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We present a detailed analysis of Feshbach resonances in ultracold collisions of Li and Cs atoms in the
presence of superimposed electric and magnetic fields. We show that electric fields induce resonances through
couplings between the s- and p-wave scattering channels and modify the scattering length to a great extent.
Electric-field-induced resonances lead to the anisotropy of ultracold scattering and provide the diagnostics for
magnetic p-wave resonances in ultracold gases. We show that the electric field couplings may shift the
positions of s-wave magnetic resonances, thereby making the electric field control of ultracold atoms possible
even far away from p-wave resonances. Finally, we demonstrate that electric fields may rotate and spin up the
collision complex of ultracold atoms at substantial rates.
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I. INTRODUCTION

The creation of ultracold atoms and molecules has gener-
ated an upheaval in atomic, molecular, and optical physics
�1–8� and may lead to groundbreaking discoveries in
condensed-matter physics �9–23�, nuclear physics �24–27�,
quantum computation �28–30�, and chemical physics
�31–35�. The development of experimental techniques for the
production of dense ultracold gases is therefore pursued by
many researchers �see �7� and references therein�. Ultracold
gases offer the possibility of controlling atomic and molecu-
lar systems at the single-quantum level, which is exploited in
studies of quantum information processing �28–30� and co-
herent matter-light interactions �11�. External control of
atomic interactions can be achieved by applying static mag-
netic or resonant laser fields to induce Feshbach scattering
resonances �36–39�. Ultracold atoms and molecules are usu-
ally confined in magnetic or magneto-optical traps, and mag-
netic Feshbach resonances are particularly important for
studies of ultracold gases. They have been used to create
molecular Bose-Einstein condensates �BEC’s� and explore
the dynamics of ultracold correlated systems in the BEC-
BCS crossover regime �13,16�. Collision cross sections of
ultracold atoms and molecules change dramatically as the
magnetic field is varied through a resonance. Feshbach reso-
nances thus provide a mechanism for controlling atomic and
molecular collisions with magnetic fields.

In the present paper, we explore the possibility of induc-
ing Feshbach resonances in ultracold atomic gases with dc
electric fields. Electric fields can be tuned much faster than
magnetic fields, so electric field control of interatomic inter-
actions may prove to be more versatile for quantum informa-
tion processing than magnetic Feshbach resonances. Using
electric fields for inducing scattering resonances may also be
important for experiments with gases in deep magnetic traps
where large field gradients complicate the dynamics of mag-
netic resonances or when magnetic resonances cannot be
tuned in the available interval of magnetic fields. Magnetic
field control of interatomic interactions is limited to para-

magnetic species, so the possibility of inducing scattering
resonances with electric fields may expand the scope of stud-
ies of correlation phenomena in ultracold gases.

Marinescu and You �40� and Melezhik and Hu �41� pro-
posed to control interactions in ultracold atomic gases by
polarizing atoms with strong electric fields. The polarization
changes the long-range form of the atom-atom interaction
potential and modifies the scattering cross section in the limit
of zero collision energy. The interaction between an atom
and an electric field is, however, extremely weak, and fields
of as much as 250–700 kV/cm were required to alter the
elastic scattering cross section of ultracold atoms in these
calculations. We have recently proposed an alternative
mechanism for electric field control of ultracold atom inter-
actions �42� and demonstrated that collisions and interactions
in binary mixtures of ultracold atoms can be effectively ma-
nipulated by electric fields below 100 kV/cm. The mecha-
nism of electric field control is based on the interaction of the
instantaneous dipole moment of the collision pair with exter-
nal electric fields. The duration of an ultracold collision is so
long that this interaction, while insignificant in thermal
gases, may dramatically change the dynamics of atomic col-
lisions at temperatures near absolute zero.

