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We use a multimode description of polarization-encoded qubits to analyze the quantum teleportation proto-
col. Specifically, we investigate how the teleportation fidelity depends on the spectral correlations inherent to
polarization-entangled photons generated by type-II spontaneous parametric down conversion. We find that the
maximal obtainable fidelity depends on the spectral entanglement carried by the joint probability amplitude, a
result which we quantify for the case of a joint spectrum approximated by a correlated Gaussian function. We
contrast these results with a similar analysis of the visibility obtained in a polarization-correlation experiment.
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I. INTRODUCTION

Quantum teleportation �1� is a basic building block in
many quantum communication and quantum computation
protocols �2�. In its simplest form, the quantum teleportation
protocol transfers a qubit of information encoded originally
in the two-level structure of particle 1 as ��1�=a�↑1�+b�↓1� to
a remote particle 3 comprising half of the entangled Bell
state ��23�= ��↑2 ,↓3�+ �↓2 ,↑3�� /�2. Upon performing a Bell-
state measurement on particles 1 and 2, the state of particle 3
relates to the original qubit by some unitary transformation
that depends on the measurement outcome. The outcome is
communicated to the recipient of particle 3, who then applies
the appropriate transformation to recover the state of the
original qubit �1�. This seemingly simple protocol underlies
applications such as quantum repeaters and relays �3–5�,
quantum memories �6�, and forms of efficient linear optical
quantum computing �7�.

Many experimental implementations of quantum telepor-
tation use the orthogonal polarization states of a photon as a
model two-level system for encoding qubits of information
�3–13�. These efforts to teleport polarization-encoded qubits
are facilitated by the relatively bright sources of polarization-
entangled photons obtainable from spontaneous parametric
down-conversion �SPDC��14,15�, as well as the ease with
which a partial Bell-state measurement can be implemented
using linear optics and detectors �16�; see Fig. 1. Using these
techniques, teleportation fidelities as high as 92% have been
reported �11�.

Although a simplified two-level description of light
quanta is often sufficient for theoretical exploration and
proof-of-principle experiments, the additional degrees of
freedom inherent to a photon should also contribute to the
overall fidelity of teleportation. Indeed, previous experimen-
tal setups have prudently filtered the spatial and spectral de-
grees of freedom in order to ensure high fidelity teleporta-
tion. But such filtering comes at the cost of significantly
reduced �coincidence� count rates. Refraining from the use of
spectral and spatial filtering may greatly enhance the rate and

efficiency with which qubits are teleported, but only if it is
possible to simultaneously maintain maximal teleportation
fidelity.

An understanding of the quantum teleportation protocol in
a multimode context requires nontrivial analogs of the usual
polarization-encoded qubits. In particular, SPDC is known to
produce a biphoton state with a joint spectral probability
amplitude of innately broad bandwidth. Moreover, the joint
spectral amplitude of the photon pair is typically strongly
entangled with respect to frequency because of the conserva-
tion of energy requirements mediating the down-conversion
process. For type-II SPDC, the spectral properties of the in-
dividual photons typically correlate with the polarization de-
gree of freedom �17,18�. However, it is also possible to gen-
erate a polarization entangled state in which the spectral
properties of the photons correlate with their path, rather
than their polarization �19�. Additional sources of distin-
guishing information may be found in correlations between
the spectra and the other degrees of freedom. These aspects
of “realistic” polarization-entangled photons complicate the
multimode extension of the quantum teleportation protocol
implemented in previous experiments.

The distinguishing information inherent to the biphoton
states generated by SPDC has been analyzed previously us-
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FIG. 1. A sketch of the partial Bell-state measurement device
using linear optics and detectors; cf. Ref �16�. Photons 1 and 2
interfere at a 50:50 beam splitter �BS� whose output ports direct
into polarizing beam splitters �PBS�. The PBS transmits �reflects�
horizontally �vertically� polarized photons into subsequent detec-
tors. Coincidence counts between pairs of detectors, e.g., h1 and v1,
signal that a Bell-state measurement has occurred.
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ing fourth-order interference experiments �17,18,20–22�. In
those earlier experiments, the effects of spectral correlations
on polarization entanglement were identified in terms of the
reduced visibility in a Hong-Ou-Mandel interferometer �23�.
Specifically, for the case of type-II SPDC, submaximal inter-
ference at a 50:50 beam splitter resulted from the distin-
guishable joint spectra that characterized the different polar-
ization amplitudes comprising the entangled state.
Theoretical and experimental analyses of the joint spatial
amplitudes produced by SPDC have led to similar results
�24,25�.

