perpendicular alignment �R̂� �̂� the angular distribution has
a distinct p� character up to 150-eV energy beyond which
the contribution from the f� partial waves starts to be im-
portant.

From the comparison between our results at 50 eV and
Fig. 7 of �24�, it appears that our one-electron calculations
show the same qualitative behavior as the full two-electron
calculations, except for parallel alignment where the latter
shows additional structures. Most notably it is shown that for

O O

10eV

O O

O O

O O

O OO O

50eV

O O

O O

O O

O OO O

150eV

O O

O O

O O

O OO O

250eV

O O

O O

O O

FIG. 5. �Color online� The results from Figs. 1–4 in polar
representation.

O O

10eV

O O

O O

O O

O OO O

50eV

O O

O O

O O

O OO O

150eV

O O

O O

O O

O OO O

250eV

O O

O O

O O

FIG. 6. �Color online� H2
+ �R=1.4 a .u . � molecular frame

photoionization differential cross section for 10, 50, 150, and
250 eV electron energy for ��=0° ,10° ,45° ,90°.

DELLA PICCA et al. PHYSICAL REVIEW A 75, 032710 �2007�

032710-4



��=45° the angular distribution does not follow the polar-
ization direction. This feature stems from the fact that the
contribution from the p� partial wave is larger than the cor-
responding one from the p� partial wave.

From the above analysis our present one-electron calcula-
tions seem to reproduce qualitatively the results from more
involved methods which account for the two electrons of the
hydrogen molecule. It is therefore interesting to pursue this
investigation to analyze if these similarities are just fortu-
itous or arise because both models take into account the
same physics. To this end we analyze the �→� ���� and
�→� ���� contributions to the total cross sections by plot-
ting the ratio �� /�� in Fig. 7. The ratio is computed for two
internuclear distances, R=1.4 and 2 a .u., and compared with
the calculations by Richards and Larkins �14� and Semenov
and Cherepkov �24�, respectively, which are taken as bench-
marks. For H2

+ �R=2 a.u . � the ratio is a monotonic decreas-
ing function in excellent agreement with the results from
�14�, as the total cross sections �=��+�� shown in the in-
set.

On the contrary, for R=1.4 a .u. the ratio shows a maxi-
mum, in qualitative agreement with the results for H2 �24�.
This peak arises from a dip in the p� contribution to ��,
steaming from the Cooper-like minimum. The inset also
shows the total cross sections for that internuclear distance.
Both calculations converge to the same values for energies

above about 100 eV �ke�3 a .u . �. At lower photoelectron
energies a large disagreement shows up, demonstrating the
importance of a correct treatment of the interelectronic repul-
sion in that range. However, both the one- and two-electron
calculations provide similar explanations for the behavior of
differential and total cross sections, although the former can-
not reproduce exactly the position of the maximum and the
absolute values of the different contributions.

Comparing the angular distributions shown in Figs. 5 and
6 one can find interesting similarities at high photoelectron
energy. For example, the angular distributions for R=2 a.u.
at 50 eV are indeed similar to the ones for R=1.4 a .u. at
150 eV. The same feature can be seen comparing the results
at 150 and 250 eV, respectively. To explain this we note that
the coefficients f2n+1

� and f2n
� in Eqs. �4� and �5� depend on ke,

R, and the quantity �keR /2�. Taking only into account this
last factor, a simple scaling relation can be derived, Ee�R
=1.4��2�Ee�R=2�, to predict the values of the photoelec-
tron energies Ee which would present similar angular distri-
butions for the two internuclear distances. This scaling is
verified by the data displayed in Figs. 5 and 6, only at high
photoelectron energy. For the lowest values the angular dis-
tributions do not follow the scaling law showing that the
coefficients f2n+1

� and f2n
� have a more complex dependence

on ke and R.

IV. CONCLUSIONS

We have studied the molecular frame angular distributions
of photoelectrons emitted from H2

+ as a function of internu-
clear distance, electron energy, and angle between the mo-
lecular axis and the polarization vector. The observed pat-
terns stem from the coherent superposition of �→� and �
→� distributions corresponding to parallel and perpendicu-
lar alignment of the two vectors, respectively. The �→� and
�→� contributions are mainly oriented parallel and perpen-
dicular to the molecular axis. The apparent alignment of the
angular distribution with the electric field at 10 eV arises, as
indicated by Rescigno et al. �9�, from the much larger con-
tribution of the �→� cross section. For different photoelec-
tron energy the alignment of the angular distribution depends
therefore on the relative weight and the interference between
both amplitudes. As a consequence the angular distributions
do not show a general propensity for alignment with the
molecular axis or the polarization vector. By the same token
the alignment depends quite strongly on the internuclear dis-
tance.
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