This is an extension of our preceding Letter �42�. To elu-
cidate the possibility of inducing Feshbach resonances with
electric fields, we study the collision dynamics in a binary
mixture of ultracold Li and Cs atoms. Ultracold mixtures of
Li and Cs gases have been recently created by Mudrich et al.
�43,44� in order to produce ultracold polar LiCs molecules
�45�, and accurate interaction potentials for the LiCs mol-
ecule have been derived from high-precision spectroscopy
measurements �46�. We use the interaction potentials of
Staanum et al. �46� to calculate the positions and widths of
magnetic Feshbach resonances that may be used to link ul-
tracold atoms together for the creation of ultracold molecules
either directly �43–45� or by enhancing the probability of
photoassociation �47�. We then show that applying superim-
posed magnetic and electric fields may result in three-state
Feshbach resonances tunable by electric fields. We explore
the main features of such resonances. In particular, we show
that the positions of the electric-field-induced resonances de-
pend on the strength of the electric field and demonstrate that
electric fields may modify the magnetic Feshbach reso-*Electronic address: rkrems@chem.ubc.ca
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nances. Finally, we show that electric fields may spin up the
collision complex of ultracold atoms at substantial rates and
induce the anisotropy of the differential scattering cross sec-
tions at ultracold temperatures.

II. THEORY

The dynamics of Li-Cs collisions in the presence of su-
perimposed electric and magnetic fields is described by the
Hamiltonian

Ĥ = −
1

2�R

�2

�R2R +
l̂2��,��
2�R2 + V̂�R� + V̂E�R� + V̂B + V̂hf,

�1�

where � is the reduced mass of the colliding atoms, R is the

interatomic distance, l̂ is the rotational angular momentum of
the collision complex, and the angles � and � specify the
orientation of the interatomic axis in the space-fixed coordi-

nate frame. The electronic interaction potential V̂�R� can be
represented as

V̂�R� = �
S

�
MS

�SMS�VS�R��SMS� , �2�

where S is the total electronic spin of the diatomic molecule,
MS is the projection of S on the z axis, and VS�R� represents
the adiabatic interaction potentials of the molecule in the
spin state S. The atomic and molecular quantum numbers
used in this article are defined in Table I.

The operator V̂E�R� describes the interaction of the colli-
sion complex LiCs with an external electric field. It can be
written in the form

V̂E�R� = − E cos ��
S

�
MS

�SMS�dS�R��SMS� , �3�

with dS denoting the dipole moment functions of LiCs in the
different spin states and E the electric field magnitude. The
interaction potentials VS�R� and the dipole moment functions
dS�R� for the LiCs molecule in the 1� and 3� states used for
this work are shown in Fig. 1. The dipole moment functions
are represented by the expressions

ds�R� = D exp�− ��R − Re�2� , �4�

with the parameters Re=7.7 bohrs, �=0.1 bohr−2, and D
=6 D for the singlet state and D=0.5 D for the triplet state.
These analytical expressions approximate the numerical data
for the dipole moment functions computed by Aymar and
Dulieu �48�.

The interaction of the atoms with an external magnetic
field B is described by

V̂B = 2�0B�ŜZLi
+ ŜZCs

� − B	�Li

ILi
ÎZLi

+
�Cs

ICs
ÎZCs


 , �5�

where B is the magnetic field strength, �0 is the Bohr mag-
neton, and �Li and �Cs denote the nuclear magnetic moments
of Li and Cs. We assume that the electric and magnetic fields
are both directed along the z axis. The hyperfine interaction

V̂hf can be represented as

TABLE I. Definition of quantum numbers used in this article.

l nuclear orbital angular momentum of the diatomic system

ml projection of l on the space-fixed quantization axis

S total electronic spin angular momentum of the diatomic system

MS projection of S on the space-fixed quantization axis

ILi nuclear spin angular momentum of Li

MILi
projection of ILi on the space-fixed quantization axis

ICs nuclear spin angular momentum of Cs

MICs
projection of ICs on the space-fixed quantization axis

SLi electronic spin angular momentum of Li

MSLi
projection of SLi on the space-fixed quantization axis

SCs electronic spin angular momentum of Cs

MSCs
projection of SCs on the space-fixed quantization axis
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FIG. 1. �Color online� The interaction potentials and dipole mo-
ment functions �inset� of the LiCs molecule in the ground 1� �solid
lines� and excited 3� �dashed lines� states. The interaction poten-
tials were taken from Ref. �46� and the dipole moment functions
approximate the data of Ref. �48�.

