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We present ab initio calculations of cross sections for vibrational excitation and electron capture in collisions
of H+ with H2 and its isotopical variants at impact energies between 10 eV and 10 keV. Calculations have been
carried out by means of a vibronic close-coupling expansion in both quantal and semiclassical treatments to
evaluate vibrationally resolved total cross sections. We also report total cross sections and spectra for disso-
ciative capture and H2 dissociation.
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I. INTRODUCTION

The collision of H+ with H2 is a benchmark system of
ion-molecule collisions, and it is also important in fusion
plasmas �e.g., �1�� and in the interaction of the solar wind
with cometary and planetary atmospheres �e.g. �2��. In this
work, we consider theoretically this collision at impact ener-
gies between 10 eV and 10 keV, where cross sections for
ionization are small �3–5� and the most significant processes
are the following:

�i� Vibrational excitation:

H+ + H2�X 1�g
+,� = 0� → H+ + H2�X 1�g

+,��� . �1�

�ii� Dissociation:

H+ + H2�X 1�g
+,� = 0� → H+ + H�1s� + H�1s� . �2�

�iii� Electron capture:

H+ + H2�X 1�g
+,� = 0� → H�1s� + H2

+�X 1�g
+,��� . �3�

�iv� Dissociative capture:

H+ + H2�X 1�g
+,� = 0� → H�1s� + H+ + H�1s� . �4�

Given its fundamental character, many works have con-
sidered H++H2 collisions. A review of them �before 1990�
can be found in �6� and fittings of the tabulated data in �7�. In
the energy range of the present calculation, total cross sec-
tions for electron capture have been measured in Ref. �8� and
the electron-capture cross sections from different isotopic
species have been reported in �9,10�, but measurements of
vibrational excitation and dissociative capture are not avail-
able. From the theoretical side, Baer et al. �11� carried out
calculations at E=30 eV, using the infinite-order sudden-
approximation �IOSA� method. The IOSA method was also
applied by Krstić �12� and Krstić and Janev �13� for E
�15 eV; these authors evaluated dissociative capture and

excitation cross sections by including in the expansion a dis-
cretized representation of H2 and H2

+ vibrational continua.
H++H2 collisions have also been addressed by Morales et al.
�14�, using the electron-nuclear dynamics �END� method, in
which the nuclear motion is described classically, and by
Niedner et al. �15� and Ichihara et al. �16�, applying the
trajectory-surface-hopping �TSH� method �17�.

Previous calculations at high energy �E�50 eV� em-
ployed an eikonal semiclassical treatment, where the projec-
tile follows a rectilinear trajectory. At these energies, target
vibration and rotation are described by means of the sudden
approximation, or the simpler Franck-Condon �FC� approxi-
mation. In the sudden approximation eikonal method �called
the SEIKON approximation in �18��, one assumes that the
initial rovibrational wave function does not change while
electronic transitions take place; in the FC approximation,
the target H-H internuclear distance does not change during
the collision. In particular, the early calculation of Kimura
�19� used the FC approximation to evaluate the nonadiabatic
couplings between vibronic adiabatic wave functions.
Elizaga et al. �20� applied FC and SEIKON approximations
and showed that the latter approach yields better agreement
with the experimental cross sections for electron capture.
However, at E�200 eV, the cross section calculated in �20�
�and also those reported in Refs. �9,10�, obtained with the
method of �19�� rapidly decreases, showing a poor agreement
with the experiment. This behavior was explained in �21� as
a consequence of the mechanism of the capture process. At
high energies, a sudden mechanism takes place where the
electronic transition is so fast that the H2 initial vibrational
wave function remains unchanged, and the vibrational states
of H2

+ are populated, after the electronic transition, by pro-
jection of the initial vibrational wave function on the exit
channels; the relative populations of these vibrational states
are then roughly given by the values of the FC factors be-
tween H2�X 1�g

+ ,�=0� and H2
+�X 2�g

+ ,��� wave functions,
yielding a maximum population for ���3. As E decreases, a
quasiresonant two-step mechanism �15� becomes dominant;
the first step is the vibrational excitation of H2 and the sec-
ond one involves transitions from these vibrational excited
states to quasidegenerate capture states. In particular, the en-
ergies of H2�X 1�g

+ ,�=4� and H2
+�X 2�g

+ ,��=0� are very
close, and now ��=0 is the most populated vibrational level.
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In practice, the SEIKON approximation cannot describe the
quasiresonant mechanism, and a treatment beyond this ap-
proximation is therefore required. It must be pointed out that
the two-step mechanism is deduced in �21� a posteriori from
the analysis of the transition probabilities, but it is not intro-
duced ad hoc as erroneously interpreted in �10�.