Given the prominent use of SPDC to generate
polarization-entangled photons for demonstrations of quan-
tum information protocols, the role that distinguishable spec-
tral and spatial amplitudes play in specific protocols is of
increasing interest. Previously, U’Ren et al. analyzed how
the form of the joint spectral amplitudes affect the detection
statistics in the Braunstein-Mann Bell-state analyzer and the
two-photon polarization-correlation measurements �26�. Spe-
cifically, they found that the polarization-correlation visibil-
ity is maximal when spectral differences between the pho-
tons correlate with path, while coincidences in the Bell-state
analyzer are optimized when spectral differences correlate
with polarization. Kim and Grice reported similar results in
their analysis of the optical Bell-state analyzer �27�. Re-
cently, Rohde and Ralph have incorporated the effects of
broad bandwidth single photons in a controlled-NOT gate and
subsequently showed that the temporal distinguishability be-
tween the photons and the finite detector resolution may also
reduce the gate fidelity and success probability �28�. Rohde
et al. investigated more general linear optical circuits in a
similar context, observing that the undesirable effects of
mode distinguishability are perhaps best mitigated through
the use of broad bandwidths, most notably those of Gaussian
form �29�.

In this paper, we investigate how the aforementioned
spectral correlations influence teleporting the polarization
state of a photon. We begin in Sec. II with a multimode
description of the polarization-entangled photon pairs that
uses a correlated Gaussian approximation for the joint spec-
tral amplitude generated by type-II SPDC. An analysis of the
polarization-correlation experiment and the role that the
shape of the joint spectral amplitude plays in determining
polarization entanglement is presented in Sec. III. In Sec. IV,
we use similar multimode expressions for the polarization-
encoded qubits employed in the quantum teleportation pro-
tocol, and we derive the corresponding fidelity of teleporta-
tion. We determine the conditions necessary for maximizing
teleportation fidelity when the photon pairs are spectrally
entangled, and we quantify the maximal obtainable fidelity.
We conclude our discussion in Sec. V.

II. MULTIMODE POLARIZATION-ENTANGLED PHOTON
PAIRS

As an extension of the single-mode polarization-entangled
biphoton state of photons 2 and 3, we consider the multi-
mode analog

��23� =
1
�2
� d�� d���f��,����h2���,v3�����

+ g��,����v2���,h3������ , �1�

where f�� ,��� and g�� ,��� are the joint spectral probability
amplitudes corresponding to the polarization states
�h2��� ,v3����� and �v2��� ,h3�����.1 We denote the horizon-
tally and vertically polarized modes of photon j at frequency
� as �hj����=hj

†����vac� and �v j����=v j
†����vac�, respec-

tively, and the tensor product �hj���� � �vk����� as
�hj��� ,vk�����. We assume Eq. �1� is normalized and that

� d�� d��f��,����2 =� d�� d��g��,����2 = 1, �2�

i.e., probability is equally partitioned between the two joint
polarization amplitudes.

We first consider the case that

g��,��� = f���,�� , �3�

which occurs, for example, when the photons originate from
a type-II crystal in the cross-ring configuration �14�. Physi-
cally, the relationship between f and g given by Eq. �3� de-
scribes individual photons whose spectral properties corre-
late with the polarization degree of freedom, i.e.,