Z. LI AND R. V. KREMS PHYSICAL REVIEW A 75, 032709 �2007�

032709-2



V̂hf = �LiÎLi · ŜLi + �CsÎCs · ŜCs, �6�

where �Li and �Cs are the atomic hyperfine interaction con-
stants: �Li=402.00 MHz and �Cs=2298.25 MHz.

We expand the total wave function of the diatomic system

in terms of the eigenfunctions of l̂2, l̂Z, ÎLi
2 , ÎCs

2 , ÎZLi
, and ÎZCs

as follows:

� =
1

R
�
�

�
l

�
ml

F�lml
�R���lml� , �7�

where

��� = �ILiMILi
��SLiMSLi

��ICsMICs
��SCsMSCs

� . �8�

The substitution of this expansion into the Schrödinger equa-
tion with the Hamiltonian �1� results in a system of coupled
differential equations

� d2

dR2 −
l�l + 1�

R2 + 2�	�F�lml
�R�

= 2��
��

�
l�

�
ml�

��lml�V̂�R� + V̂E�R�

+ V̂B + V̂hf���l�ml��F��l�ml�
�R� , �9�

which we solve at fixed values of total energy 	.
To evaluate the matrix elements of the interaction

potential V̂�R�, we write the product states
�ILiMILi

��SLiMSLi
��ICsMICs

��SCsMSCs
� as

�ILiMILi
��SLiMSLi

��ICsMICs
��SCsMSCs

�

= �
S

�
MS

�− 1�MS�2S + 1�1/2


	 SLi SCs S

MSLi
MSCs

− MS

�ILiMILi

��ICsMICs
��SMS�

�10�

and note that

�SMS�V̂�R��S�MS�� = VS�R��SS��MSMS�
. �11�

The parentheses in Eq. �10� denote a 3j symbol. The operator

V̂�R� is independent of the nuclear spin states and l and ml

quantum numbers.

The matrix elements of V̂E�R� are evaluated using the ex-
pressions

�lml�cos ��l�ml�� = �mlml�
�− 1�ml	 l 1 l�

− ml 0 ml

	 l 1 l�

0 0 0




��2l + 1��2l� + 1��1/2 �12�

and

�SMS�	�
S�

�
MS�

�S�MS��dS��S�MS��
�S�MS�� = dS�SS��MSMS�
.

�13�

The terms describing the interaction of the atoms with
magnetic fields are diagonal in the representation
�ILiMILi

��SLiMSLi
��ICsMICs

��SCsMSCs
�. The matrix elements of

the hyperfine interaction operators can be readily evaluated
using the relations

ÎLi · ŜLi = ÎZLi
ŜZLi

+
1

2
�ÎLi+ŜLi− + ÎLi−ŜLi+� �14�

and

ÎCs · ŜCs = ÎZCs
ŜZCs

+
1

2
�ÎCs+ŜCs− + ÎCs−ŜCs+� , �15�

where Î± and Ŝ± are the raising and lowering operators. We
note that the matrix of the Hamiltonian in the basis ��lml�
does not become diagonal as R→�. Therefore, the boundary
conditions cannot be properly applied to obtain the solutions
to Eq. �9�. Before constructing the scattering S matrix from
the solutions of Eq. �9�, we apply an additional transforma-

tion that diagonalizes the matrix of V̂E+ V̂B+ V̂hf. This proce-
dure has been described in Ref. �49�. The scattering matrix
thus obtained yields the probabilities of elastic and inelastic
scattering of Li and Cs in the presence of electric and mag-
netic fields.

