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Apparent generalized oscillator strengths �apparent GOS’s� have been measured for three types of optically
forbidden transitions in rare-gas atoms as functions of the squared momentum transfer K2 at small K2 range
��0.4 a.u.�. The apparent GOS’s were deduced from the differential cross sections for excitation, which were
measured by means of the electron energy-loss spectroscopy. Electron impact energies were 100, 300, and
500 eV, and the scattering angles were from 0.8° to 10°. In the case where the first Born approximation does
not hold, the apparent GOS as a function of K2 �the apparent GOS function� shows characteristic dependence
on the electron collision energy according to the character of the transition. In the present observation, for the
np6 1S0→np5�n+1�p��1/2�0 transitions, the specific behavior has been observed in the apparent GOS func-
tions characteristic of that for the 1S0→ 1S0 type transition, in which the term symbols of the initial and the
final states do not change. For the np6 1S0→np5�n+1�p�5/2�2,3; �3/2�1,2 transitions, a certain new type of
deviations from the first Born approximation, which is interpreted to be characteristic of the 1S0→ 1D2 type
transition, have been observed in the apparent GOS functions with some modifications depending on respective
atomic species. For the 5p6 1S0→5p55d �7/2�3; �5/2�3 transitions in Xe, it is observed that the apparent GOS
curves have no impact energy dependence for impact energies from 100 eV to 500 eV, which suggests that the
first Born approximation is valid for such low impact energies and the curves agree with the Bethe-GOS. It is
found that the GOS’s varies in proportional to K4 at small K2 region ��0.1 a.u.�, which suggests that the
octupole moment is dominant in these transitions. We interpret that these features of the behavior are specific
for the 1S0→ 1F3 type transition. On the whole, it is found that the behavior of the apparent GOS function can
be well understood by considering the main contribution from a certain LS-coupling state when the excited
state is represented by the intermediate coupling scheme which is expressed as a linear combination of the
LS-coupled states.
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I. INTRODUCTION

The generalized oscillator strength �GOS� is a fundamen-
tal quantity for atoms and molecules and relates to various
physical constants. The GOS has been first introduced by
Bethe �1� in 1930 in order to calculate the stopping power of
materials for beta rays. Ever since, it has been studied by
many investigators theoretically and experimentally �2�. We
have made a series of measurements of the GOS in rare-gas
atoms mainly for optically allowed transitions, e.g., in Ne
�3�, Ar �4�, Kr �5�, and in Xe �6,7�.

When the condition for the first Born approximation
�FBA� is satisfied, the GOS is obtained directly from the
differential cross section �DCS�, which is measured by
means of the electron scattering experiment, using the gen-
eral relationship between the GOS and the DCS. However,
when the condition for the FBA is not satisfied, the quantity
derived from the DCS using the same relationship between
the GOS and the DCS, which is called the apparent GOS,
does not fully agree with the Bethe-GOS. The behavior of
the variation of the apparent GOS as a function of the
squared momentum transfer K2, which we call the apparent
GOS function or the apparent GOS curve �against K2�, is
dependent on the collision energy and depends upon the na-
ture of the transition concerned, especially for the optically

forbidden transitions. Therefore, an accumulation of the
knowledge on the features of the behavior of the apparent
GOS functions for various typical transitions might be quite
useful to identify the character of the transition when it is
unknown.

However, very few systematic studies have been available
on the variations in the apparent GOS functions for low and
intermediate collision energies. For this motivation, we mea-
sured the apparent GOS functions for several typical types of
optically forbidden transitions in rare-gas atoms, especially
in the region of small momentum transfer K2 ��0.4� at col-
lision energies 100, 300, and 500 eV.

The jl-coupling designation, which is considered com-
monly to be suitable to express the low lying excited states in
rare-gas atoms, is used here according to the Tables of
Atomic Energy Levels by Moore �8�. The transitions mea-
sured are as follows.

�1� 1S0→ 1S0 type transitions:
2p6 1S0→2p5�2P1/2�3p��1/2�0 transition in Ne;
3p6 1S0→3p5�2P1/2�4p��1/2�0 transition in Ar;
4p6 1S0→4p5�2P3/2�5p�1/2�0 transition in Kr.

�2� 1S0→ 1D2 type transitions:
np6 1S0→np5�2P3/2��n+1�p�5/2�2,3,
np5�2P3/2��n+1�p�3/2�1,2 transitions in Ar�n=3�,
Kr�n=4�, Xe�n=5�.
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�3� 1S0→ 1F3 type transitions:
5p6 1S0→5p5�2P3/2�5d�7/2�3, 5p5�2P3/2�5d�5/2�3

transitions in Xe.

A. 1S0\
1S0 type transitions

It is known that the apparent GOS function shows quite
distinctive behavior depending on the impact energy in the
transitions where the term symbols of the initial and the final
states do not change, as the case of the 1S0→ 1S0 transitions.
The most suitable example may be the behavior of the ap-
parent GOS in the 11S0→21S0 transition in He �9�. In this
case, the apparent GOS curves do not converge on the Bethe-
GOS curve, which is given by the first Born approximation
�FBA�, unless the impact energy becomes sufficiently high
��1 keV�. The apparent GOS curves are located at positions
lower than the Bethe-GOS in the region of K2 between about
0.1 and 7.0 a.u., for impact energies from 200 eV to 800 eV.
For relatively low impact energies, for instance �100 eV,
the apparent GOS’s have values larger than those of the
Bethe-GOS in the region of K2 smaller than around 0.15 a.u.,
and the apparent GOS curve shows a maximum at around
0.1 a.u. of K2.

The 3p��1/2�0 state in Ne is known to be well represented
by the LS-term 1S0. The 4p��1/2�0 state in Ar has main con-
tribution by the term 1S0 in spite of some mixing of the 3P0
term in the eigenfunction. As for the 5p�1/2�0 state in Kr, the
1S0 term must be considered to be mixed to a significant
extent with the 3P0 term. These situations may be understood
by referring to Table III�A�, a part of a summary of interme-
diate coupling coefficients, which will be presented later for
comprehensive discussion in Sec. III.