��23
pol.� =

1
�2
� d�� d��f��,�����h2���,v3�����

+ �v2����,h3����� . �4�

In general, Eq. �4� cannot be factored with respect to the
spectral and polarization degrees of freedom. When the mar-
ginal spectra of the photons are distinct, this inseparability
serves as a source of distinguishing information. In contrast,
when the joint spectral amplitudes are equivalent,

g��,��� = f��,��� , �5�

the biphoton state is given by

��23
path� =

1
�2
� d�2� d�3f��2,�3���h2��2�,v3��3��

+ �v2��2�,h3��3��� . �6�

In Eq. �6�, individual photon properties correlate with the
path taken and are decoupled from the polarization. Hence,
the previous source of distinguishing information is avoided,
i.e., while the photons in paths 2 and 3 may be spectrally
distinguishable, these differences provide no polarization in-
formation. Biphoton states whose joint spectra satisfy Eq. �5�
are generally not directly produced by type-II SPDC. How-
ever, it is possible to manipulate the output state postproduc-

1We focus on spectral distinguishability by assuming spatial filters
select the paths photons 2 and 3 travel after leaving the crystal; the
transverse momenta corresponding to these directions are assumed
equal in magnitude and opposite in sign, while the pump propagates
in the z direction.
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tion such that Eq. �5� holds, albeit at the cost of additional
optical elements �19,22,26�.

In the following analysis, we invoke a Gaussian approxi-
mation for the joint spectral amplitude, the details of which
are deferred to the Appendix. We express the joint spectrum
in terms of a bivariate normal distribution

f���,���� = N exp	−
1

2�1 − �2�

��2

�2 −
2������

���

+
���2

��2 �� , �7�

where �� and ��� are difference frequencies, � and �� are
the corresponding marginal bandwidths, and N−2

=����1−�2. The correlation � ranges from +1 to −1, where
positive values indicate frequencies are correlated, negative
values indicate they are anticorrelated, and zero implies no
correlation. Expressions for these model parameters in terms
of experimental parameters are given in the Appendix.

We also make use of the diagonal representation of Eq.
�7�, in which the principal axes of the error ellipse have
undergone a rotation through the angle �; see Fig. 2. In this
equivalent form,

f���,���� = N exp�− ��� cos � + ��� sin ��2/2�M
2

− ���� cos � − �� sin ��2/2�m
2 � , �8�

where the major and minor widths of the joint spectrum, �M
and �m, respectively, are related to the marginal bandwidths
by

�2 = �M
2 cos2 � + �m

2 sin2 �

��2 = �m
2 cos2 � + �M

2 sin2 � . �9�

The latter satisfy the relationship �M
2 �m

2 =�2��2�1−�2�, while
the angle � is defined by

tan 2� =
2����

��2 − ��2�
. �10�

This alternate form has the benefit of providing an intuitive
understanding of how changes in the model parameters affect
changes in the global form of the joint spectral amplitude.
For example, when �=0, ±� /2, the joint spectrum is unen-
tangled and can be factored as f�� ,���= f1���f2����, where
f j��� is a single-photon spectral probability amplitude.

III. POLARIZATION CORRELATIONS

Given the total density matrix �23= ��23�
�23�, the joint
polarization state of photons 2 and 3 is obtained by tracing
over the spectral degrees of freedom,

�̃23 = Tr�,����23� , �11�

and is expressed in the basis ��h2 ,v3� , �v2 ,h3�� as

�̃23 =
1

2

 1 G

G* 1
� . �12�

The quantity

G =� d�� d��f��,���g��,���* �13�

measures the interference between the joint spectral ampli-
tudes and ranges from 0 �completely distinguishable� to 1
�indistinguishable�.

As a quantitative measure of the polarization entangle-
ment, we use the concurrence C, which is directly related to
the entanglement of formation �31�. For the case of the dis-
crete bipartite density matrix �̃23, the concurrence is given by

C = max�0,	1 − 	2 − 	3 − 	4� , �14�

where the 	i’s �with 	1
	2
	3
	4� are the square roots of
the eigenvalues of the Hermitian matrix

�̃23��2y � �3y��̃23
* ��2y � �3y� . �15�

In this example, the Pauli single-qubit operators �2y
and �3y are expressed as �2y = i�v2�
h2�− i�h2�
v2� and �3y

= i�v3�
h3�− i�h3�
v3�. Diagonalization of Eq. �15� yields

	1 =
1 + �G�

2
,

	2 =
1 − �G�

2
, �16�

and 	3=	4=0. It then follows from Eq. �14� that the concur-
rence is C= �G�, and, consequently, we may take �G� as a
measure of the entanglement in its own right �31�.