III. RESULTS

Ultracold mixtures of Li and Cs gases have been recently
created in the laboratory of Weidemüller �43,44� for the for-
mation of ultracold polar LiCs molecules through photoasso-
ciation �45�. An alternative method of producing ultracold
molecules is based on linking ultracold atoms together with
magnetic-field-induced Feshbach resonances. Feshbach reso-
nances may also enhance the probability for photoassociation
�47� and provide detailed information for the analysis of in-
teratomic interaction potentials �50�. Experimental measure-
ments of the positions and widths of magnetic Feshbach
resonances are therefore very important for dynamical stud-
ies of ultracold gases. To guide future experiments in the
search of Feshbach resonances, we present in Table II the
positions and widths of purely magnetic s-wave resonances
calculated with the potentials of Staanum et al. �46�. The
data were obtained by fitting the scattering length to the fol-
lowing equation:

a = abg	1 −



B − Bres

 , �16�

where abg is the background scattering length, B is the mag-
nitude of the magnetic field, 
 is the width of the resonance,
and Bres is the position of the resonance. To analyze the reso-
nances in detail, we have also computed the eigenphase sum.
The first derivative of the eigenphase sum peaks at slightly
different points from Bres in Eq. �16�. Table III lists the po-
sitions of the resonances as determined by Eq. �16�.

In the absence of electric fields, different partial wave
states �lml� of the Li-Cs collision complex are uncoupled and
s-wave scattering entirely determines the collision cross sec-
tions at ultralow kinetic energies. The interaction with elec-
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tric fields �3� induces couplings between different angular
momentum states and may thus affect the scattering length.
Figures 2, 3, and 4 display the magnetic field dependence of
the s-wave and p-wave scattering cross sections calculated
for various Zeeman states of Li and Cs at zero electric field
and at E=100 kV/cm. The resonance structure of the s-wave
cross sections is dramatically modified by the electric field.

The examination of Figs. 2–4 leads to two important ob-
servations: �i� p-wave resonances result in resonant enhance-
ment of the s-wave cross section �or equivalently the scatter-
ing length� in the presence of an electric field, and �ii� the
interaction with electric fields shifts the positions of both the
s-wave and p-wave resonances. We refer to the former as
electric-field-induced resonances. Figure 5 presents two ex-
amples of the electric-field-induced resonances and shows
that even relatively weak electric fields �
20–30 kV/cm�
may modify the s-wave Li-Cs scattering to a great extent.
P-wave magnetic resonances are essential for the electric-
field-induced resonances in ultracold atomic collisions. To

guide future experiments in the search of such resonances,
we present in Table III the positions of p-wave magnetic
Feshbach resonances calculated at zero electric field.

Figure 6 is an expanded view of two s-wave resonances in
Fig. 3. As shown in the third panel of the figure, the s-to-p
couplings induced by electric fields are significant both in the
presence of p-wave resonances and near s-wave resonances.
Electric field control of ultracold Li-Cs collisions may there-
fore be possible even in the absence of p-wave resonances.
The s-wave resonances may shift as shown in Fig. 6, which
can lead to dramatic changes of the scattering length: con-
sider, for example, the variation of the scattering length with
increasing electric field at the magnetic field value 1071 G
shown in Fig. 7. Not all s-wave resonances are sensitive to
electric fields. For example, we found that the resonances at
low magnetic fields listed in Table II shift by less than 1 G in
an electric field of 100 kV/cm, so no variation of these reso-
nances with electric fields should be expected. Apparently,
the effect of electric fields on s-wave resonances depends on
the width of the resonances and the strength of the back-
ground p-wave scattering. The background p-wave scattering
at magnetic fields of about 1071 G in Fig. 3 is enhanced by
the wings of the p-wave resonances at lower magnetic fields.

TABLE II. The positions �Bres� and widths �
� of s-wave mag-
netic resonances for Li-Cs at magnetic fields below 500 G.