We have observed remarkable impact energy dependences
of the apparent GOS functions characteristic of the 1S0
→ 1S0 type transitions regardless of some mixing with the
3P0 term in the final state. One of the aim of our measure-
ments is to examine how the behavior of the apparent GOS
function changes as the nature of the excited state deviates
gradually from the pure 1S0 state.

B. 1S0\
1D2 type transitions

In the present measurements, main contributions to the
scattering intensities for the np�5/2�2,3 and the np�3/2�1,2

excitations are expected to be from excitations to the
np�5/2�2 and the np�3/2�2 states, respectively, according to
the selection rule for the forward scattering �10�. The
np�5/2�2 state is expressed by the linear combination of the
3D2, 1D2, and 3P2 terms in order of the coefficient size �11�.
Similarly, the np�3/2�2 state is expressed by the linear com-
bination of the 3P2, 1D2, and 3D2 terms. These situations may
be understood by referring to Table III�B�.

As the singlet-triplet excitations have no contributions to
Born amplitude, GOS’s for the transitions to the np�5/2�2

and np�3/2�2 states are attributed to the 1D2 components,
and it is expected that the apparent GOS functions have a
feature in the impact energy dependence characteristic of the
1S0→ 1D2 type transition. It has been observed that the com-
mon feature of the behavior of the apparent GOS curves in

these transitions, although some modification and deviation
from the feature remained depending on the final state and
atomic species. The feature is as follows: The apparent GOS
curves are situated at positions higher than the Bethe-GOS
curves for low impact energies and approach the Bethe-GOS
curve moving to lower positions as the impact energy in-
creases, which is remarkably in contrast to the 1S0→ 1S0 type
transitions. It was found that this feature was clearly repro-
duced in the apparent GOS curves for the 11S0→31D0 tran-
sition in He obtained by deducing from the theoretical data
on the DCS’s as functions of scattering angles and impact
energies.

The origin of variation in the impact energy dependence
of the apparent GOS functions, observed for the three atomic
species in excitations to the same series of the excited states
expressed by the jl-coupling scheme, will be discussed in
Sec. III later.

C. 1S0\
1F3 type transitions

The 5d�7/2�3 and the 5d�5/2�3 states in Xe are expressed
by the linear combination of the 1F3, 3D3, and 3F3 terms
�11�, which may be seen in Table III�C�. At relatively high
impact energy, it is expected that the apparent GOS functions
have characteristic behavior of the 1S0→ 1F3 type transition
because the singlet-triplet transition makes much less contri-
bution to the apparent GOS than that of the singlet-singlet
transition. Moreover, the transitions to these states from the
ground state are the excitations in which the total angular
momentum quantum number J changes by 3 ��J=3�. In
these transitions, no contribution of quadrupole moment is
expected to the scattering amplitude in the GOS, and it is
expected that the octupole moment has a significant role in
the scattering amplitude at small scattering angles. In the
present experiment we extended the range of scattering angle
to the smaller angles ��0.8° � compared with our previous
work �7� to examine the K4 dependence of the GOS curve at
small K2 regions and to estimate the electric octupole transi-
tion probabilities for both transitions.

We would like to give some discussion on these three
transitions after the description of experimental results in
Sec. III, comparing them with available experimental and
theoretical results by other authors.

II. EXPERIMENTAL METHOD

A. Experimental apparatus

A conventional electron-spectrometry equipment setup in
the Institute for Laser Science, the University of Electro-
Communications, was used for the measurements of the
electron-energy-loss spectra to determine the differential
cross sections for excitation of each states of interest. As
details of design and performance of the electron spectrom-
eter have been described in the preceding papers, we de-
scribe them very briefly here �4,5,9�.

This apparatus has been designed to be suitable for the
intermediate and low energy collisions. Experiments with
chemically active species as target gases, as F2 molecule,
were enabled by use of the differential pumping structure

SUZUKI et al. PHYSICAL REVIEW A 75, 032705 �2007�

032705-2



�12�. The electron spectrometer consists of an electron gun,
an energy selector, a collision region, an energy analyzer, and
a channel electron multiplier. A set of electrostatic lenses
connects each part. Simulated hemispherical analyzers, first
designed by Jost �13�, are employed for the selector and
analyzer. The mean trajectory radius is 50 mm for the selec-
tor and 80 mm for the analyzer.

At the collision center, a target atomic beam was crossed
with the electron beam at right angles. The target atomic
beam effused from a nozzle of 0.5 mm inner diameter and
10 mm length. The whole system was enclosed in a vacuum
chamber where the ultimate pressure was about 5
�10−8 Torr. The pressure when the electron-energy-loss
spectrum �EELS� measurements were performed was main-
tained at less than 1�10−5 Torr.

The conventional constant resolution mode, where the de-
celeration voltage for the scattered electrons was swept keep-
ing the pass energy through the analyzer constant, was used
and the typical energy resolution was about 50 meV full
width at half maximum �FWHM�. The angular resolution of
the apparatus has been estimated from the measurement of
the angular distribution of the primary electron beam inci-
dent from the selector as a function of the rotation angle
around 0° position. The angular resolution was estimated to
be 0.4° full width at half maximum.

For each energy-loss spectrum, the range of collection
energies covered was much less than the collision energies,
and the energy-loss spectra were measured under conditions
where the chromatic aberration in the electron lens before the
analyzer was minimized. Therefore, the peak intensity ratios
are considered perfectly to be proportional to the true ratios
of the corresponding DCS’s. The results of the intensity ratio
for each angle and each impact energy have been determined
from an average of the intensity ratios obtained from three or
four independent measurements.

