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Due to recent important work of Zyczkowski and Sommers [J. Phys. A 36, 10115 (2003); 36, 10083
(2003)], exact formulas are available (in terms of both the Hilbert-Schmidt and the Bures metrics) for the
(n*—1)-dimensional and [n(n—1)/2—1]-dimensional volumes of the complex and real n X n density matrices.
However, no comparable formulas are available for the volumes (and, hence, probabilities) of various sepa-
rable subsets of them. We seek to clarify this situation for the Hilbert-Schmidt metric for the simplest possible
case of n=4, that is, two-qubit systems. Making use of the density matrix (p) parametrization of Bloore [J.
Phys. A 9, 2059 (1976)], we are able to reduce each of the real and complex volume problems to the
calculation of a one-dimensional integral, the single relevant variable being a certain ratio of diagonal entries,
v=p11p44/ p2op33- The associated integrand in each case is the product of a known Jacobian (highly oscillatory
near v=1) and a certain unknown univariate function, which our extensive numerical (quasi Monte Carlo)
computatlom indicate is very closely proportlonal to an (incomplete) Beta function B,(a,b), with a=1/2, b
=13 in the real case, and a=2v6/5,b=3/42 in the complex case. Assuming the full applicability of these

specific incomplete Beta functions, we undertake separable-volume calculations.
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I. INTRODUCTION

In a pair of major, skillful papers, making use of the
theory of random matrices [1], Sommers and Zyczkowski
were able to derive explicit formulas for the volumes occu-
pied by the d=(n*-1)-dimensional convex set of nXn
(complex) density matrices {as well as the d=[(n—1)(n
+2)/2]-dimensional convex set of real (symmetric) nXn
density matrices}, in terms of both the Hilbert-Schmidt (HS)
metric [2]—inducing the flat, Euclidean geometry—and the
Bures metric [3] (cf. [4]). Of course, it would be of obvious
considerable quantum-information-theoretic interest in the
cases that n is a composite number to also obtain HS and
Bures volume formulas restricted to those states that are
separable—the sum of product states—in terms of some fac-
torization of n [5]. Then, by taking ratios—employing these
Sommers-Zyczkowski results—one would obtain corre-
sponding separability probabilities. (In an asymptotic re-
gime, in which the dimension of the state space grows to
infinity, Aubrun and Szarek recently concluded [6] that, for
qubits and larger-dimensional particles, the proportion of the
states that are separable is superexponentially small in the
dimension of the set.)

In particular, again for the 15-dimensional complex case,
n=4=2X2, numerical evidence has been adduced that the
Bures volume of separable states is (quite elegantly)

2719[(\2- 1)/3]=4.2136 10 ([7] Table VI) and the HS
volume (53)7~2.73707x 1077 ([8], Eq. (41)). Then, tak-
ing ratios (using the corresponding Sommers-Zyczkowski re-
sults), we have the derived conjectures that the Bures sepa-
rability probability is 1680(y2—1)/7%~0.073 338 9 and the
HS one, considerably larger, 22X 3X 72X 11X 134375475
~(.242 379 ([8] Eq. (43), but misprinted as 5 not 5* there).
[Szarek et al.—motivated by the numerical findings of
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[8,9]—have recently formally demonstrated “that the prob-
ability to find a random state to be separable equals 2 times
the probability to find a random boundary state to be sepa-
rable, provided the random states are generated uniformly
with respect to the Hilbert-Schmidt (Euclidean) distance. An
analogous property holds for the set of positive-partial-
transpose states for an arbitrary bipartite system” [10] (cf.
[11]). These authors also noted, ([10], p. L125) that “one
could try to obtain similar results for a general class of mul-
tipartite systems.” In this latter vein, preliminary numerical
analyses of ours have given some (but certainly not yet con-
clusive) indication that for the three-qubit triseparable states,
there may be an analogous probability ratio of 6—rather than
2.]

