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We investigate the effect of an external periodic driving to the self-trapping transitions of two weakly
coupled Bose-Einstein condensates in a double-well potential. It is shown that the self-trapping can be effec-
tively controlled by modulating the double-well with a high frequency driving and thus renormalizing the
transition parameters. In particular, an exact solution is constructed under the balance condition between the
external field and the nonlinear interaction among particles, which allows one to precisely control the
self-trapping states.
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Periodic driving forces have become an important tool for
coherently controlling the tunneling process �1�. A particle in
a double-well driven by a periodical external field is a typical
model to demonstrate tunneling control �2,3�. Recent realiza-
tion of dilute Bose degenerate gas in an optical double-well
potential provides a new opportunity to revive the old prob-
lem due to the highly controllable environment and long co-
herence time of the system �4,5�. Unlike single-particle tun-
neling, in this new system the interaction among the
tunneling particles plays a crucial role, which leads to a non-
linear term in the Schrödinger equation. A question now
arises whether the interaction between the condensed atoms
gives rise to new dynamical regimes �6–9�. The investigation
of such a problem has attracted considerable interest over the
past few years. Among many findings, macroscopic quantum
self-trapping �MQST� is one of the most interesting phenom-
enon, which is a kind of self-locked population imbalances
between two Bose-Einstein Condensates �BECs� �10–12�.
The MQST has a quantum nature, involving the coherence of
a macroscopic number of atoms in the two condensates. Its
dependence upon the system parameters has been obtained in
the case without periodic driving. Recently, this novel non-
linear effect has been confirmed in experiment �13�, which
further stimulates the study of this nonlinear system in the
presence of an external field.

The periodic modulation effect on the self-trapping of two
weakly coupled BECs in a double-well potential has been
studied by several groups �14–18�. Analytic expressions for
the dependence of the transition parameters on the modula-
tion parameters are derived for high- and low-frequency
modulations, but no exact analytic solutions are reported yet.
In this paper, we focus on the case of the driving forces
acting on the energy bias in a double-well potential. It is
shown that an external ac field modulating the double-well
can result in the renormalization of the tunneling frequency
and of the relative energy bias in the high frequency limit.
Particularly, we find an exact solution under a balance con-
dition, that enable us to precisely prepare and manipulate the
self-trapping states.

Self-trapping without periodic driving. We first give
a brief review of the self-trapping transitions in two
weakly coupled BECs consisting of N atoms at zero tempera-
ture, held in an asymmetric double-well trap without
driving. Adopting the well-known two-mode approximation
�4,5�, the system’s second-quantized Hamiltonian reads

Ĥ=� /2�â†â− b̂†b̂�+c /2�â†b̂+ b̂†â�+� /2�â†â− b̂†b̂�2, where

generators and annihilators â† , b̂† and â , b̂ are for two differ-
ent wells, � denotes the static energy bias between the two
wells, c is the coupling constant between the two conden-
sates, and � is the nonlinear parameter describing the inter-
action. For a double-well system the total wave function can
be expressed as the superposition of individual wave func-
tions in each well. The superposition coefficients a and b
satisfy the two-mode Gross-Pitaevskii equation �GPE�
�10–12�

i
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with the Hamiltonian given by
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�
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where �=N� is set and the total probability �a�2+ �b�2 is nor-
malized to 1, so N�a�2 and N�b�2 are the numbers of atoms in
the left well and right well. We emphasize that the mean-field
approximation N→� is taken with constant interaction
strength �=N�. When the model �1� is used to describe two
BECs in a double-well potential, limit N→� keeping a con-
stant � is equivalent to having a larger trap with more atoms
in the BECs, or to tuning � smaller by using the Feshbach
resonance technique �19�. The very recent work shows that
only 4–8 particles per well are needed to reach this limit
�20�. For the experiment with about 1150 atoms �13�, an
elementary estimate gives the values of parameter in Eq. �2�:
�=0, c
2� ·10.4s−1 and � /c
15 �17,21�.

With a= �a�ei�a ,b= �b�ei�b, the Schrödinger equation can
be mapped into a classical Hamiltonian system by introduc-
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ing population difference z= �a�2− �b�2 and relative phase
�=�b−�a,

Hcl�z,�� = − �z +
�

2
z2 − c�1 − z2 cos � �3�

with z, � being the canonically conjugate variables of the
classical Hamiltonian system �10,16�. Because the existence
of multiple stationary states with z�0 is equivalent to the
existence of multiple metastable MQST states �12,22,23�
in the coupled BECs, one may explore self-trapping behavior
by analyzing the change of the number of the corresponding
fixed points or stationary states with z�0. The fixed points
of the classical Hamiltonian are given by the following
equations �8,9�:

�* = 0,�, − � + �z* −
cz*

�1 − z*2
cos �* = 0. �4�

For the equal-phase mode �*=0 only one stable fixed
point exists for � /c�1. When � /c�1, there are two
stable fixed points and one unstable fixed point for
�� /c�2/3− �� /c�2/3�1, and only one stable fixed point exists
for �� /c�2/3− �� /c�2/3	1. For the antiphase mode �*=� the
parametric dependence of fixed points and stationary states is
very different to reveal. When � /c
−1, only one fixed point
appears and it is stable. When � /c	−1, two stable and one
unstable fixed points exist for �� /c�2/3− �� /c�2/3�1 and only
one stable fixed point emerges for �� /c�2/3− �� /c�2/3	1.
Small oscillations around those stationary states with non-
zero time-averaged values for the population difference z are
MQST states. If both the population difference z and relative
phase � oscillate around fixed points, oscillating-phase-type
self-trapping states appear. If z changes with time around
fixed points, while the relative phase � varies with time mo-
notonously, running-phase MQST states appear. In the case
of the symmetric double-well, a general criterion for the
self-trapping is given by Hcl(z�0� ,��0�)�c �10–12�.

Periodic modulation of self-trapping. Generally, the dy-
namical behavior of a system can be controlled by applying
a periodic driving field, for example, the tunneling control of
a particle in a double-well potential perturbed by an external
periodic driving �24–26�. Here we discuss how a periodic
modulation affects the nonlinear self-trapping. We assume
that the modulation is applied on the static energy bias with
amplitude �1 and frequency �, i.e., �=�0+�1 cos��t�. This
periodically driving term can be realized by oscillating the
laser barrier position of the double-well �10�. In Ref. �18�,
the authors have considered the case of the symmetric
double-well potential with a sinusoidal-form driving, namely
�=A sin��t�. The chaotic states of this time-dependent sys-
tem have also been investigated in Refs. �14,16�. Here we
consider a more general case of the asymmetric double-well
potential with asymmetry constant �0 and cosinusoidal-form
driving �1 cos��t�. The former enables us to discuss the
renormalization of static bias �0 and couple constant c and
the inhibition of large amplitude tunneling oscillations. The
latter allows an exact periodic solution to demonstrate the ac
control of self-trapping analytically.

Limit of high frequency. When the driving frequency is

large enough such that ��c is satisfied, the amount of
change of the probability amplitudes a and b during a period
of oscillation 2� /� can be regarded as being infinitesimal, at
most of order c /�. In the Heidelberg experiment �13�, the
tunneling frequency is estimated to be c
2� ·10.4s−1, cor-
responding to the tunneling times in order of 100 ms. For the
limit of high frequency, the modulation frequency � may be
3–10 times the tunneling frequency c �17,18,21�. In this case,
let us make the transformation a=e−i���0t+�1/� sin �t�/2�a�,
b=ei���0t+�1/� sin �t�/2�b�. Then combining these with Eqs. �1�
and �2� we get

i
da�

dt
=

�

2
��b��2 − �a��2�a� +

c

2
ei���0t+�1/� sin �t��b�, �5�

i
db�

dt
= −

�

2
��b��2 − �a��2�b� +

c

2
e−i���0t+�1/� sin �t��a�. �6�

Applying the generating function of the Bessel functions
�18,25,26� e±i�1/� sin �t=�m=−�

� Jm��1 /��e±im�t to Eqs. �5� and
�6� and considering resonance condition �0=n� with integer
n, after neglecting the rapidly oscillating terms we easily find
that the system is equivalent to the undriven system in a
symmetric double-well potential but with an effective
coupling constant cef f =cJ−n��1 /��.

Now we consider the small detuning case, i.e.,
�0−n�=
� �� ,c� such that Eqs. �5� and �6� become

i
da�

dt
= 



2
+

�

2
��b��2 − �a��2��a� +

cef f

2
b�, �7�

i
db�

dt
= − 



2
+

�

2
��b��2 − �a��2��b� +

cef f

2
a�, �8�

after transformation a�=a�ei
/2t and b�=b�e−i
/2t. In contrast
to the original system �1� and �2� without the periodic driv-
ing field, from Eqs. �7� and �8� we see that modulating the
double-well can lead to the renormalization of couple con-
stant c and of static bias �0. Note further that we can set
�1 /� to make effective coupling constant cef f =0, leading to
the inhibition of large amplitude tunneling oscillations.