B. Experimental procedures

The absolute DCS’s for the inelastic scattering
�d� /d��inel were deduced from the intensity ratio �Iinel / Iel�
using the absolute DCS’s for the elastic scattering �d� /d��cl

as the normalization standard, following the relation

� d�

d�
�

inel
=

Iinel

Iel
� d�

d�
�

el
, �1�

where Iinel and Iel are the scattering intensities which were
obtained by the corresponding peak area in the energy loss
spectra for the inelastic and elastic scattering, respectively.
The absolute elastic scattering cross sections which were
adopted as normalization standards were obtained from the
data published by other authors �14–19�. The reference num-
bers of papers from which we obtained the standard absolute
cross sections are listed in Table I for each rare-gas atom.
The actual zero scattering angle has been calibrated using the
symmetrical nature of the intensity ratio Iinel / Iel around 0°.
The �d� /d��el were obtained by a calculation using a semi-
empirical fitting function which was based on the data of the
absolute elastic scattering cross sections. The fitting function
is as follows:

ln� d�

d�
�

el
= c0 + c1K + c2K2 + c3K3, �2�

where c0, c1, c2, and c3 are the fitting parameters and K is the
absolute value of the momentum transfer vector. Using Eq.
�1�, the �d� /d��inel can be determined by multiplying the
intensity ratio with the �d� /d��el.

For measurements at small scattering angles, the angular
resolution cannot be neglected. Using a procedure described
in the previous paper �9�, we estimated the effect of the finite
angular resolution and applied appropriate corrections to
both the values of the cross section and the scales of the
angle.

The apparent generalized oscillator strength F0l
ap is ob-

tained from the differential cross section �d� /d��inel as fol-
lows:

F0l
ap�K,Ei� =

W

2

k0

kl
K2� d�

d�
�

inel
�in a.u.� , �3�

where W is an excitation energy and k0 and kl are the mo-
menta of the incident and scattered electrons, respectively.

The results are fitted with an expansion formula that is
applicable even for non-Born cases �20�

F0l
ap�K,Ei� =

1

1 + x2 �
n=0

m

an� x
�1 + x2�n

, �4�

where an are the fitting parameters and the variable x is equal
to K / ��2I+�2�I−W��, here I is the ionization potential and
W is the excitation energy.

The apparent GOS’s for the 3p��1/2�0 excitation in Ne,
for the 4p��1/2�0 excitation in Ar, and the 5p�1/2�0 excita-
tion in Kr have been measured at 100, 300, and 500 eV

TABLE I. Reference numbers of papers from which the absolute
elastic collision DCS’s were adopted as the normalization standard.

Ei �eV� Ne Ar Kr Xe

100 �14,15,18,19� �14,15� �14,16� �14,16�
300 �15,17,19� �15,17� �16,17� �16,17�
500 �15,17,19� �15,17� �16,17� �16,17�

TABLE II. Summary of experimental errors.

Final state�s� Ei=100 eV Ei=300 eV Ei=500 eV

3p��1/2�0 in Ne 10% 11% 12%

4p��1/2�0 in Ar 10% 12% 12%

5p�1/2�0 in Kr 10% 11% 13%

4p�5/2�2,3, 4p�3/2�1,2 in Ar 10% 11% 12%

5p�5/2�2,3, 5p�3/2�1,2 in Kr 10% 10% 13%

6p�5/2�2,3, 6p�3/2�1,2 in Xe 10% 10% 13%

5d�7/2�3 in Xe 10% 10% 13%

5d�5/2�3 in Xe 10% 10% 13%
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impact energies. The scattering angles in these measurements
were from 0.8° to 12°.

The measurements for the np�5/2�2,3 and the np�3/2�1,2

excitations �n=4 in Ar, n=5 in Kr, and n=6 in Xe� have been
performed for the impact energies of 100, 300, and 500 eV at
the scattering angles from 0.8° to 9°. In Ne, two peaks in an
electron-energy-loss spectrum corresponding to these excita-
tions were too close to resolve for this apparatus. The DCS’s
and the apparent GOS’s for the 5d�7/2�3 and the 5d�5/2�3

excitations in Xe have been measured for the impact energies
100, 300, and 500 eV at the scattering angles from 0.8° to 9°.
The experimental errors in the results of the apparent GOS’s
for the 3p��1/2�0 excitation in Ne at 500 eV are estimated to
be less than ±12%. This value is deduced as the quadratic
sum of the statistical error 8% in the intensity ratios, system-
atic error 5% caused by the effect of the limited energy reso-
lution, angular resolution, and the angle calibration and oth-
ers, and the error 7% in the standard absolute values of the
elastic DCS.

The experimental errors in the results of the apparent
GOS’s were estimated based on the similar manner for all

other excitation processes and at the other impact energies.
These estimated experimental errors are listed in Table II for
each excited state at three impact energies.

III. RESULTS AND DISCUSSION

Examples of typical EELS are shown in Fig. 1, Fig. 2,
Fig. 3, and Fig. 4, for Ne, Ar, Kr, and Xe, respectively. The
impact energy and the scattering angle for each spectrum are
described in each figure caption. The spectral peaks corre-
sponding to the optically forbidden transitions of the present
interests are designated with the term symbols in the
jl-coupling notation. Several other notable peaks due to op-
tically allowed transitions are also specified with the term
symbols in the same scheme.

The intermediate coupling coefficients of the LS compo-
nents for the states of the present interests, which were cal-
culated by several authors, are listed in Table III with refer-
ences for the following discussion.

A. 1S0\
1S0 type transitions

In Fig. 1, the spectrum of Ne, a peak at 18.966 eV corre-
sponds to the 3p��1/2�0 excitation. In Fig. 2 for the Ar spec-

FIG. 1. A typical electron-energy-loss spectrum of Ne for the
impact energy 500 eV at the scattering angle 5°.

FIG. 2. A typical electron-energy-loss spectrum of Ar for the
impact energy 300 eV at the scattering angle 1.8°.

FIG. 3. A typical electron-energy-loss spectrum of Kr for the
impact energy 100 eV at the scattering angle 1.8°.

FIG. 4. A typical electron-energy-loss spectrum of Xe for the
impact energy 500 eV at the scattering angle 5.1°.