However, the analytical derivation of (conjecturally) exact
formulas for these HS and Bures (as well as other, such as
the Kubo-Mori [12] and Wigner-Yanase [8,13]) separable
volumes has seemed quite remote—the only analytic
progress to report so far being certain exact formulas when
the number of dimensions of the 15-dimensional space of
4 X 4 density matrices has been severely curtailed (nullifying
or holding constant most of the 15 parameters) to d=3
[14,15] (cf. [16]). Most strikingly, in this research direction,
in ([15], Fig. 11), we were able to find a highly interesting
and intricate (one-dimensional) continuum (—c < <) of
two-dimensional HS separability probabilities (the associated
parameters being b, the mean, and o2, the variance of the
Bell-CHSH observable), in which the golden ratio [17] was
featured—serving to demarcate different separability
regimes—among other items. {The associated HS volume
element [1/328(1+B)]dB db dO'2 is independent of b, and
o'2 in this three-dimensional scenarlo } Further, in [14], build-
mg upon work of Jakébczyk and Siennicki [18], we obtained
a remarkably wide-ranging variety of exact HS separability
(n=4,6) and positive partial transpose (n=8,9,10) prob-
abilities based on two-dimensional sections of sets of
(generalized) Bloch vectors corresponding to nXn density
matrices.
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Nevertheless, computations for the full d=9 and/or d
=15, n=4 real and complex two-qubit scenarios are quite
daunting, due to the numerous separability constraints at
work, some being active (binding) in certain regions and in
complementary regions, inactive (nonbinding). “The geom-
etry of the 15-dimensional set of separable states of two qu-
bits is not easy to describe” ([10], p. L125). We seek to make
substantial progress in these directions here, and, in fact,
prove able to recast both these problems within one-
dimensional frameworks.

We accomplish this dimensional reduction through the use
of the (quite simple) form of parametrization of the density
matrices put forth by Bloore [19,20] some thirty years ago.
(Of course, there are a number of other possible parametri-
zations [21-27], several of which we have also utilized in
various studies [28,29] to estimate volumes of separable
states. Our greatest progress at this stage, in terms of increas-
ing dimensionality, though, has been achieved with the
Bloore parametrization, due to a certain computationally at-
tractive feature of it, allowing one to decouple diagonal and
non-diagonal parameters, which is described in Sec. II.)

Outline of paper

In Sec. II , we describe the Bloore density matrix param-
etrization. Then, we present in Sec. III the specific one-
dimensional integration formulas we have obtained for the
real and complex HS separable qubit-qubit volumes using
the Bloore parametrization. The integrands in each of these
cases are the products of a known Jacobian function and a
heretofore uncharacterized function. In Sec. IV, we detail the
extensive numerical (quasi Monte Carlo) procedures em-
ployed to estimate these unknown functions. Then, in Sec. V,
we demonstrate, quite unexpectedly, that our estimates of
these functions over the unit interval are remarkably well
fitted (up to proportionality constants) by certain specific in-
complete Beta functions. In the complex case, we can per-
form the indicated separable-volume integration exactly, but
only numerically in the real case. In Sec. VI, we give some
concluding remarks.

In any case, it appears that further research is called for, to
formally establish or appropriately qualify the role of the
incomplete Beta function in the determination of the real and
complex two-qubit Hilbert-Schmidt separable volumes.

II. BLOORE PARAMETRIZATION OF DENSITY
MATRICES

The main presentation of Bloore [19] was made in terms
of the 3 X3 (n=3) density matrices. It is clearly easily ex-
tendible to cases n>3. The fundamental idea is to scale the
off-diagonal elements (p;;, i#j) of the density matrix in
terms of the square roots of the diagonal entries (p;;). That is,
one sets [introducing the new (Bloore) variables z;;]

Pij = \PiPiZij- (1)
This allows the determinant of p (and analogously all its
principal minors) to be expressible as the product (|p]
=A,A,) of two factors, one of which (A,=IT%,p;) is itself
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simply the product of (nonnegative) diagonal entries (p;;). In
the real n=4 case under investigation here, we have

2 2
Ay = (134 =Dz + 2[214(204 = 223234) + 213(223 = 204234) J212
2 2 2 2,02 20
— 203~ 24— Ta+ 24(223 = 1) + 215(254 = 1) + 2203204234
+2213214(234 = 223204) + 1, (2)

involving (only) the z;;’s (i > j), where z;;=z;; [[19], Egs. (15)
and (17)]. Since, clearly, the factor A, is positive in all non-
degenerate cases (p;;>0), one can, by analyzing only A,,
essentially ignore the diagonal entries, and thus reduce by
(n—1) the dimensionality of the problem of finding nonne-
gativity conditions to impose on p. This is the feature we
have sought to maximally exploit. A fully analogous decou-
pling property holds in the complex case.