Atomic states Bres �G� 
 �G�

MLi=1, MCs=−2 2.03 �2.00

MLi=1, MCs=−3 1.49 �2.00

21.50 �2.00

387.81 �2.00

MLi=0, MCs=−3 4.92 �2.00

MLi=−2, MCs=4 20.05 0.70

MLi=−2, MCs=3 0.86 0.03

2.27 0.16

7.06 1.68

MLi=−2, MCs=2 1.02 0.06

2.64 0.34

7.20 2.00

MLi=−2, MCs=1 0.47 0.02

1.25 0.12

3.15 0.42

6.65 1.50

MLi=−2, MCs=0 0.59 0.04

1.65 0.22

4.47 1.06

MLi=−2, MCs=−1 0.63 0.10

2.49 0.56

TABLE III. The positions �Bres� of p-wave magnetic Feshbach
resonances for Li-Cs at magnetic fields below 1000 G.

Atomic states Bres �G�

MLi=−1, MCs=3 953.54

MLi=0, MCs=3 862.74, 907.55, 965.61

MLi=1, MCs=2 998.79

MLi=1, MCs=3 785.57, 862.47
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FIG. 2. Cross sections for elastic s-wave �solid curves� and
p-wave �dashed curves� scattering of Li and Cs in the states MLi

=1 and MCs=3 computed at zero electric field �upper panel� and an
electric field strength of 100 kV/cm �lower panel�. The collision
energy is 10−7 cm−1.
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Ultracold s-wave scattering is isotropic: the probability to
find the atoms after s-wave collisions does not depend on the
scattering angle. The interaction with electric fields �3�, how-
ever, couples the spherically symmetric s waves to aniso-
tropic p waves, so electric fields may induce the anisotropy
of ultracold scattering. The differential scattering cross sec-
tion in the presence of external fields is defined as

d��→��

dR̂idR̂
=

4�2

k�
2 �

l1

�
ml1

�
l2

�
ml2

�
l1�

�
ml1
�
�
l2�

�
ml2
�

il1�−l1+l2−l2�Yl1ml1
�R̂i�


 Yl2ml2

* �R̂i�Yl1�ml1
�

* �R̂�Yl2�ml2
� �R̂�


T�l1ml1
→��l1�ml1

�
* T�l2ml2

→��l2�ml2
� , �17�

where � and �� label the initial and final scattering states, k�

is the collision wave number, and R̂i and R̂ specify the direc-
tion of the initial and final collision fluxes. Assuming that the
initial collision flux is directed along the field axis, we can
write the differential cross section �17� for elastic scattering
in terms of the s-wave and s-to-p wave elements of the T
matrix in the form

�d =
d�

dR̂
=

�

4k�
2 ��Tl=0→l�=0�2 + 3 cos2 ��Tl=0→l�=1�2

+ 2�3 cos ��Re�Tl=0→l�=0�Im�Tl=0→l�=1�

− Im�Tl=0→l�=0�Re�Tl=0→l�=1��� . �18�

The first term is independent of the scattering angle, and it
usually dominates at ultralow collision energies. Figure 5,
however, shows that at certain values of the magnetic and
electric fields, the s-wave cross section becomes very small.
At these points, the differential scattering may be determined
by the third term in Eq. �18�, which leads to an angular
dependence of the scattering cross sections �see Fig. 8�. The
contribution of elastic p-wave scattering at the collision en-
ergies below 10−5 is negligible.

Collisions of ultracold atoms are determined by s-wave
interactions; however, electric fields rotate and spin the col-
lision complex up, leading to the s→p transition. Figure 3
demonstrates that the probability of the s→p transition near
s-wave and p-wave threshold resonances is sensitive to the
magnitude of the electric field. The s- and p-wave scattering
channels are degenerate at the infinite interatomic separation,
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FIG. 3. Cross sections for elastic s-wave �solid curves� and
p-wave �dashed curves� scattering of Li and Cs in the states MLi

=0 and MCs=3 computed at zero electric field �upper panel� and an
electric field strength of 100 kV/cm �middle panel�. The lower
panel presents the cross section for the s→p transition. The colli-
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and the s→p transition must be suppressed by the centrifu-
gal barrier in the p state. The rate constant for this transition
therefore vanishes in the limit of zero temperature, and it
varies with temperature as �51�

Rs→p�T� = A	 8

��

1/2

�kBT�3/22!, �19�

where kB is the Boltzmann constant and A is a proportional-
ity constant given by the ratio of the cross section and the
collision energy. Using the value of the cross section in Fig.
3 at B=1027 G and E=100 kV/cm, we estimate the rate
constant for the s→p excitation due to the electric field to be
about 3
10−14 cm3 s−1 at 10 nK and at 1 �K it is on the
order of 3
10−11 cm3 s−1.