SUZUKI et al. PHYSICAL REVIEW A 75, 032705 �2007�

032705-4



trum, a peak at 13.480 eV corresponds to the 4p��1/2�0 ex-
citation, and in Fig. 3 for the Kr spectrum, a peak at
11.666 eV corresponds to the 5p�1/2�0 excitation.

The apparent GOS’s for the 3p��1/2�0 excitation in Ne
are plotted in Fig. 5 as functions of the squared momentum
transfer K2 for the impact energies 100, 300, and 500 eV.
Fitting curves calculated using the expansion formula Eq. �4�
are also drawn through the data points. The experimental
data measured at 100 eV by Register et al. �21� and those at
2500 eV by Cheng et al. �22� are also shown. The apparent
GOS curves for the 4p��1/2�0 excitation in Ar are drawn in
Fig. 6. An experimental data point by Chutjian and Cart-
wright �23� at 100 eV and the GOS curve by Zhu et al. at
2500 eV �24� are also shown. The apparent GOS curves for
the 5p�1/2�0 excitation in Kr are plotted in Fig. 7. Experi-
mental results measured at the impact energy 2500 eV by Li
et al. �25� are also presented in Fig. 7.

The present apparent GOS’s for all three excitations show
a similar distinct impact energy dependence. The apparent

GOS’s increase as the impact energy increases from
300 to 500 eV in the region of K2 larger than around
0.05 to 0.07 a.u., and have a broad maximum at K2 around
0.4 for Ne, at around 0.25 for Ar, and at around 0.2 for Kr.
The apparent GOS curves appear to approach asymptotically
a certain curve, which should be the Bethe-GOS curve, as the
impact energies are increased.

In practice, the present apparent GOS curves appear to
approach asymptotically the data points and the fitting curves
by Cheng et al. �22�, Zhu et al. �24�, and Li et al. �25� for
Ne, Ar and Kr, respectively, which are reasonably expected
to be the Bethe-GOS curve, though in the case of Ne, the
maximum of the GOS curve is outside the figure and has a
value of 0.0215 at K2	0.5.

For the impact energy 100 eV, the apparent GOS’s in-
crease as K2 decreases from 0.2 to smaller region, and have a
broad maximum at around 0.1 of K2 in Ne. The similar maxi-
mum is observed for Ar at around 0.04 of K2, and for Kr at
around 0.03 of K2 as shown by fitted curves in the figures.
The values of these maxima in the apparent GOS for 100 eV

TABLE III. Summary of intermediate coupling coefficients. The last column presents a reference number.

Reference

�A� 1S0→ 1S0 type transition

Ne 3p��1/2�0 0.99�2p53p : 1S0�+0.14�2p53p : 3P0� Machado �1984� �33�
0.9452�2p53p : 1S0�−0.2690�2p54p : 1S0�

−0.1165�2p55p : 1S0�
Cheng �2005� �22�

Ar 4p��1/2�0 0.9313�3p54p : 1S0�+0.2862�3p54p : 3P0�
−0.1891�3p55p : 1S0�

Zhu �2006� �24�

Kr 5p�1/2�0 0.7238�4p55p : 1S0�−0.6828�4p55p : 3P0� Guo �2005� �34�
0.7126�4p55p : 1S0�−0.6859�4p55p : 3P0� Cheng �2005� �29�

�B� 1S0→ 1D2 type transition

Ar 4p�5/2�2 0.7993�3p54p : 3D2�+0.5839�3p54p : 1D2�
−0.1409�3p54p : 3P2�

Zhu �2006� �24�

Kr 5p�5/2�2 0.7068�4p55p : 3D2�+0.6873�4p55p : 1D2�
−0.1666�4p55p : 3P2�

Guo �2000� �34�

0.7143�4p55p : 3D2�−0.6801�4p55p : 1D2�
+0.1642�4p55p : 3P2�

Cheng �2005� �29�

Xe 6p�5/2�2 0.70�5p56p : 3D2�+0.68�5p56p : 1D2�−0.21�5p56p : 3P2� Khakoo �1996� �11�

�B� 1S0→ 1D2 type transition

Ar 4p�3/2�2 0.7524�3p54p : 3P2�+0.5878�3p54p : 1D2�
−0.2967�3p54p : 3D2�

Zhu �2006� �24�

Kr 5p�3/2�2 0.8742�4p55p : 3P2�+0.4343�4p55p : 1D2�
−0.2163�4p55p : 3D2�

Guo �2000� �34�

0.8661�4p55p : 3P2�+0.4455�4p55p : 1D2�
+0.2251�4p55p : 3D2�

Cheng �2005� �29�

Xe 6p�3/2�2 0.88�5p56p : 3P2�+0.45�5p56p : 1D2�−0.18�5p56p : 3D2� Khakoo �1996� �11�

�C� 1S0→ 1F3 type transition

Xe 5d�7/2�3 0.76�5p55d : 3F3�+0.60�5p55d : 1F3�−0.23�5p55d : 3D3� Khakoo �1996� �11�

�C� 1S0→ 1F3 type transition

Xe 5d�5/2�3 0.83�5p55d : 3D3�+0.53�5p55d : 1F3�−0.17�5p55d : 3F3� Khakoo �1996� �11�
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are much smaller than the maximum values for higher im-
pact energies. It is notable that overall behavior of the appar-
ent GOS curve appears to be shifted toward smaller K2 for
the case of Ar and Kr, compared with that of Ne. Ionization
potential of Ne is 21.56 eV, and fairly larger than those of Ar
and Kr, 15.76 and 14.00 eV, respectively. This means that
space wave functions of Ar and Kr have broader spread com-
pared with that of Ne. The tendency of the apparent GOS’s
described above might be considered to reflect the broader
spread of the space wave functions in heavier atoms, because
the GOS corresponds to Fourier transform of the product of
the initial and the final wave functions.

The results by Register et al. in Ne are about 20% larger
than the present work at 100 eV but within the sum of both
experimental errors. The result determined by Chutjian and
Cartwright at 100 eV at 10° in Ar is small compared with
ours.