It is, of course, necessary and sufficient for p to serve as a
density matrix (that is, a Hermitian, nonnegative definite,
trace-1 matrix) that all its principal minors be nonnegative
[30]. The (necessary—but not sufficient) condition, quite
natural in the Bloore parametrization, that all the principal
2X2 minors be nonnegative requires simply that —1=gz;
=1, i #j. The joint conditions that all the principal minors
be nonnegative are not as readily apparent. But for the nine-
dimensional real case n=4, that is, Im(p,-j) =0, we have been
able to obtain one such set, using the MATHEMATICA imple-
mentation of the cylindrical algorithm decomposition (CAD)
[31]. (The set of solutions of any system of real algebraic
equations and inequalities can be decomposed into a finite
number of “cylindrical” parts [32].) Applying it, we were
able to express the conditions that an arbitrary nine-
dimensional 4 X4 real density matrix p must satisfy. These
took the form

2213218 € [ 1,1], 203 € [ZE 7253]’

o4 € [ZE 5254], T34 € [Z; ,Z§4], (3)
where
” / 2 2
Zyy=z10213 £ V1 =21\ 1 = 273,
+ / 2 2
Zoy =zt N =2V =23,
213214 — 212814223 — 212813224 + 203204 £ S
Z3,= 2 ’ )
; 1
212
and

[ 2 2 2
s=N=1+27+ 2713~ 2212213223 + 253

/ 2 2 2
X\r’—1+212+Zl4_2Z]ZZ]4Z24+Z24- (5)

Making use of these results, we were able to confirm via
exact symbolic integrations the (formally demonstrated) re-
sult of Zyczkowski and Sommers [2] that the HS volume of
the real two-qubit (n=4) states is 7*/60 480=~=0.001 610 6.
[We could also verify this through a somewhat (superficially,
at least) different MATHEMATICA computation, using the
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implicit integration feature first introduced in version 5.1.
That is, the only integration limits employed were that z;;
e[-1,1], i# j—broader than those yielded by the CAD
given by (3)—while the Boolean constraints were now im-
posed that the determinant of p and one (all that is needed to
ensure nonnegativity) of its principal 3 X 3 minors be nonne-
gative. |

Determinant of the partial transpose

However, when we tried to combine these CAD integra-
tion limits (3) with the (Peres-Horodecki [33-35] n=4) sepa-
rability constraint that the determinant (A;=|ppy|) of the par-
tial transpose of p be nonnegative ([36], Theorem 5), we
exceeded the memory availabilities of our workstations. In
general, the term A;, unlike the earlier term A,, unavoidably
involves the diagonal entries (p;), so the dimension of the
accompanying integration problems must increase, it would
seem, we initially thought, in the nine-dimensional real n
=4 case from 6 to 9.

1. Role of univariate ratio of diagonal entries

However, we then noted that, in fact, the dimensionality
of the required integrations for the separable volumes must
only essentially be increased by 1 (rather than 3) from that
for the total volumes, since A5 turns out to be (aside from the
necessarily nonnegative factor of A;, which we can ignore)
expressible solely in terms of the (six, in the real case) dis-
tinct z;;’s and the (univariate) ratio

y= PuPa (6)
P22P33

(Numerical probes of ours demonstrated that v is not a local
invariant of two-qubit mixed states, in the sense of Makhlin
[37].) We then have

A3 = |ppr] = A [= 2177 + 2214210213 + 204230) V'
+ 50+ 2203(210204 + 213230 V' - Z%a]’ (7)
where
§= (Z§4 - 1)2%2 = 2(214223 + 213204) 734212 — 1%3 + 1%4153
+ (Z%s —1)z54- 134 — 2213214223204 + 1.