Experimentally, polarization entanglement is often quan-
tified by the visibility in a polarization-correlation experi-
ment �14,15�. For a pair of polarizers defined by the output
modes aj

†=hj
† cos � j +v j

† sin � j �j=2,3�, the conditional prob-
ability for coincidence detection behind both polarizers is
�26,27� �assuming constant detector efficiencies�

FIG. 2. A schematic drawing of the correlated Gaussian ampli-
tude expressed in terms of the major and minor widths �M and �m,
respectively, and the orientation angle �.
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P��3��2� =� d�� d���f��,���cos �2 sin �3

+ g��,���sin �2 cos �3�2. �17�

The visibility of the polarization-correlation experiment in
the diagonal �±45° � basis is subsequently defined as

V =
P��/4��/4� − P��/4�3�/4�
P��/4��/4� + P��/4�3�/4�

= Re G . �18�

For our real-valued approximation to the joint spectral am-
plitude, this definition of the visibility coincides with the
concurrence.

Using the approximate amplitude given by Eq. �7�, a
straightforward calculation of the overlap G when the spec-
tral differences correlate with polarization, i.e., when Eq. �3�
holds, yields

G =� 4�2��2�1 − �2�
��2 + ��2�2 − 4�2��2�2 . �19�

In the absence of spectral correlations, ���=0 and we find
G=2��� / ��2+��2�, which approaches unity as the marginal
bandwidths become equal. In the other extreme, G vanishes
as ��� approaches 1 because the increasing frequency en-
tanglement between the photons leads to greater spectral dis-
tinguishability.

We can also express the overlap G using Eqs. �9� and �10�
as

G =
2�M�m

���M
2 + �m

2 �2 − ��M
2 − �m

2 �2 sin2 2�
. �20�

This model for both the concurrence and the visibility is
plotted in Fig. 3 as a function of � with various integral
values of the aspect ratio a=�M/�m. As shown, the concur-
rence is maximal for a=1 because the joint spectral ampli-
tude is circularly symmetric and the individual photon prop-
erties are independent of �. For a�1, maxima in the
visibility occur at �= ±� /4. At these orientations, the indi-
vidual photons are spectrally indistinguishable despite the
strong frequency correlations, e.g., ���= �a2−1� / �a2+1�. In

contrast, minima in the concurrence occur at �=0, ±� /2.
Although the joint amplitudes are separable with respect to
frequency, the individual photon properties are more distin-
guishable with larger a.

Different behavior is observed when the spectral differ-
ences between the photons correlate with path and f�� ,���
=g�� ,���. For this case, the spectral and polarization de-
grees of freedom are decoupled and the entanglement is al-
ways maximal, independent of the spectral entanglement be-
tween the photons.

IV. MULTIMODE ANALYSIS OF QUANTUM
TELEPORTATION

Our analysis in Sec. III investigated how spectral distin-
guishability reduces polarization entanglement. In this sec-
tion, we consider the quantum teleportation protocol in a
similar context. We take the normalized state of photon 1 as
a multimode analog of the qubit, i.e.,

��1� =� s������h1���� + ��v1�����d� , �21�

where s��� is the spectral amplitude and ���2+ ���2=1. As
before, the polarization state is defined by tracing over the
spectral degrees of freedom, �̃1=Tr���1� with �1= ��1�
�1�.
We use the multimode analog of the polarization-entangled
state for photons 2 and 3 given by Eq. �1�.

In a typical quantum teleportation experiment using
polarization-encoded qubits, photons 1 and 2 are incident on
the input ports of a 50:50 beam splitter with the subsequent
output analyzed using a pair of polarizing beam splitters and
four detectors �16�; see Fig. 1. The projection of photons 1
and 2 into two of the four polarization-entangled Bell states
is identified based on the signature of the detectors firing �the
other two Bell states being indistinguishable with this linear
scheme �32��.