It is well known that the higher order Born amplitudes
give the main contribution to the apparent GOS for transi-
tions in which the terms of the initial and final states are the
same, as the case of the 1S0→ 1S0 transition. In this case,
larger deviations from the first Born approximation is to be
expected unless the impact energies become sufficiently
high.

A typical example is 11S0→21S0 transition in He. We
have made detailed measurements on the apparent GOS’s for
the 11S→21S and 31S transitions previously �9�. It was
found that the apparent GOS’s for both transitions show the
same behavior. The apparent GOS curves approach asymp-

totically the Bethe-GOS curve, which has a broad maximum
at around 1 a.u. of K2, as the impact energy increases. How-
ever, the impact energy should be very high in order to reach
the Bethe-GOS curve for the apparent GOS’s. In fact, devia-
tion from the FBA has been observed for 11S→21S transi-
tion in He even at 800 eV �9�. For the impact energy 100 eV,
the apparent GOS’s increase gradually as the K2 decreases
from around 2 to 0.1 of K2, and has a maximum around at
0.1 of K2. Moreover, it was reported that the similar features
were observed for molecules in the case of X 1	g

+→a� 1	g
+ in

N2 �26� and X 1	+→B 1	+ in CO �27�.
In Table III, it is found that the 3p��1/2�0 state in Ne is

well represented by the LS term 1S0. However, the 4p��1/2�0

state in Ar and the 5p�1/2�0 state in Kr cannot be represented
only by the term 1S0 but some extent of mixing of the 3P0
state must be considered. In spite of this situation, the behav-
ior of the apparent GOS functions for these three states can
be commonly interpreted well as the same 1S0→ 1S0 type
transition, i.e., the 1S0 component in the excited state plays
the leading part and the contribution from the 3P0 component
might be negligibly small.

B. 1S0\
1D2 type transitions

In Fig. 2, a peak at about 13.095 eV corresponds to the
4p�5/2�2,3 states, and a peak at about 13.171 eV corresponds
to the 4p�3/2�1,2 states in Ar. In Fig. 3, a peak at about

FIG. 5. The apparent GOS for the 3p��1/2�0 excitation in Ne as
functions of the squared momentum transfer K2 for the impact en-
ergies of 100 ���, 300 ���, and 500 eV ���. Experimental data of
Register et al. ��� at 100 eV �21� and those of Cheng et al. ��� at
2500 eV �22� are also plotted.

FIG. 6. The apparent GOS for the 4p��1/2�0 excitation in Ar as
functions of the squared momentum transfer K2 for the impact en-
ergies of 100 ���, 300 ���, and 500 eV ���. Experimental data of
Chutjian and Cartwright ��� at 100 eV �23� and by Zhu et al. ���
at 2500 eV �24� are also plotted.
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11.444 eV corresponds to the 5p�5/2�2,3 states, and a peak at
about 11.546 eV corresponds to the 5p�3/2�1,2 states in Kr.
In Fig. 4, a peak at about 9.685 eV corresponds to the
6p�5/2�2,3 states, and a peak at about 9.821 eV corresponds
to the 6p�3/2�1,2 states in Xe. In these EELS, the energy
differences between the states of different J quantum num-
bers could not be resolved.

The apparent GOS’s for the 4p�5/2�2,3 and 4p�3/2�1,2 ex-
citations in Ar are plotted in Fig. 8 and Fig. 9, respectively,
as functions of the momentum transfer K2 for impact ener-
gies 100, 300, and 500 eV. An experimental datum by
Chutjian and Cartwright at 100 eV �23� and the GOS data
measured at 2500 eV by Zhu et al. �24� are also presented.
The results of Chutjian and Cartwright for both excitations
are smaller than those at 100 eV in the present work. Impact
energy dependences of the apparent GOS’s for these states
are so small in the energy region 100–500 eV that all data
points seem to lie on a single curve within experimental
errors. The curves could be expected to be the Bethe-GOS
ones, however, it is not necessarily the case because the val-
ues measured by Zhu et al. 2500 eV are smaller than ours. If
the results by Zhu et al. present the Bethe-GOS curves, it
must be interpreted that the apparent GOS functions for both
excitations converge very slowly on the Bethe-GOS from the
larger value side, as the impact energy increases.

The present apparent GOS’s for the 5p�5/2�2,3 and the
5p�3/2�1,2 excitations in Kr measured at the impact energies
of 100, 300, and 500 eV are plotted in Fig. 10 and Fig. 11,
respectively. The experimental results of Li et al. �25�, which
were measured using 2500 eV impact energy, are also drawn
in both figures. In both figures the clear features are ob-

served: The apparent GOS curves for low impact energies
have larger values than those for higher impact energies. In
other words, the apparent GOS curves are situated at higher
positions for low impact energies, as especially indicated in
the case of the 5p�3/2�1,2, although some scatter of data
points obscure the clarity in the case of 5p�5/2�2,3. It may be
reasonable to interpret that the apparent GOS’s have greater
values for low impact energies, and they become smaller and
approach the Bethe-GOS values as the impact energy in-
creases. In both transitions, the curves measured by Li et al.
are considered to be the Bethe-GOS curve. The difference
between the curves of the apparent GOS’s obtained for the
impact energies 100, 300, 500, and 2500 eV �Li et al.� is
evidently perceived, especially for the 5p�3/2�1,2. This
shows that the first Born approximation is not yet valid for
the 5p�5/2�2,3 and 5p�3/2�1,2 excitations in the impact en-
ergy range from 100 to 500 eV.

The apparent GOS’s for the 6p�5/2�2,3 and the 6p�3/2�1,2

excitations in Xe are presented in Fig. 12 and Fig. 13, re-
spectively, for impact energies of 100, 300, and 500 eV. For
both excitations, behavior of the impact energy dependence
of the apparent GOS curves is very similar with those for the
excitations in the same series of Kr, and the difference be-
tween the apparent GOS’s at 100, 300, and 500 eV is clear. It
is suggested that the first Born approximation does not hold
also for the same sort of excitations in Xe at these impact
energies, although for the present no experimental data are
available on the Bethe-GOS curves in the case of Xe.