_Aj is, thus, a quartic or biquadratic polynomial in terms of
Vv (cf. [23,38]). [Clearly, the difficulty of the two-qubit
separable-volume problem under study here is strongly tied
to the high (fourth) degree of A5 in Vv. By setting either 7,4
or z53=0, the degree of A5 can be reduced to 2 (cf. [20]).] In
the complex case, A3mm,m’ which we do not explicitly
present here, also assumes the form of a quartic polynomial
in \v. So one must deal, in such a setting, with 13-
dimensional integration problems rather than 15-dimensional
ones.

2. Attempted sevenfold exact integration

The problem of determining the separable volumes can
thus be seen to hinge on (in the real case) a sevenfold inte-
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jreal <V>
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FIG. 1. Jacobian function J,,.,/(v), given by (10).

gration involving the six (independent) z;;’s and ». However,
such requisite integrations, allowing v to vary (or even hold-
ing v constant at various values, such as v=1; thus reducing
the problem to sixfold integrations), did not appear—rather
frustratingly, we must admit—to be exactly or symbolically
performable (using version 5.2 of MATHEMATICA).

III. REDUCTION TO ONE-DIMENSIONAL PROBLEMS

Making use of the Bloore parametrization [19] (Sec. IT) of
density matrices, which allows the decoupling of diagonal
entries from nondiagonal entries in certain relevant determi-
nant calculations, one can show that the problem of comput-
ing the 15-dimensional volume (Vi,,/comprer) Of separable
two-qubit systems is reducible to a one-dimensional integra-
tion of the form

1
Vxep/complex = Zf t7complex( V)Fcomplex( V)dV. (8)
0

(We measure volume in terms of the Euclidean Hilbert-
Schmidt Frobenius norm, and slightly modify our notation in
[39], to indicate that we have changed from the variable u
used there to = u? here. The variable v, as noted earlier (6),
is simply a specific ratio p;;psa/ p2ops3 of diagonal entries p;;
of the corresponding 4 X 4 density matrices p.)

Similarly, the nine-dimensional Hilbert-Schmidt volume
of the separable real density matrices (those with entries re-
stricted to the real numbers) can be expressed as

1
vsep/real = Q’f jreal( V)Freal( V)dV~ (9)
0

The two (highly oscillatory near v=1) Jacobian functions
[Treal(v) and T.pppiex(v)] are both explicitly known ([39],
Sec. III B), that is (Fig. 1),

jcomplex (v)

03 0.4 0.5 06 07

FIG. 2. Jacobian function Jqupiex(v), given by (11).
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P w(v+2)(12 + 14v + 8) + 1]In(\p) = 5(50* + 3213 = 320 - 5)}

t7real(v) =

and (Fig. 2)
3

14
3603 600(v—1)"

jcomplex(v) == (hl + h2) s (1 1)

where
hy =363 +99471° + 483631° + 428751* — 428751
- 4836317 - 9947 v — 363;

hy=—140(v" +491° + 4411° + 1225v* + 122507 + 44117
+49p+ DIn(\v).

We obtained the Jacobian functions J,.,(v) and
Teompiex(v), given in (10) and (11), by transformations of,
say, psy3 to the v variable (and subsequent twofold exact in-
tegrations over p;; and py) of the original (three-
dimensional) Jacobians, involving the diagonal entries, for
the Bloore parametrizations. These original Jacobians were
of the form (TT{.,p;;)* with k:z in the real case, and k=3 in
the complex case. (Of course, by the unit trace condition, we
must have py=1-p;;—py—ps3.)

The (only) unknowns in our two separable-volume-
computation problems (8) and (9) are, then, the functions
Freq(v) and F,,,,.,(v). In [39], we reported our initial nu-
merical (quasi Monte Carlo) procedures to estimate these
two centrally important functions (but in terms of the vari-
able u= \V) We have since continued these efforts, which
we now detail in the following section.

IV. ESTIMATION OF UNKNOWN UNIVARIATE
FUNCTIONS

At an advanced stage of our numerical analyses, the initial
results of which had been reported in [39], it appeared that it
might be more efficacious to employ v=p,,p44/ps>p33 as the
principal variable rather than w=\p;;pu/paopss. (Thus, as
previously noted, we have v=pu?) So our estimation (uni-
form sampling) procedures were originally designed in terms
of u, rather than v.