To model the partial Bell-state measurement technique,
we describe the output of the 50:50 beam splitter by the
Heisenberg equations

B†h1���B = �h2��� + ih1����/�2

B†h2���B = �h2��� − ih1����/�2, �22�

where B is a unitary operator and similar equations hold for
v1,2���. Following the beam splitter, detection of photons 1
and 2 is modeled by the operator, e.g.,


�h1,v1� =� �h1
����h1����
h1����d� � � �v1

�����v1�����

�
v1�����d��, �23�

which accounts for coincidences between detectors h1 and
v1. In Eq. �23�, the integrals over frequencies account for the
spectral bandwidths of the incident photons while the detec-
tor efficiencies �h1��� and �v1��� account for any spectral
filtering at detectors h1 and v1, respectively. Here we neglect
the effects of the latter, and unit efficiencies are assumed.
Other detection possibilities may be similarly modeled �33�.

FIG. 3. �Color online� The concurrence �or visibility� for the
case f�� ,���=g��� ,�� plotted as a function of �. Each curve is
labeled by the value of the ratio �M/�m: 1 �red�, 2 �brown�, 5
�green�, and 10 �blue� and is exemplified along the upper border by
a plot of the corresponding joint spectrum when �=−� /8.
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The unnormalized state of photon 3 following coinci-
dences at, e.g., detectors h1 and v1, is

�3 = Tr12�
�h1,v1�B†�123B� , �24�

where �123= ��123�
�123� and the trace is taken over photons
1 and 2. The polarization state of photon 3 is given by the
reduced density matrix �̃3=Tr��3, which, following normal-
ization and assuming constant detector efficiencies, is ex-
pressed in the h-v polarization basis as2

�̃3 = 
 ���2 ��*J

�*�J* ���2
� . �25�

The overlap integral

J =� d�̄
� s���f��,�̄�*d��
� s*����g���,�̄�d���
�26�

accounts for spectral distinguishability of the entangled
source as well as the interference between photons 1 and 2 at
the beam splitter.

The fidelity of teleportation, defined as the inner product
of �̃1 and �̃3, is

F = Tr��̃1�̃3� = ���4 + ���4 + 2����2 Re J ,

which is linear in J. As an explicit example, we consider
���2= ���2=1/2, for which the fidelity simplifies to

F =
1

2
�1 + Re J� . �27�

We now consider in more detail the behavior of J and its
role in determining the fidelity of teleportation. We assume
photon 1 has a Gaussian spectrum with a mean frequency of
�0,

s���� = ���1
2�−1/4 exp�− ��2/2�1

2� , �28�

where �1 determines the �1/e� spectral bandwidth, and the
joint spectral amplitude of photons 2 and 3 is given by Eqs.
�7� and �8�.

In our first example, we consider the spectral differences
to correlate with polarization. The overlap J is calculated
using Eqs. �8� and �28� and found to be

Jpol. =
4�1�M�m

�2��M
2 +�m

2 ���M
2 +�1

2���m
2 +�1

2�−��M
2 −�m

2 �2�1
2 sin2 2�

.

�29�

Maximization of Eq. �29� yields an optimal bandwidth for
photon 1 of �1=��M�m and the corresponding maximal tele-
portation fidelity

Fpol.
max =

1

2
+

2�M�m

�2��M
2 + �m

2 ���M + �m�2 − ��M
2 − �m

2 �2 sin2 2�
,

�30�

which varies sinusoidally as a function of the angle 2�. As
shown in Fig. 4, peaks in Fpol.

max occur when �= ±� /4. Al-
though photons 2 and 3 have identical spectra here, the fi-
delity is less than unity because the spectral entanglement
serves as a means for distinguishing between the photons
based on color. We elucidate this point by rewriting Fpol.

max in
terms of the linear correlation �,

Fpol.
max =

1

2
+� 2�1 − �2�

��/�� + �1 − �2�2 + ���/� + �1 − �2�2
.

�31�

When �= ±� /4, we have �=��, and Eq. �31� becomes

Fpol.
max =

1

2
+

�1 − �2

1 + �1 − �2
. �32�

Therefore, even with identical marginal spectra, the telepor-
tation protocol is sensitive to the spectral entanglement be-
tween the polarization-entangled photon pair. This behavior
contrasts with the results of the previous section, which
found the two-photon polarization-correlation visibility, or
equivalently, the concurrence, to become unity when �=��,
independent of the spectral entanglement, cf. Eq. �19�.