FIG. 7. The apparent GOS for the 5p�1/2�0 excitation in Kr as
functions of the squared momentum transfer K2 for the impact en-
ergies of 100 ���, 300 ���, and 500 eV ���. Experimental data of
Li et al. ��� �25� are also plotted.

FIG. 8. The apparent GOS for the 4p�5/2�2,3 excitation in Ar as
functions of the squared momentum transfer K2 for the impact en-
ergies of 100 ���, 300 ���, and 500 eV ���. Experimental results
by Chutjian and Cartwright ��� at 100 eV �23� and by Zhu et al.
��� at 2500 eV �24� are also presented.
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As observed above, it is found that the degree of the de-
viation from the first Born approximation is different in ex-
citations of the states which belong to the same series ex-
pressed by the jl-coupling scheme. As an overall tendency,
the apparent GOS’s for both transitions at the energies be-
tween 100 eV and 500 eV are significantly larger than the
Bethe-GOS curves and gradually decrease to converge on the
Bethe-GOS’s as the impact energy increases.

It can be considered that main contribution to each appar-
ent GOS is caused by the excitation to the np�5/2�2 and the
np�3/2�2 states, respectively, according to the selection rule
for forward electron scattering as follows: Zero angle �and
180°� scattering is forbidden if Li+ pi+Lf + pf is odd. Here Li
and Lf are the angular momenta and pi and pf are the parity
numbers of the initial and final electronic states of the atom,
respectively �10�.

The np�5/2�2 states are represented in the intermediate
coupling by the linear combination of the 3D2, 1D2, and 3P2
terms in the LS-coupled scheme. The coefficients for the 3D2
term are slightly greater than those for the 1D2 term, and
those for the 3P2 term are rather smaller than those for the
other two terms, for the three atomic species �cf. Table III�.
The np�3/2�2 states are also represented by the linear com-
bination of the 3P2, 1D2, and 3D2 terms. However, the cou-
pling coefficients for the 3P2 term are considerably larger
than those for the 1D2 and 3D2 terms, those for the 1D2 term
being about twice larger than those for the 3D2 term �cf.
Table III�.

In the np�5/2�2 and the np�3/2�2 states in Ar, Kr, and Xe,
the only component of the LS-coupled term with the singlet
multiplicity is the 1D2 term. Considering the singlet nature of

FIG. 9. The apparent GOS for the 4p�3/2�1,2 excitation in Ar as
functions of the squared momentum transfer K2 for the impact en-
ergies of 100 ���, 300 ���, and 500 eV ���. Experimental results
by Chutjian and Cartwright ��� at 100 eV �23� and by Zhu et al.
��� at 2500 eV �24� are also presented.

FIG. 10. The apparent GOS for the 5p�5/2�2,3 excitation in Kr
as functions of the squared momentum transfer K2 for the impact
energies of 100 ���, 300 ���, and 500 eV ���. Experimental results
by Li et al. ��� at 2500 eV �25� are also presented.

FIG. 11. The apparent GOS for the 5p�3/2�1,2 excitation in Kr
as functions of the squared momentum transfer K2 for the impact
energies of 100 ���, 300 ���, and 500 eV ���. Experimental results
by Li et al. ��� at 2500 eV �25� are also presented.
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the ground state, the 1S0 in the rare-gas atoms, it is expected
that the dominant contribution in the transition must be the
component of the LS term 1D2. At present, no experimental
data are available on the behavior of the apparent GOS func-
tion for the 1S0→ 1D2 type transition in rare-gas atoms. A

typical behavior of apparent GOS curves for the 1S0→ 1D2
transition could be found at the 11S0→31D2 transition in He.
However, experimental results on the DCS of the excitation
of the 11S0→31D2 transition in He have never been obtained
by any experimental studies, because in the EELS measure-
ments the energy-loss peak corresponding the 31D2 excita-
tion �23.073 eV� could not be resolved from the peak for the
31P1 �23.086 eV�, which has much higher intensity than that
for the 31D2 excitation. We have tried to deduce the apparent
GOS’s from theoretical DCS’s for the impact energies
100–500 eV. The results converted from the data calculated
by means of the generalized distorted wave method based on
the second order potential equations by Winters, Issa, and
Bransden �28� are presented in Fig. 14. This figure shows
that, in the 11S0→31D2 excitation in He, the apparent GOS
curves are situated at higher positions for the low impact
energies, and move to lower positions as the impact energy
increases, approaching the Bethe-GOS curve. This sort of
overall tendency of the impact energy dependence of the
apparent GOS function is common through the transitions of
the present interests.

It suggests that the main character of the np�5/2�2 and
np�3/2�2 excitations in Ar, Kr, and Xe should be interpreted
to be the 1S0→ 1D2 type transition. However, some discrep-
ancies in shapes of the apparent GOS curves are observed
between those for different atomic species, especially for the
np�5/2�2,3 excitations in Kr and Xe. The cause of the dis-

FIG. 12. The apparent GOS for the 6p�5/2�2,3 excitation in Xe
as functions of the squared momentum transfer K2 for the impact
energies of 100 ���, 300 ���, and 500 eV ���.

FIG. 13. The apparent GOS for the 6p�3/2�1,2 excitation in Xe
as functions of the squared momentum transfer K2 for the impact
energies of 100 ���, 300 ���, and 500 eV ���.

FIG. 14. The apparent GOS for the 11S0→31D2 excitation in
He as functions of the squared momentum transfer K2 for the im-
pact energies of 100 ���, 300 ���, and 500 eV ���. The data are
converted from theoretical results of the DCS’s calculated using a
generalized distorted wave method based on the second order po-
tential equations by Winters et al. �28�.
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crepancies may be partly attributable to the contribution
from the electron exchange components such as the 1S0
→ 3P2 or 3D2 transitions. Other some contribution may be
possible from the components involved in other states, unre-
solved from the J=2 peak of the present interests in the
EELS, such as the np�5/2�3 and np�3/2�1 states.