We had, in [39], begun proceeding along two fully paral-
lel courses, one for the nine-dimensional real two-qubit case
and the other for the 15-dimensional complex case. We
sought those functions f,,.(1) and f,pe.(@) that we now
see satisfy the equivalences

freal(\“” V) = Fpq(v), Fcomplex( v) (12)

that would result from imposing the conditions that the ex-
pressions A, A,, and A5 (as well as a principal 3 X 3 minor
of p), along with their complex counterpart expressions, be
simultaneously nonnegative. (The satisfaction of all these
joint conditions ensures that we are dealing precisely with

—
fcomplex( A V) =

3780(v - 1)°

(10)

separable 4 X 4 density matrices.) It was evident that the re-
lation f(u)=f(1/p) must hold, so we numerically studied
only the range w €[0,1]. Dividing this unit interval into
2000 equal nonoverlapping subintervals of length 1/2000
each, we sought to estimate the f(u)’s at the 2001 end points
of these subintervals.

This required (u being alternately fixed at every single
one of these end points for each set of z;;’s) numerical inte-
grations in six and 12 dimensions. For this purpose, we uti-
lized the Tezuka-Faure (TF) quasi Monte Carlo procedure
[40,41] that we have extensively used in our earlier studies
of separability probabilities [7,8] (see [42] for an apparently
more efficient approach to estimating the Euclidean volume
of convex bodies). For each of the 2001 discrete, equally
spaced values of u we employed the same set of 611 500 000
Tezuka-Faure six-dimensional points in the real case and,
similarly, the same set of 549 500 000 12-dimensional points
in the complex case. (The Tezuka-Faure points are defined
over unit hypercubes [0,1]", so in our computations we
transform the Bloore variables accordingly and take into ac-
count the corresponding Jacobians.)

Close comparison with Zyczkowski-Sommers known values

In the real case, our sample estimate of the known
Hilbert-Schmidt volume of (separable plus nonseparable)
states [2], 7*/60480~0.001 6106 was smaller by only a
factor of 0.999 996. So we would expect our companion es-
timates of f,,,/(u), at each of the 2001 sampled points, to be
roughly equally precise. [Let us note that f.,(0)
=feompiex(0)=0. Statistical testing—the use of confidence
limits—is not appropriate in the Tezuka-Faure framework
(see [43]).] In the complex case, our estimate of the known
15-dimensional volume, °/851 350500~ 1.129 25X 107
was larger only by a factor of 1.000 09.

As instances of specific values (avoiding the necessity for
2000 repetitions for each point), based on independent analy-
ses using still larger numbers of TF points, we obtained es-
timates  of  fq(1)=F,.q(1)=1610 102 144/14 046 875
~114.623 51, fmﬂ( )=1040 958 844/14 046 875
~74.106 08, both based on 3 596 000 000 TF points, and
fwmplex(l) Fcamp/ex(l) 387.508 092 1 and fu)mplex( )
=180.717 344 7, both based on 2 036 000 000 TF points. We
have the predicted values G,(1)=~387.486 102 and
G,,u(1)=114.627 001 5. (Searches using the “Plouffe’s In-
verter” website [44] did not readily yield any underlying
explanation of these values or a number of transformations
of them.)

V. FITTED INCOMPLETE BETA FUNCTIONS

Numerical computations (detailed in Sec. IV above) pro-
vided us with estimates of F.,,,..(¥) and F,,(v) [though
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G (V)
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FIG. 3. The two fitted scaled incomplete Beta functions
Geomplex(v) and (lesser-valued at v=1) G,,q(v).

the sampling (quasi Monte Carlo) procedure employed had
been devised in terms of the variable u= Vv and counterpart
functions f.,piex(@) and f..(1)]. We have been able to fit
these results quite well (Fig. 4 below) using (concave) func-
tions of the form (Fig. 3)

1 1 =\ /1 ~
Groal(V) = <4+ —)B(—,\B) BV(—,\"3) (13)
! 5\2)7\2 2

Gcomplex( V)

_( 100 000 000 )B<& i>143 (& i)
N0\ 5 T2 s )

(14)