For comparison, we also consider the joint probability
amplitudes to be identical, i.e., f�� ,���=g�� ,���, such that
the marginal spectra correlate with path. Then the overlap J
is given by

Jpath =
2�1�M�m

���1
2��2 + �M

2 �m
2 ���1

2 + �2�
. �33�

or, equivalently,

2Other coincidences, e.g., h1 and v2, require a local unitary trans-
formation of photon 3’s polarization state in order to recover the
form �25�.

FIG. 4. �Color online� Plots of the maximal teleportation fideli-
ties Fpol.

max �solid� and Fpath
max �dashed� as a function of the orientation

angle �. Each curve is labeled by the value of the ratio �M/�m: 1
�red�, 2 �brown�, 5 �green�, and 10 �blue�. Each ratio is exemplified
along the upper boarder by a plot of the corresponding joint spec-
trum when �=−� /8.
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Jpath =� 4�1
2�2�1 − �2�

��1
2 + �2�1 − �2����1

2 + �2�
. �34�

Upon maximizing Jpath with respect to �1, we find the opti-
mal bandwidth is given by �1

4=�M
2 �m

2 �2 /��2=�4�1−�2�. The
maximal obtainable fidelity is

Fpath
max =

1

2
+

2�M�m

2�M�m + �4�M
2 �m

2 + ��M
2 − �m

2 �2 sin2 2�
.

�35�

The results for Fpath
max are shown as the dashed lines in Fig.

4. When a=1, the fidelity is always unity because the joint
spectrum is circularly symmetric and void of distinguishing
information. However, very different behavior is observed
for a�1. Unit fidelity is obtained when �=0 and ±� /2 be-
cause the joint spectrum is separable with respect to fre-
quency. But rotating the spectrum decreases Fpath

max until a
minimum is reached at �= ±� /4. Here, the fidelities Fpol.

max

and Fpath
max coincide because the two underlying relationships,

Eqs. �3� and �5�, are equivalent at this orientation. As in the
previous case of Fpol.

max, the diagonal orientation yields identi-
cal marginal bandwidths and a nonzero linear correlation
���= �a2−1� / �a2+1�. As a increases, the photons become in-
creasingly distinguishable with respect to frequency and the
maximal value of Fpath

max approaches the classical limit of 1 /2.
Finally, we note that Fpath

max can also be expressed in the rela-
tively simple form

Fpath
max =

1

2
+

�1 − �2

1 + �1 − �2
, �36�

which is independent of the marginal bandwidths � and ��
but depends on the spectral entanglement quantified by �.

V. CONCLUSIONS

We have analyzed both the polarization-correlation ex-
periment and the quantum teleportation protocol using a
multimode description of polarization-entangled photons.
Our analysis accounted for the spectral entanglement carried
by the joint amplitude accompanying the polarization-
entangled photons, as well as the correlations between the
spectral and polarization degrees of freedom. We found that
in this broad bandwidth context, spectral entanglement be-
tween the photons reduces the maximal obtainable teleporta-
tion fidelity. This result contrasts with the behavior of the
two-photon polarization-correlation visibility, which can be
unity even when the photons are spectrally entangled.

The symmetry of the joint spectral amplitude has been
found previously to affect entanglement-based experiments.
U’Ren et al. �26� and Kim and Grice �27� have shown that
the polarization-correlation visibility should always be maxi-
mal when f�� ,���=g�� ,���. We have extended these prior
results by quantifying the visibility, or equivalently, the con-
currence, for the case that the joint spectra are not identical.
In particular, we have found that the visibility depends on the
marginal spectra of the individual photons, as well as spec-
tral entanglement between these photons.

We have also shown that maximizing polarization en-
tanglement alone does not maximize the teleportation fidel-
ity. Instead, one must also account for the distinguishing in-
formation provided by the spectral entanglement between the
photons. This is evidenced by the family of dashed curves in
Fig. 4 for which polarization entanglement is maximal, but
the fidelity varies as a function of the spectral entanglement,
cf. Eq. �36�. An additional concern is the coupling between
the spectral and polarization degrees of freedom, which, as
seen from the family of solid curves in Fig. 4, leads to con-
sistently lower fidelities.