C. 1S0\
1F3 type transitions

In Fig. 4, peaks at 10.039 eV and 10.220 eV correspond
to excitations to the 5d�7/2�3 and the 5d�5/2�3 states in Xe,
respectively.

In our previous paper, we have already presented the ap-
parent GOS curves for the excitations 5p61S0
→5p55d�7/2�3, 5p55d�5/2�3 in Xe, which were deduced
from the measurements of DCS’s for impact energies 400
and 500 eV at scattering angles from 2.4° to 15°. For both
excitations, all data points for the different impact energies
lay on a single curve, which suggested well that the mea-
sured apparent GOS curves agreed with the respective Bethe-
GOS curves. Both GOS curves showed characteristic broad
profiles with the maxima at around K2
0.8 �7�.

Cheng et al. obtained the results for the GOS curves for
the 5p��3/2�2 and 4d�7/2�3 excitations and for the 5p��1/2�0

and 4d�5/2�3 excitations in Kr separately by the fast electron
collisions �2500 eV�, although these two states each could
not be resolved in their energy-loss peaks �29�. In order to
separate the GOS’s for the two states, they used a discrimi-
nation procedure that was based on the selectivity for exci-
tation to the singlet component reflecting the singlet nature
of the ground state and on the idea that the GOS is propor-

tional to the square of the intermediate coefficient of the
singlet component. They observed that the GOS curves for
the 4d�7/2�3 and the 4d�5/2�3 excitations showed broad pro-
files with their maxima at around K2
0.8. They pointed out
that the behavior was very similar to that for the 5d�7/2�3

and 5d�5/2�3 excitations in Xe, which were observed by Su-
zuki et al. �7�. They concluded that this behavior might be a
typical one characteristic of the electric octupole transitions.

In the present work, we extended the measurements of
the DCS’s for the excitations 5p61S0→5p55d�7/2�3,
5p55d�5/2�3 in Xe from 3.3° to 0.8°, in order to examine the
behavior in the region of K2→0 in more detail. We show the
DCS’s for the excitation to these states in Fig. 15 and Fig.
16, respectively, for the impact energies of 100, 300, and
500 eV as functions of the scattering angle. The data points
for 500 eV at angles less than 3.3° are present results and
those at larger angles are the previous ones. Experimental
results by Khakoo et al. �30� at 30 eV are also plotted in both
figures.

Most prominent feature in the DCS’s for the 5d�7/2�3 and
5d�5/2�3 excitations is rapid decrease of the DCS at forward
scattering angles. This feature is observed for the impact
energies from 30 eV to 500 eV. Moreover it is assumed that
the maximum in the DCS’s shifts toward larger scattering
angles as the impact energy decreases.

The apparent GOS’s in the range of small K2 ��0.4� for
the 5d�7/2�3 and 5d�5/2�3 excitations are plotted in Fig. 17
and Fig. 18, respectively, for the impact energies 100, 300,
and 500 eV together with those transformed from the DCS
measurements for 30 eV by Khakoo et al. �30�. Present data
points for impact energies 100, 300, and 500 eV lie on a

FIG. 15. The DCS’s for the 5d�7/2�3 excitation in Xe as a
function of the scattering angle for the impact energies of 100 ���,
300 ���, and 500 eV ���. Experimental results of Khakoo et al.
��� �30� for the impact energy of 30 eV are also plotted.

FIG. 16. The DCS’s for the 5d�5/2�3 excitation in Xe as a
function of the scattering angle for the impact energies of 100 ���,
300 ���, and 500 eV ���. Experimental results of Khakoo et al.
��� �30� at 30 eV are also plotted.
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single curve. The results of Khakoo for 30 eV are much
smaller than the present ones, but including them the appar-
ent GOS’s have a common shape like a parabola rather than
a straight line at small K2. The experimental errors are pre-
sented in Table II.

It has been predicted that the first Born approximation
will be held for this transition until impact energy become
significantly low, because there exists no intermediate state
which connects between the initial and the final states with
the dipole matrix element in the second Born amplitude.
From our results, it is strongly indicated that the first Born
approximation really holds at small K2 for the impact ener-
gies 100–500 eV. As can be seen in Table III, these states
are expressed by LS terms 1F3, 3D3, and 3F3, but our experi-
mental results show that no detectable contribution to appar-
ent GOS’s from 3D3 and 3F3 components exists and it can be
thought that the 1S0→ 1F3 transition dominates in these ap-
parent GOS’s. From the shapes of the GOS curves, it is
judged that the GOS’s for the 5d�7/2�3 and 5d�5/2�3 excita-
tions have the K4 dependence rather than the K2 dependence
at small K2 ��0.1�. Therefore, it is supposed that the higher
order Born terms mainly contribute to the higher power of K
than the fourth. It may be thought that these transitions are
dominated by the octupole moment at small scattering
angles.

For this transition, the quadrupole moment such as �l�z2�0

vanishes. Therefore, if the first Born approximation is valid,
the GOS is proportional to K4 at small K and is expressed as
follows:

F0l�K� = 2W�
3�2K4, �5�

where 
3 stands for an octupole moment, and

1

3!�� f��
s=1

N

�K̂ · rs�3��0� =
1

3!�� f��
s=1

N

�zs�3��0� . �6�

�szs
3 can be expressed in terms of zero components of the

tensor operators T0
�3� and T0

�1� �31�. Here

T0
�3� = −

1

2
e�5z3 − 3r2z� , �7�

T0
�1� = − ez . �8�

Then the GOS is represented as follows �31�:

F0f�K� = �F0f�K��1 + �F0f�K��2. �9�

The first term on the right-hand side of Eq. �9� requires that
�J=0 or ±1 and levels of opposite parity. Therefore, for the
present excitations, it vanishes. The second term can be ex-
pressed in terms of an electric octupole transition probability
Aeo

�F0f�K��2 =
3mh6c7

256�6e2

gf

g0

Aeo

W6 K4��J03Jf� , �10�

where g0 and gf are the statistical weights 2J0+1 and 2Jf
+1 of the lower and higher energy levels. � denotes a trian-
gular condition which must be satisfied. If the excitation en-
ergy W and the momentum transfer K are in atomic units and
Aeo is in reciprocal seconds, the factor of the coefficient on
right-hand side in Eq. �7� is equal to 0.0165.