(Let_ us note that \5% 1.732 05,2y"€/5%0.979 796, and
3/N2=~2.121 32.) Here B denotes the (complete) Beta func-
tion, and B, the incomplete Beta function [45],

and

B,(a,b) = fvw“‘l(l —w)blaw. (15)
0

[The Beta function itself, that is, B(a,b)=B,(a,b), played
an important instrumental role in the original formulation of
string theory ([46], p. 6). For a still more specific incomplete
Beta function role in string theory, pertaining to the symmet-
ric group S; and the modular group M(2), see the review
[47] of the (somewhat obscure) paper of Zaganescu [48].]
To obtain the two residual curves shown in Fig. 4—upon
which we found our central conclusion that F,,,(v) and

residuals

FIG. 4. Our numerical (interpolated) estimates (Sec. IV) of
Feomplex(v) and F ., (v) minus the values predicted by G pppiex(v)
and G,,,(v). The more strongly fluctuating curve corresponds to the
complex case. Note the greatly reduced y-axis scale compared to
that of Fig. 3. This observation constitutes the basis for our central
assertion that the F(v)’s are well fitted by the G(v)’s.
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Feompiex(v) are well fitted by G,.,(v) and G pppier(),
respectively—we interpolated the Tezuka-Faure points, using
third-order polynomials, and then reparametrized the result-
ing curve in terms of v.

Separable volume and hyperarea estimations

From the (exact) formulas of Zyczkowski and Sommers
[2] for the Hilbert-Schmidt volumes of the real and complex
n X n density matrices for the case n=4, we know that the
total volume of separable and nonseparable two-qubit sys-
tems is 7°/851350500~1.12925X107° in the 15-
dimensional (complex) case and 7*/60 480~0.001 610 6 in
the nine-dimensional (real) case.

Also, from the results of Zyczkowski and Sommers ([2],
Eq. (6.5)), one can readily deduce that the ratio of boundary
(14-dimensional) hyperarea to volume of the 15-dimensional
convex set of 4X 4 density matrices is equal to 30y3, and
further ([2], Eq. (7.9)) that the corresponding (lesser) ratio
for the nine- dlmenswnal convex set of real 4 X4 density
matrices is 1813. By the subsequent results of Szarek et al.
[10], which were motivated by certain numerical analyses of
Slater [8], we know that the analogous hyperarea-volume
ratios for the 15- and nine-dimensional separable subsets
must be simply twice as large (that is, 60\3 and 36y 3).

Using the proposed incomplete Beta function fits (13) and
(14), we have attempted the evaluations of the two corre-
sponding separable volumes (8) and (9), as well as separable
(lower-dimensional) hyperareas, obtaining exact results in
the complex case, but only numerical ones for the real sce-
nario. We succeeded in the complex case, using integration
by parts, first integrating 7. upiex(v). [In the real case, an
analogous initial integration of 7,,,(v) led to a much more
complicated result, now involving various hypergeometric
functions. So the integration by parts was stymied there.]
The exact result itself in the complex case (for which we
thank M. Trott) was very lengthy (much too lengthy to
present here), but we could evaluate it to any given preci-
sion.

1. Complex case

Using this exact formula, we were able to obtain
Vsepicomplex=2.138 275 78 X 1077, and again applying the
Zyczkowski-Sommers  [2]  and  Szarek-Bengtsson-
Zycskowski results [10],  Py,pscompiex=0.242 48582 and
Hepicomplex=0.000 014 228 5, all assuming the full applica-
bility and validity of (14).

We had previously hypothesized that V,pcomprex
=(5\3)7=2.73707x 107 ([8], Eq. (41)) and P.pcomplex
=22X3X 72X 11X 13\3/5*m5~0.242379 [[8], Eq. (43),
but misprinted as 5° not 5% there]. The analysis in [8] was
based on 400 000 000 quasi Monte Carlo (Tezuka-Faure)
points. (Those points were 15 dimensional in nature vs the
12-dimensional ones used here.) Additionally, each point
there was employed only once for the Peres-Horodecki sepa-
rability test, while each point here is used in 2000 such tests
(with u ranging over [0,1]). We had initially suspected that if
we started checking the Peres-Horodecki criterion for suc-
cessively larger values of u, holding the set of z;;’s given by
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a Tezuka-Faure point fixed, then if we reached one value of
w for which separability held, all higher values of u (less
than or equal to 1) would also yield separability. But this
interestingly turned out not to be invariably the case. So it
appeared that we needed to check the criterion 2000 times
for every single six-dimensional (real) or 12-dimensional
(complex) TF point.