The aim of the present work is to apply a vibronic close-
coupling �VCC� formalism to carry out calculations in an
extended energy range �0.01–10 keV�. Our treatment is
based on that of �21�, which has been improved in three
aspects: �a� We have improved the vibrational basis set in
order to describe dissociative processes. �b� We have em-
ployed a larger space of nuclear configurations, including
regions near the asymptotic conical seam, which have re-
quired the use of a diabatic basis set to regularize the nona-
diabatic couplings. �c� We have applied quantal and semi-
classical treatments for the projectile-target relative motions.
More specifically, with respect to the first point, previous
works of our group for multicharged-ion–H2 collisions
�18,22� pointed out that capture into H2

+ vibrational con-
tinuum states could be competitive with nondissociative cap-
ture at E�100 eV, and therefore, this could limit the accu-
racy of the expansion of �21� that did not include continuum
states. In the present work we have employed a basis set of
spherical Bessel functions, which is more appropriate than
the Gaussian basis set of �21� to accurately describe the vi-
brational continuum. With respect to the second point, the
calculation of total capture cross sections applying treat-
ments based on the sudden approximation only requires one
to consider internuclear distances of the target molecule, �,
near the H2 equilibrium distance �0�1.4 a.u., which does
not significantly change during the nonadiabatic transitions.
However, in VCC calculations a larger range of � values is
needed, in particular to study dissociative processes, and,
besides the additional computational effort required, an im-
portant difficulty for the H++H2 system is the presence of a
conical seam between the two lowest potential energy sur-
faces of H3

+; it appears at ��2.45 a.u. and for R→�, where
R is the distance between the projectile nucleus and the
nuclear center of mass of the diatomic molecule. Since the
dynamical couplings are singular in the conical intersections,
we have applied a regularization procedure �see �23� and
references therein� to avoid this difficulty. With respect to the
third point, calculations with nuclear straight-line trajectories
of Ref. �21� may be inaccurate at E�50 eV. Accordingly,
we have used a full quantum mechanical treatment to com-
pare with previous calculations at E=30 eV. This compari-
son is also interesting given that previous calculations em-
ployed DIM semiempirical wave functions �24� while we use
ab initio ones.

The paper is organized as follows: The details of dynami-
cal methods and molecular calculation are presented in Sec.
II, the method for regularizing the couplings in the neighbor-
hood of the conical intersection is described in Sec. III, our
results are shown in Sec. IV, and the main conclusions are
outlined in Sec. V. Atomic units are used unless otherwise
stated.

II. METHOD

A. Quantal formalism

At low energies we have applied a quantal treatment
within the IOSA treatment �see, e.g., �25��, which employs
the sudden approximation for molecular rotation. At the col-
lision energies considered in this work, the rotation periods
of the diatomic molecules H2 and H2

+ are large compared to
the collision characteristic time, and one can assume that the
rotational state does not change during the collision. Accord-
ingly, to simplify the notation, we have omitted in the fol-
lowing equations the rotational component of the collision
wave function 	; this wave function is expanded in a vi-
bronic basis set �
i �i��:

	�r,�;�� = �
l

�
i�

Fi�
l ���Ylm��̂�
i�r,�;���i���� , �5�

where r denotes the set of electronic coordinates referred to
the nuclear center of mass, � the vector that joins the two
nuclei of the target molecule, and ��r ,R� is a common reac-
tion coordinate �CRC� �26�, which is introduced to ensure
that the expansion �5� fulfills the collision boundary condi-
tions. It has the form

��r,R� = R +
1

M
�
i=1

N 	 f�ri,R�ri −
1

2
f2�ri,R�R
 , �6�

where N is the number of electrons and f�ri ,R� is a switching
function �in the present calculation we have employed the

function proposed in �27��. Ylm��̂� are spherical harmonics
and Fi�

l are the nuclear functions, which are obtained by
solving the Schrödinger equation

	−
1

2M
�R

2 + Helec + Tvib − E
	�r,�;�� = 0, �7�

with M the reduced mass of the ion with respect to the mo-
lecular target and E the impact energy in the center-of-mass
reference frame. The functions 
i�r ,� ;�� are eigenfunctions
of electronic Born-Oppenheimer Hamiltonian for fixed
nuclei,