FIG. 18. The apparent GOS for the 5d�5/2�3 excitation in Xe as
functions of the small K2 less than 0.4 for 100 ���, 300 ���, and
500 eV ��� impact energies. Experimental results by Khakoo et al.
��� �30� at 30 eV are also plotted.

FIG. 17. The apparent GOS for the 5d�7/2�3 excitation in Xe as
functions of the small K2 less than 0.4 for 100 ���, 300 ���, and
500 eV ��� impact energies. Experimental results by Khakoo et al.
��� �30� at 30 eV are also plotted.

ASYMPTOTIC BEHAVIOR OF APPARENT GENERALIZED… PHYSICAL REVIEW A 75, 032705 �2007�

032705-11



The present GOS curve in the region of K2 less than 0.1
for the impact energies 100, 300, and 500 eV have been
fitted with a polynomial 
K4+�K6. Here 
 and � are fitting
parameters. Using the parameters and Eq. �7�, the electric
octupole transition probabilities for the 5d�7/2�3 and
5d�5/2�3 excitations have been estimated roughly. The re-
sults are as follows:

Aeo�5p6 → 5p55d�7/2�3� = 8.7�±1.6� � 10−3�sec−1� ,

Aeo�5p6 → 5p55d�5/2�3� = 8.9�±1.6� � 10−3�sec−1� .

Unfortunately, experimental or theoretical data for these ex-
citations to be compared with our results are unavailable at
present.

Huo �32� obtained the relation between the limiting slope
of the apparent GOS curve, dF0l

ap/dK2 and the DCS at K2

=0 for dipole forbidden transitions �
1=0�. This is expressed
as follows:

lim
K→0

�dE0l
ap

dK2 � =
W

2

kf

ki
�K=0. �11�

For the 5d�7/2�3 and 5d�5/2�3 excitations, it has been ob-
served that each limiting slope is nearly equal to zero. Con-
sequently, the DCS at K2=0 also should equal to zero. It is
suggested that the DCS’s observed at small scattering angles
decrease as the angle decreases on the way to zero value at
K2=0. Such behavior of the DCS’s for these transitions can
be well understood by using the knowledge of GOS and
multipole matrix elements even at considerably low impact
energy like 30 eV.

IV. SUMMARY AND CONCLUSIONS

We have measured the apparent GOS’s for three types of
optically forbidden transitions in rare-gas atoms at small
squared momentum transfer K2 ��0.4� for the impact ener-
gies 100, 300, and 500 eV.

In the excitations of the 2p53p��1/2�0 state in Ne,
3p54p��1/2�0 in Ar, and 4p55p�1/2�0 in Kr from the ground
np61S0 state, the curves of the apparent GOS’s reveal the
distinct behavior of the impact energy dependence, charac-
teristic of the 1S→ 1S type excitation, e.g., 11S0→21S0 exci-
tation in He. The apparent GOS curve asymptotically ap-
proaches the curve calculated by the first Born
approximation �Bethe-GOS curve� as the impact energy in-
creases. Inversely, when the impact energy decreases, the
apparent GOS curve departs from the Born curve, increasing
at K2 smaller than 0.15 to 0.2 a.u. and having a small maxi-
mum at the K2 region from 0.1 to 0.03 a.u. Though the states
mentioned above cannot be expressed only by the pure 1S0

term but contain some components of other terms like 3P0,
our experimental results suggest that this feature may be
characteristic of the 1S0→ 1S0 transitions in atoms.

As for the np5�n+1�p�5/2�2,3 and np5�n+1�p�3/2�1,2

transitions in Ar, Kr, and Xe, in which the final states are
represented as the linear combination of the 3D2, 1D2, and
3P2 terms, an overall tendency in the impact energy depen-
dence of the apparent GOS curves has been observed as fol-
lows: The apparent GOS’s have larger values for lower im-
pact energies and decrease as the impact energy increases
approaching the Bethe-GOS’s, in contrast to the case of the
1S→ 1S type transition. In other words, the apparent GOS
curve situates at higher position for the low impact energy
and moves to lower position as the impact energy increases.
It is found that this tendency of the impact energy depen-
dence is clearly reproduced in the apparent GOS curves for
the 11S0→31D2 excitation in He, which were deduced from
DCS’s obtained by theoretical calculations by several au-
thors. This suggests that the transitions here resulted domi-
nantly from the 1S0→ 1D2 type transition that is the electric
quadrupole transition.

However, rather remarkable variations have been ob-
served in the shape of the apparent GOS curves and in the
manner how the curves approach the Bethe-GOS curve, de-
pending on the respective final states and the atomic species.
These discrepancies from the simple 1S0→ 1D2 type transi-
tion might be partly attributable to transitions to the 3P2 or
3D2 components and to unresolved �5/2�3 or �3/2�1 state,
although no clear interpretations are available for the present.

The characteristic behavior of the DCS and the apparent
GOS for the 5p55d�7/2�3 and 5p55d�5/2�3 transitions in Xe,
in which the final states expressed by the linear combination
of the 1F3, 3D3, and 3F3 terms, have been observed in detail
at small K2 ��0.1�. The apparent GOS curves for the both
transitions have been no impact energy dependence for the
impact energies 100–500 eV at small K2 ��0.4�. The profile
of the apparent GOS curves shows a parabola rather than a
straight line at small K2 region. It is suggested that the
present GOS curves show the characteristic behavior of the
1S0→ 1F3 type transition, in which the transition by the oc-
tupole moment is dominant. The electric octupole transition
probabilities for the 5d�7/2�3 and the 5d�5/2�3 excitations
have been estimated from the experimental results of the
GOS functions in the K2→0 region.
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