IV. CONCLUSIONS

We have presented a detailed analysis of Feshbach reso-
nances in ultracold collisions of Li and Cs atoms in the pres-
ence of superimposed electric and magnetic fields. Our cal-
culations show that electric fields below 100 kV/cm may
significantly modify the collision dynamics in binary mix-
tures of ultracold gases by inducing couplings between
s-wave and p-wave collision channels. These couplings are
dramatically enhanced near s-wave or p-wave scattering
resonances. Electric fields can thus be used for tuning the
scattering length like in the experiments with magnetic Fes-
hbach resonances �7�. We have identified two mechanisms
for electric-field-control of ultracold atom mixtures: �i� shifts
of the s-wave resonance positions and �ii� electric-field-
induced resonances. The shifts of the positions of s-wave
resonances can be induced by static fields on the order of
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30 kV/cm. This effect appears to depend on the width of the
s-wave resonances and the strength of the background
p-wave scattering, and it may result in rapid variations of the
s-wave cross sections even hundreds of gauss away from
p-wave resonances. Electric-field-induced resonances occur
near p-wave scattering resonances. The p-wave enhancement
of the cross section induces the resonant variation of the
s-wave scattering even at ultralow energies when the prob-
ability of p-wave scattering is negligibly small.

Electric-field-induced resonances discussed here are
three-state resonances involving the scattering s- and p-wave
channels and a bound state of the molecules with the rota-
tional angular momentum 1. The coupling between the
p-wave scattering channel and the molecular state can be
induced by magnetic fields as in the experiments of Ticknor
et al. �52�. The coupling between the s- and p-wave scatter-
ing channels can be induced by electric fields as shown in
this paper. Electric-field-induced Feshbach resonances may
thus allow for two-dimensional control of interatomic inter-
actions with both magnetic and electric fields. Electric-field-
induced resonances may also be used in the search for
p-wave resonances at ultracold temperatures. In the absence
of electric fields, the s- and p-wave channels are uncoupled
and ultracold collisions are dominated by s-wave scattering.
It is therefore difficult, if not impossible, to detect p-wave
resonances in ultracold gases of binary mixtures directly. Ap-
plying an electric field may thus be an important tool for
spectroscopic studies of ultracold atoms. The measurements
of p-wave resonances may provide important information for
the analysis of interatomic interaction potentials, especially
for systems with anisotropic long-range interactions �53�.

Interactions between molecules will generally be charac-
terized by a significant dipole moment function, and the

resonances described in this paper will similarly occur in
ultracold collisions of molecules. Electric fields induce cou-
plings between different total angular momenta of the colli-
sion complex of molecules. Feshbach resonances of higher
total angular momenta may thus affect ultracold molecular
collisions through electric-field-induced couplings. The den-
sity of Feshbach resonances in molecule-molecule collisions
is quite large �54�, and we expect that the effects of electric
fields on ultracold collisions of molecules will be even more
pronounced than observed here. We have shown that electric
fields induce the anisotropy of differential scattering at ultra-
cold temperatures. Controllable angle-dependent scattering
may modify the properties of ultracold gases such as the
expansion of Bose-Einstein condensates released from the
trap �55�. Measurements of the differential scattering cross
sections may probe the anisotropy of interatomic interactions
�56� and provide detailed information on molecular structure.

Finally, we would like to point out that the mechanism of
electric field control described here does not perturb the
separated atoms. The atoms interact with electric fields only
when in a molecular collision complex, so the wave function
of the isolated atoms may be more immune to decoherence
than in varying magnetic or optical fields. Coupled with the
possibility of tuning the electric fields very fast, this makes
electric-field-induced resonances a useful tool for the devel-
opment of quantum computation with ultracold atoms and
molecules.
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