Helec
i�r;�,R� = Ei��,R�
i�r;�,R� , �8�

and �i���� are eigenfunctions of the vibrational Hamiltonian
operators for the diatomic molecules,

�Tvib + Ei
������i���� = Ei��i���� , �9�

where the potentials Ei
� are the asymptotic values of the elec-

tronic energies Ei at infinite separation between the projectile
and target. Substitution of expansion �5� into Eq. �7� leads to
a set of differential equations for the nuclear functions Fi�

l . In
particular, in the IOSA method, the Coriolis couplings are
neglected and partial waves with different values of l are
uncoupled, which yields the system of differential equations

1

2M
	−

d2

d�2 +
l�l + 1�

�2 − ki�
2 
Fi�

l = �
i���

ii����Fi���
l , �10�

with
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ki�
2 = 2M�E − Ei� − �i�� �11�

and

�i���,�� = ��i��Ei��,�,�� − Ei
������i��. �12�

In the IOSA, the couplings i�i��� depend parametrically on
the angle � between R and �. They are given by

i�j��R,�� = −
1

2M
	��i��Rij�� j� + �
i� �2

��2�
 j�

+ H̃i�i��ij −

1

2m
Pi�j�, �13�

where

Rij = 2	�
i� �

��
�
 j� + Aij

R
 d

d�
,

Pi�j� = ��
i� �

��
�
 j�

r
��i�

�� j�

��
− � j�

��i�

��
��

�

,

H̃i�i� = ��i��Ei��,�� − Ei
������i� , �14�

and where m is the nuclear reduced mass of the molecule. Aij
R

are the correction terms introduced by the CRC that ensure
that the couplings vanish asymptotically. In the present cal-
culation we have kept these terms up to first order in 1/M, as
explained in �28�.

In practice, a unitary transformation is carried out to ob-
tain diabatic vibronic states for which the radial couplings
Rij vanish. Using closure �29�, the matrix elements of
��2 /��2� in a diabatic basis are expected to be very small and
neglected, and the couplings in this basis become

i�j�
d = − �
i

d�i��Helec�
 j
d� j� + H̃i�j�

d �ij −
1

2m
Pi�j�

d .

�15�

Use of standard collision theory �see, e.g., �30� and refer-
ences therein� allows one to obtain the scattering matrix el-
ements Si�j�

l from the solutions of Eq. �10�, which lead to the
total cross sections. In particular, the total cross section for
transition from the initial state 
I�I� to the final state 
F�F�,
�I�F�, is given by

�I�F� =
�

kI
2�

l

�2l + 1��SI�F�
l �2, �16�

where kI is the initial momentum. Since the couplings de-
pend on �, the cross sections of Eq. �16� are functions of this
parameter and the orientation-averaged cross sections read

�̄I�F� = �
0

�/2

d� sin ��I�F�. �17�

B. Semiclassical formalism

At high energies, we have applied the semiclassical eiko-
nal approximation where the projectile-target relative motion

is treated classically by means of a rectilinear trajectory R
=b+vt. The collision wave function 	SC is now a solution of

	Helec + Tvib − i� �

�t
�

r

	SC = 0. �18�

As in the quantal case, we have applied the sudden ap-
proximation for rotation and expanded the function 	SC in
the vibronic basis set �
i�i��:

	SC�r,�,t� = D�r,R��
i�

ai��t�
i�r,�;R��i����

�exp�− i	�
0

t

dt��i��t�� + Ei�t
� , �19�

where D is a common translation factor �CTF� �31�, defined
in terms of the same switching function as the CRC �6�.
Substitution of expansion �19� in the eikonal equation �18�
leads to the set of differential equations

i
dai�

dt
= �

j�
�D
i�i��Helec + Tvib − i

�

�t
�D
 j� j��

r�

aj�

�exp�i�
0

t

��i� + Ei� − � j� − Ej��dt�� , �20�

whose solutions are the coefficients ai�. The dynamical cou-
plings are

�D
i�i��Helec + Tvib − i
�

�t
�D
 j� j��

r�

= ��i��Aij�� j�� + H̃i�j��ij −
1

2m
Pi�j�, �21�

where H̃i�i� and Pi�j� are defined in �14�. As the CRC and
the CTF employ the same switching function, the couplings
Aij =�D
i�Helec− i �

�t �D
 j


r are identical to the corresponding
ones in the quantal formalism �28�, although in the IOSA
method only the radial components Rij of Aij are kept.