Thus, in conclusion, the spectral degrees of freedom char-
acterizing a polarization-encoded qubit have been shown to
affect the quantum teleportation fidelity. These effects in-
clude both spectral entanglement between the photons and
correlations between the spectral and the polarization de-
grees of freedom. We anticipate that the spatial modes char-
acterizing single and biphoton states are similarly overlooked
as sources of distinguishing information. Ongoing efforts to
control these degrees of freedom during down conversion
may eventually permit SPDC-based entanglement sources to
be used for quantum teleportation without necessitating
narrow-band spectral filters to guarantee the desired level of
interference. We expect that success along this front will also
benefit photonic implementations of other quantum informa-
tion protocols.
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APPENDIX

Here we formalize our approximation to the joint spectral
amplitude given in Eq. �7�. In type-II SPDC, a pump pulse
passes through a nonlinear optical crystal and generates �up
to first order in perturbation theory� a pair of oppositely po-
larized photons �30�. With proper alignment of the emission
cones, this setup prepares the two-photon state expressed by
Eq. �1� �14�. For the case of a broad bandwidth pump pulse,
the joint spectral amplitude f can be written as �18�

f��,��� = ��� + ������,��� , �A1�

where ���� is the pump-pulse spectrum centered about 2�0

and

���,��� = sinc��k��,��� · ẑL/2�ei�k��,���·ẑL/2 �A2�

is the phase-matching function and sin�x�=sin�x� /x. The lat-
ter depends on the crystal length L and the mismatch

�k��,��� = kp�� + ��� − ko��� − ke���� �A3�

between the wave vectors of the pump �p� and the ordinary
�o� and extraordinary �e� rays. Recall that we have assumed
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spatial filters define the paths that the down-converted pho-
tons take. When the beam waist of the pump pulse is small
relative to the length of the crystal, additional terms coupling
the spatial and spectral degrees of freedom enter the expres-
sion for the joint amplitude. See Refs. �26� for details. We
assume here that the pump pulse is strictly collimated and
that such coupling effects can be ignored.

In our approximation to Eq. �A1�, we take the pump pulse
to have a Gaussian spectrum centered at the mean frequency
2�0 with �1/e� bandwidth �p. In addition, we expand the
wave vector mismatch to first order in the difference fre-
quencies ��=�−�0 and ���=��−�0, and we assume that
down conversion is phase matched at zero order in this ex-
pansion. Then, the probability amplitude is approximated by

f���,���� � N exp�− ��� + ����2/2�p
2 − ���o��

+ �e����2/2 + i��o�� + �e����� , �A4�

where the times �o=L�kp��2�0�−ko���0�� and �e=L�kp��2�0�
−ke���0�� are the differences in transit times through the crys-
tal between the pump and the o and e rays, respectively, and
the prefactor N4=���o−�e�2 /��p

2 is a normalization constant.
The constant � is chosen to match the full width half maxi-

mum �FWHM� of a Gaussian envelope to the modulus of the
phase-matching function; the overlap of sinc�x /2� and a
FWHM-matched Gaussian envelope exp�−�x2� is �0.94 for
the chosen value of ��0.04823.

We rewrite Eq. �A4� as the normal distribution given by
Eq. �7�, with the following definitions for the marginal band-
widths,

�2 = �1 + ��e
2�p

2�/���o − �e�2,

��2 = �1 + ��o
2�p

2�/���o − �e�2, �A5�

and the linear correlation

� = − �1 + ��o�e�p
2�/��1 + ��o

2�p
2��1 + ��e

2�p
2� . �A6�

Note that in the limit of vanishing pump-pulse bandwidth
�the cw-pump case�, the correlation approaches −1 �34�. Fi-
nally, although distinguishing information is potentially con-
tained in both the modulus and the phase of the probability
amplitude, we neglect the latter in our analysis, instead as-
suming that linear phase effects can be accounted for by
using a compensating crystal in one of the output arms �35�.
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