2. Real case

Since, as noted, exact integration by parts did not seem
feasible in the real case, we chose to expand G,.,(v) in a
75-term power series about »=0, and performed exact inte-
grations term by term. The overall result can be expressed as
Viepirear=0.000 731 025 3. Using the various results of Zyc-
zkowski and Sommers [2] and Szarek et al. [10] detailed
above, we then immediately have the estimates Pg.,/oq
~(.453 883 8 for the separability probability of the real 4
X 4 density matrices (markedly greater than in the complex
case), and Hy,,/,e=0.022 791 11 for the hyperarea of the
bounding eight-dimensional hypersurface.

VI. CONCLUDING REMARKS

In this study, using the Bloore parametrization of density
matrices ([19], Sec. II), we have shown that incomplete Beta
functions (Sec. V), or clearly quite close relatives to them,
appear to play important roles in the calculation of Hilbert-
Schmidt separable volumes of the nine-dimensional real and
15-dimensional complex qubit-qubit pairs. However, there
are still apparently systematic (sinelike)—although quite
small—variations (Fig. 4) of the estimated function from the
hypothesized one G..,,,,..(¥) in the complex case, so we sus-
pect that we may have possibly not yet fully explained this
scenario. So, to summarize, although we have developed
here a rather compelling case for the relevance of the incom-
plete Beta functions, our evidence for this is so far essen-
tially empirical and numerical rather than theoretical.

The extension to qubit-qutrit pairs (and possibly higher-
dimensional composite systems, n>4) of the univariate-
function strategy we have pursued above for the case of
qubit-qubit pairs (n=4) seems problematical. In the n=4
case, the analysis is facilitated by the fact that it is sufficient
that the determinant of the partial transpose of a density ma-
trix be nonnegative for the Peres-Horodecki separability cri-
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terion to hold ([36,49], Theorem 5). More requirements than
this single one are needed in the qubit-qutrit scenario, even
though the criterion of nonnegativity of the partial transpose
is still both necessary and sufficient for 6 X 6 density matri-
ces. [In addition to the determinant, the leading minors
and/or the individual eigenvalues of the partial transpose of
the 6 X 6 density matrix would need to be tested for nonne-
gativity as well. Also the qubit-qutrit analog of the ratio (v)
of diagonal entries, given by (6), would have to be defined, if
that is even possible.]

In our earlier study [20], we had also employed the
Bloore parametrization of the two-qubit (and qubit-qutrit)
systems to study the Hilbert-Schmidt separability probabili-
ties of specialized systems of less than full dimensionality.
We also reported there an effort to determine a certain three-
dimensional function [somewhat in contrast to the one-
dimensional functions F,,,/(v) and F..,,,.(v) above, but for
a rather similar purpose] over the simplex of eigenvalues that
would facilitate the calculation of the 15-dimensional vol-
ume of the complex two-qubit systems in terms of (mono-
tone) metrics, such as the Bures, Kubo-Mori, Wigner-
Yanase, etc., metrics, other than the (nonmonotone [50])
Hilbert-Schmidt one considered here. [The Bloore parametri-
zation [19] did not seem immediately useful in this mono-
tone metric context, since the eigenvalues of p are not ex-
plicitly expressed (cf. [51]). Therefore, we had recourse in
[20] to the Euler-angle parametrization of density matrices of
Tilma et al. [23], in which the eigenvalues of p do, in fact,
explicitly enter.]

So, it would seem, initially at least, that the particular
utility of the Bloore parametrization in reducing the dimen-
sionality of the problem of computing the Hilbert-Schmidt
separable volume of qubit-qubit pairs, of which we have
taken advantage in this study, extends neither to higher-
dimensional Hilbert-Schmidt volumes (n>4) nor to mono-
tone metric volumes of even qubit-qubit pairs (n=4) them-
selves.
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