The total cross section �I�F� is given in the semiclassical
formalism by

�I�F� = 2��
0

�

b db PI�F��b� , �22�

where the transition probability PI�F��b� is

PI�F��b� = lim
t→�

�aF��t;b��2. �23�

C. Molecular calculations

The electronic wave functions and potential energy sur-
faces �PES’s� are obtained using a self-consistent-field
configuration-interaction method by means of the program
MELD �32� and employing a basis set of Gaussian-type orbit-
als. In a first step, a restricted Hartree-Fock calculation is
performed to obtain the molecular orbitals �MO’s� of the H3

+

quasimolecule. A full configuration interaction is then carried
out.
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The dynamical coupling of Eqs. �15� and �21� is
expressed in terms of the gradient matrix elements:

Vij = �
i� �
 j

��
�

�,R
�

r
, �24�

Mij = �
i� �
 j

�R
�

�,�
�

r
+ Aij

R��,R,�� , �25�

Rij = �
i� �
 j

��
�

�,R
�

r
+ Aij

� ��,R,�� , �26�

which are called vibrational, radial, and rotational couplings,
respectively. In these equations, Aij

R,� are the corrections due
to the CTF or the CRC. The translation factor also introduces
terms proportional to v2, which have been neglected because
they are weak in the velocity range �v�0.63 a.u.� of the
present calculation.

D. Calculation of vibrational functions

We have drawn from previous studies on the requisites of
a reliable description of ionization in ion-atom collisions
�33–36� to build both bound and unbound vibrational wave
functions as follows: The � space is reduced to a hermetic
spherical box of �large� radius �max, beyond which the vibra-
tional wave functions are assumed to vanish. Since only dis-
crete values of the momentum, p=�2mEi�, allow one to ful-
fill the condition �i���max�=0, the vibrational spectrum
reduces to an infinite but discrete set of stationary modes,
equally spaced in momentum space by �p=��max

−1 . Within
the box, the vibrational functions are obtained by diagonal-
izing the Hamiltonian matrix �see Eq. �9�� in the basis of all
spherical Bessel functions j0�ki�� with ki= i� /�max, such that
j0�ki�max�=0 and 0�ki�kmax. In this work, we have
checked the convergence of the vibrational basis set �see Sec.
IV B�. In general we have used a basis set with �max
=10 a.u. and a maximum momentum kmax=40 a.u.

III. REGULARIZATION OF COUPLINGS
IN CONICAL INTERSECTIONS

At each value of the angle � and for large values of R, the
two lowest PES’s of H3

+ show an avoided crossing at �
�2.45 a.u. These avoided crossings become narrower as R
increases and tend to conical intersections �CI’s� for R→�.
This behavior is illustrated in Fig. 1. The presence of the
conical seam gives rise to singular couplings, as has been
illustrated in detail in �37�. In particular, if we consider the
couplings as functions of �, for constant R, the vibrational
coupling V12 shows a peak that tends to a � function in the
limit R→�, while the radial coupling R12 abruptly changes
sign, as may be noted in the left panels of Fig. 2, where we
have plotted contour plots for these two couplings as func-
tions of R and �.

To regularize the couplings we have defined a diabatic
basis set ��1 ,�2� through the unitary transformation


1 = �1 cos � + �2 sin � ,


2 = − �1 sin � + �2 cos � , �27�

where the angle � is a function of the nuclear variables �
and R. The regularized couplings are related to the adiabatic
ones by

V12
d = V12 +

��

��
,

R12
d = R12 +

��

�R
, �28�

and the nondiagonal Hamiltonian term is

H12 = −
1

2
sin�2���E2 − E1� . �29�

As in Refs. �37,38�, we have employed a model where the
diabatic-energy difference varies linearly with � and the non-
diagonal Hamiltonian term decays exponentially as a func-
tion of R:

H11 − H22 = d�� − �0�

H12 = k e−�R, �30�

which leads to

tan�2�� =
2H12

H11 − H22
=

ke−�R

d�� − �0�
=

Ae−�R

� − �0
, �31�

where the parameters �0, A, and � are obtained by nonlinear
curve fitting of the adiabatic dynamical couplings in the re-
gion ���0. In order to improve this fitting, we have allowed
an exponential variation of �0 �the center of the CI�, with R:

�0 = �� + B e−�R, �32�

which yields three additional parameters ��, B, and �.
In Fig. 2 we compare the couplings V12 and R12 in diaba-

tic and adiabatic bases �see Eq. �28��, where we show that
the singular behavior of those couplings has disappeared in

���� ���� ���� ���� ���� ����� ����� �	���
����

	���


���

����

����

����

� �����

�
��
��
��

FIG. 1. Contour plot of the difference between the two lowest
PES’s of H3

+ for �=60°. Energy differences smaller than 0.01 a.u.
are not shown.
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the diabatic representation. It must be noted that the transfor-
mation does not introduce any new singularity, since the new
coupling H12 is a smooth function of the nuclear coordinates.

IV. RESULTS

A. Total cross sections for H++H2 collisions

We have carried out VCC calculations within semiclassi-
cal and quantal formalisms, as explained in Sec. II. The basis
set for both calculations included the two lowest electronic
states of H3

+, which dissociate as R→� into H+

+H2�X 1�g
+� and H�1s�+H2

+�X 2�g
+�, respectively, and a ba-

sis set of vibrational functions, which contained all bound
and continuum states of H2 and H2

+ up to a dissociation
energy of 0.4 a.u. In a first calculation, we have applied an
isotropic approximation, where the systems of differential
equations �10� and �20� are solved with the dynamical cou-
plings evaluated for a fixed value of the angle � �60° in our
calculation�. This approximation was checked for this system
in the work of Ref. �39�, although that work used DIM mo-
lecular wave functions and a restricted vibronic basis. Here,
we have performed some additional tests that will be
presented later on.

We present in Fig. 3 the calculated total cross sections for
electron capture into H2

+ bound and dissociative levels,
which correspond to the sum of cross sections for processes
�3� and �4�. We also include in this figure the cross sections
for total excitation �H2 vibrational excitation �1� and disso-
ciation �2��. Our cross sections are compared with experi-
mental data for electron capture of �8,10,40� and previous
calculations for electronic capture of �11,14� and for vibra-
tional excitation of �11�. The recommended data of Phelps
�6�, as explained by the author, are a compromise between
several experiments; they approach the data of Ref. �8� at
E�60 eV and follow a smooth curve that approaches those
of Ref. �41�, not shown in Fig. 3, at E�5 eV. The data of
Phelps for vibrational excitation were taken from the classi-
cal calculation of Ref. �42�, which considered the three first
excited levels of H2. We also show in this figure the com-
parison with new results using the SEIKON method, which
are practically identical to previous values of Ref. �20�. Also
recent calculations of Kusakabe et al. �9,10� yielded cross
sections almost indistinguishable from those of Ref. �20�,
and they are not shown in the figure for clarity. For compari-
son purposes, we have plotted in the same figure the total

���� ���� ���� ���� ���� ���� 	��� 
��� ���� �����

� �����

����

����

����

����

�
��
��
��

�
��
��
��

���� ���� 	��� 
��� ���� ���� ��� ���� ���� �����

� ������

����

����

	���


���

��
��

�
�

�
�
�

��
��

�
�

�
�
�

���� ���� ���� ���� ���� ���� 	��� 
��� ���� �����

� �����

����

����

����

����

����

����

�
��
��
��

�� �
��

��
�
�

�� �
��

��
�
�

���� ���� ���� ���� ���� ���� 	��� 
��� ���� �����

� �����

����

����

����

����

����

����

�
��
��
��

FIG. 2. Contour plots of the vibrational �top panels� and radial couplings �bottom panels� between the two lowest states of H3
+ for

�=60°. Left panels are the couplings between the adiabatic states and right panels between the diabatic states defined through
Eqs. �27� and �31�.
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cross section for electron capture evaluated using the FC
approximation.

One can note in Fig. 3 that the VCC results for vibrational
excitation agree with previous ones in practically the whole
energy range of this figure and, for electron capture, with the
SEIKON values at E�300 eV. In previous works �21�, it
was explained that the SEIKON approximation is not appro-
priate for E�200 eV, where it underestimates the capture
cross section. However, the VCC results overestimate the
cross section when compared with the available experimental
data. On the other hand, our results agree with the values of
�11� at E=30 eV, but not with those of �14�. To further ana-
lyze our results at low energies, we have performed some
additional calculations, removing some approximations in-
volved in the calculation presented in Fig. 3—in particular,
the semiclassical and the isotropic approximations—and we
have checked the convergence of the expansion

To check the validity of the eikonal approach, we have
performed a quantal �IOSA� calculation �see Sec. II A� with
the same vibronic basis set, whose results are plotted in Fig.
4�a�. It is observed that quantal results tend to the semiclas-
sical ones for impact energies above 250 eV, while below
this energy the capture cross section from the quantal calcu-
lation is significantly lower than the corresponding eikonal
values. We have studied this point by comparing the corre-
sponding transition probabilities, and we have found that the
difference is mainly due to trajectory effects. More specifi-
cally, at low energies, the electron-capture cross section is
artificially increased in the straight-line calculation by tran-
sitions taking place at short internuclear distances, b�R
�R0, where R0 is the classical distance of closest approach
when one takes into account the trajectory deviation induced
by short-range interactions. On the other hand, in the IOSA
method, the Coriolis couplings are neglected. To estimate the
effect of this approximation on the cross section, we have
carried out semiclassical calculations for E�200 eV, remov-
ing these couplings, and we have checked that the results do
not change. Therefore the quantal results are more accurate
for E�200 eV. Since the vibrational excitation reaction
takes place mainly at b�2.0 a.u., our quantal and semiclas-
sical cross sections for this reaction agree over the whole
energy range of Fig. 4�a�.

To check the isotropic approximation, employed in the
calculations of Figs. 3 and 4�a�, we have calculated the
electron-capture cross sections for several values of the angle
�, illustrated in Fig. 4�b�. Although the collision is almost
isotropic at high energies �E�200 eV�, where the SEIKON
approximation is adequate, at lower energies the dependence
on � is very important, as was already pointed out in Ref.
�39�. However, as also found in that work, the average over �
leads to a cross section close to the isotropic result for �
=60° at E�30 eV. The average procedure is, however, re-
quired at E�30 eV. Accordingly, the orientation-averaged
capture cross section of Fig. 4�b�, where the quantal treat-
ment has been applied for E�300 eV and the eikonal treat-
ment for higher energies, is our best result for this reaction.

With respect to the convergence of the vibrational basis
set, we have determined the values of the parameters kmax
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and �max by considering the convergence of the dissociation
spectra, which will be explained in the next subsection. Be-
sides, since � �Eq. �27�� is a function of R and �, the con-
vergence of the vibronic set can be modified by the unitary
transformation �27�, so that we have performed two checks
on the convergence of the regularized basis set. First we have
employed a modified transformation angle �� of the form

�� =
R2

R2 + �2� , �33�

with � given by Eq. �31� and ��5 a.u. The introduction of
the switching function recovers the adiabatic basis at short R.
A second test is the use of the vibronic basis ��1�1� ,�2�1��
obtained multiplying both electronic wave functions by the
vibrational functions defined by the H2 potential. In this way,
any unitary transformation of the electronic functions is also
a unitary transformation of the vibronic basis. Although a
cumbersome projection procedure is required to evaluate
partial cross sections with this basis, the total capture cross
section is easily obtained. Both alternative expansions lead to
results identical to those presented in Fig. 4�b�, and there-
fore, we conclude that the differences with the experiment
and the maximum at E�35 eV are not due to a distortion of
the vibronic basis by the regularization procedure.

B. Partial cross sections and dissociation spectra

The cross sections for dissociative capture are shown in
Fig. 4�a�. For high energy, the ratio between dissociative and
total electron-capture cross sections tend to the FC limit
��0.01�, as obtained from the corresponding FC factors. For
excitation, the orthogonality of the vibrational functions
leads to zero cross sections for both dissociative and nondis-
sociative excitations in the FC limit. At low energies �E
�100 eV�, we obtain a sizable increase of the cross sections
for both dissociative reactions in the eikonal calculation,
while the quantal calculation yields values smaller than
10−18 cm2. We have checked that the increase found in the
eikonal calculation comes from unphysical transitions in tra-
jectories with b�1.0, and accordingly these results are not
shown in Fig. 4�a�.

We plot in Fig. 5 the partial cross sections for population
of individual vibrational states of H2

+ and H2 in reactions �1�
and �3�, respectively. The distribution over H2

+ vibrational
states after electron capture approaches the FC one as the
energy increases, but for E�250 eV, the ground vibrational
state of H2

+ ���=0� is the most populated channel. It can be
noted that the SEIKON method qualitatively reproduces this
behavior although there are sizable differences with the VCC
calculation at low energies. The process of vibrational exci-
tation populates low-lying vibrational states, which explains
the good agreement with the calculation of Ref. �42� �Fig. 3�
that only considered excitations up to �=3. It is also notice-
able the good agreement with the SEIKON values. An addi-
tional illustration is displayed in Fig. 6, where we have plot-
ted the energy dependence of the excitation partial cross
sections.

As already pointed out in �21�, the H2
+ vibrational distri-

bution after electron capture at low energy can be explained

by means of the quasiresonant mechanism of �15�. To illus-
trate this mechanism, we have diagonalized the Hamiltonian
matrix in the vibronic basis, which leads to a set of adiabatic
vibronic states, whose energies are displayed in Fig. 7 and
where it can be noted that there is a pseudocrossing at R
�7 a.u. between the energies of the adiabatic vibronic states
that correlate to H�1s�+H2

+ ��=0� and H++H2 ��=4�. There
are also series of avoided crossings at 4�R�7 a.u. between
the energies of capture and excitation channels where transi-
tions are important at low energies. As already explained in
previous works, at low energies, the electron-capture process
takes place in two steps: first, the excitation states are popu-
lated at R�2–3 a.u., and then the capture channels are
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populated in the way out of the collision by transitions from
the excitation channels at R�5–7 a.u., which correspond to
the above-mentioned region of avoided crossings. As a con-
sequence, the dominant exit channel of the capture reaction
is the ground vibrational state of H2

+. On the other hand, the
cross sections for excitation to �=3,4 of Fig. 6 exhibit
maxima at E�35 eV, similar to the position of the local
maximum in the capture cross sections; this is consistent
with our explanation of the latter maximum as a consequence
of the two-step mechanism. At E�200 eV the vibrational
excitation reaction takes place as a secondary process from
the capture states, as found in �21�, and vibrational excitation
becomes less relevant as the energy increases. According to
this sudden mechanism, the populations of the H2

+ vibra-
tional states after reaction �3� follow the FC distribution at
high impact energies �see Fig. 5�.

Because of its interest in fusion research, we have also
evaluated �see Fig. 8� total capture cross sections for colli-
sions with H2 in excited vibrational states. As in previous
calculations of Refs. �12,16�, we find a significant increase of
the cross sections as � increases. Besides, it is noticeable that
the maximum of the cross section at E�35 eV does not
appear in the results for collisions with excited molecules
���4�, where the electron-capture reaction involves direct
transitions from the excited entrance channels to the ground
vibrational state of H2

+.
The VCC with a discretized representation of the vibra-

tional continua allows us to obtain the dissociation spectra;
the spectrum is defined as d��Ed� /dEd, with ��Ed� the cross
section for transition to a dissociative state of energy Ed. As
an illustration, we plot in Fig. 9 these spectra for reactions
�2� and �4� at three representative impact energies. As a
check of the convergence of the expansion, we show in this
figure our impact-parameter-VCC results for three sets of
values of the parameters �max and kmax. We also compare the

VCC results with those obtained with the SEIKON method.
As for the case of partial cross sections for bound states, we
obtain a reasonable agreement between both calculations for
capture, although some oscillations are noticeable in the
VCC calculation at E=0.25 keV. We have not included in
the second panel of Fig. 9 our results for E�1 keV, because
they are very small.

To further analyze the spectra at low impact energies, we
have plotted in Fig. 10 the comparison of the VCC spectrum
for dissociative capture from H2��=0� with the results of
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applying the sudden and VCC approximations for collisions
with vibrationally excited molecules �H2��=4��, which ex-
hibit similar oscillations. The comparison shown in this fig-
ure, together with additional tests on the shape of the vibra-
tional functions and transition amplitudes points out to the
following explanation of the oscillations.

�i� In the SEIKON approach, the amplitude for transition
from the vibrational state �� to a discretized continuum state
�� is given by �see �18��

a���b,v� =� d� ��a��,b,v���, �34�

where the coefficients a�� ,b ,v� are obtained in a dynamical
calculation for fixed internuclear distance �. Since �0 is lo-
calized in a narrow region of values of �, where a�� ,b ,v� is
practically constant, the integral with �=0 in Eq. �32� is
proportional to �d� �0��, the square root of the Franck-
Condon factor, which is a smooth function of �, explaining
the nonoscillatory shape of the SEIKON result for the corre-
sponding spectra.

�ii� Using similar arguments, the SEIKON results for
a4,��b ,v� are oscillatory functions of � because of the larger
extension of the wave function �4���. As a consequence, the
oscillations in the VCC spectrum for collisions with �0���
can be interpreted as due to a two-step mechanism of the
dissociative capture process, similar to that explained previ-
ously for the nondissociative reaction, where the first step
involves the excitation to �=3,4 vibrational levels.

�iii� Although the mechanism is correctly described by the
eikonal treatment, the cross section is increased by nonphysi-
cal transitions at low impact parameters. This is also shown
in Fig. 10, where we have included the quantal results and

the semiclassical ones, where trajectories with b�1.0 a.u.
have not been included in the calculation of the dissociative
capture cross section.

C. Isotope effect

In Fig. 11 we present total electron-capture cross sections
for H+ collisions with different isotopical variants of the tar-
get molecule, compared with the recent experimental data of
�10�. Since these experiments have been performed at E
�100 eV, we have restricted the energy range in this figure.
In our calculations, the molecules are initially in the ground
vibrational state and the cross sections have been evaluated
by applying the quantal treatment for E�250 eV and the
semiclassical one for higher impact energies. The isotope
effect �see �10�� is qualitatively interpreted by taking into
account that the increase of the reduced mass involves a
larger number of vibrational states below the exit channel
H2���=0�, and therefore a higher excitation is required to
produce the capture process. Additionally, for the heavy spe-
cies, the vibrational initial state is more localized near the
equilibrium distance, and thus the FC approximation, which
yields a small capture cross section, becomes more appropri-
ate as the reduced mass increases. This is further illustrated
in the last panel of Fig. 11, where we compare the capture
cross sections for several isotopic variants.

V. CONCLUSIONS

We have reported close-coupling calculations of electron-
capture and vibrational excitation processes in H++H2 colli-
sions, including total and state-to-state cross sections and
dissociation spectra. We have also evaluated total cross sec-
tions for isotopically modified target molecules and for H2 in
excited vibrational states. To cover the impact energy range
0.01–10 keV, we have applied the VCC treatment with a
discretized representation of the vibrational continuum.

The first aim of our calculation was to confirm the cross
sections reported in previous calculations. In general, our
results for electron capture agree with previous ones, based
on the sudden approximation for molecular vibration, for E
�300 eV. The agreement is less satisfactory for vibrational
excitation.

As already pointed out by Kusakabe et al. �10�, the region
of energies below 200 eV is particularly difficult; in this en-
ergy region, the capture cross section is one order of magni-
tude smaller than the cross section for vibrational excitation,
and while the calculation of the cross section for the domi-
nant process is relatively easy, the capture cross sections is
more sensitive to changes in the basis employed. Accord-
ingly, we have employed ab initio PES’s for the electronic
states of H3

+, which have been carefully regularized to re-
move the singular couplings due to the asymptotic conical
seam, and we have employed a large vibrational basis set in
terms of spherical Bessel functions. The convergence of our
results with respect to the size of the basis and the regular-
ization procedure has been explicitly studied. Besides, at en-
ergies below 200 eV, trajectory effects become sizable, and
we have applied a full quantal formalism. We thus believe
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that our results are the most accurate obtained in the frame-
work of the IOSA method. An unexpected result is the maxi-
mum of the capture cross section at E�35 eV, where our
cross section agrees with the calculation of Baer et al. �11�.
We have explained the origin of this maximum as a conse-
quence of the quasiresonant mechanism, which involves
transitions between the vibronic states dissociating into H+

+H2 ��=4� and H�1s�+H2
+ ���=0�. This local maximum in

the capture cross section does not appear in the recom-
mended data of Ref. �6�; nevertheless, it must be recalled that
these data are obtained by interpolating the existing experi-
mental values between 5 and 60 eV, and new measurements
at low energy are required. From the theoretical side, the use
of methods beyond the sudden approximation for rotation
and probably the inclusion of the hydrogen exchange process
are needed to extend the calculations to lower energies.

With respect to the vibrational excitation reaction, we ob-
tain general good agreement with the classical calculation of

Ref. �42�, but some discrepancies are found at low energies
�E�30 eV� where quantal effects are expected to be signifi-
cant. The discretization of H2 and H2

+ vibrational continua
has allowed the computation of cross sections and spectra for
the dissociative reactions �2� and �4�, which are in general
small compared to the total cross sections for excitation and
electron capture. The spectra exhibit oscillatory behaviors
with respect the fragment energy in the low-impact-energy
range. These behaviors stem from a two-step mechanism of
the dissociation process similar to that found for the nondis-
sociative capture reaction.
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