Exactly controlling self-trapping transitions. In the strong
driven case, the situation is complicated and exactly solving
the system is difficult. However, we shall show that under a
balanced condition, an exact solution exists that enables us to
strictly control the self-trapping transitions. The balanced
condition implies that the external field and the nonlinear
interactions among particles obey the relation �27,28�,

�1

2
cos��t� +

�

2
��b�2 − �a�2� =

�1

2
cos��t� −

�z�t�
2

=
�

2
,

�9�

where parameter � is determined by the initial population
of this system, the amplitude of driving field and the
nonlinear interaction, i.e., �=�1−�z�0�. So Eq. �9� gives

z�t�=z�0�−2
�1

� sin2 �t
2 , which oscillates below �for �1 /��0�

or above �for �1 /�	0� the initial state. Under condition �9�,
driven system �1� obeys the linear Schrödinger equations
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i
da

dt
= ��0 + �

2
�a +

c

2
b , �10�

i
db

dt
= − ��0 + �

2
�b +

c

2
a �11�

which admits the exact solutions of the form �29�

a�t� = a�0�
cos
�t

2
−

i��0 + ��
�

sin
�t

2
� −

cb�0�
�

sin
�t

2
,

�12�

b�t� = b�0�
cos
�t

2
+

i��0 + ��
�

sin
�t

2
� −

ca�0�
�

sin
�t

2

�13�

with parameter �=�c2+ ��0+��2. Using Eqs. �12� and �13�
to the definition of z�t� yields

z�t� = z�0�cos2 �t

2
+ �z�0�

��0 + ��2 − c2

�2

+
2��0 + ��c

�2
�1 − z2�0� cos ��0�� sin2 �t

2
, �14�

where formula a�0�b*�0�+a*�0�b�0�=2�1−z2�0�cos ��0�
has been used. Substituting z�t� of Eq. �14� into Eq. �9�, we
find that the self-consistence between balanced condition �9�
and linear Schrödinger equations �10� and �11� requires

� = � = �c2 + ��0 + ��2, �15�

z�0�
c2

�2 −
��0 + ��c

�2
�1 − z2�0� cos ��0� =

�1

�
�16�

which is the central result in this paper. It follows from Eq.
�15� that �
c, which means that the exact solution may be
valid both in the high frequency limit and in the strong
resonating region �18�.

Averaging the population during a time period of 2� /� in
Eq. �9�, one has an average population difference

�z�t�� = z�0� − �1/� . �17�

The dependence of the above equation on external parameter
�1 implies that one may control self-trapping transitions by
an external ac field. We shall take the following two cases as
examples to demonstrate this.

Case 1: with initial population z�0�=1 and any fixed ini-
tial relative phase ��0�. Inserting the initial condition into
Eqs. �15� and �16�, one easily arrives at the relations:
�=�c2+ ��0+��2 and c2 /�2=�1 /�, which can be further
reduced to the simple form

��0

�
+

�1

�
− 1�2

= � 1

�1/�
− 1�� c

�
�2

, �18�

by eliminating � and �. We also note that for Eqs. �17� and
�18� to hold true, �1 /� has to be larger than zero but less than
or equal to one. Thus it follows that �z�t�� changes only in
region �0, 1�. Taking parameters �0=0 and c /�
1/15 as in

Ref. �13�, we easily obtain amplitude of the modulation,
�1 /�= �1±�1−4�c /��2� /2, and driving frequency
�=�c2+ ��1−��2. From the preceding analysis, we know
that without driving force, the system lies in a running-phase
self-trapping state in the parameter region �13�. But when the
driving field with �1 /�= �1+�1−4�1/15�2� /2
1.0 and
� /c
1.0 is turned on, an almost complete exchange of
populations between two well appears, z�t�
cos��t�.

Case 2: with initial conditions z�0�=0.0 and ��0�=0.0. A
similar parameter relation is derived as follows:

��1

�
+

�0

�
� c

�
�
��1

�
+

�0

�
�2

+ � c

�
�2� = −

�1

�
�19�

from Eqs. �15� and �16� for the given conditions. In the sym-
metric case, �0=0.0, we have �1 /�= ±�−�c /��2−c /� and
average population �z�t��=−�1 /� in the parameter regions
−1	c /�	0 and −1/2	�1 /�	1/2. From Eq. �4� we
observe that the undriven system with �1=0 can lie in sta-
tionary state �z=0,�=0� without MQST for this region.
But when the ac field is applied, the system periodically
oscillates in the exact form of Eq. �14� with average
�z�t��=−�1 /�= ��−�c /��2−c /�, indicating a nonstationary
MQST state.

It is interesting to investigate the experimental feasibility
of the balance state. Clearly, the exact balance solution �14�
describes the regular macroscopic quantum state of the sys-
tem found uniquely yet. Particularly, we have demonstrated
that the balance state may be a nonstationary MQST state,
which oscillates near a metastable stationary MQST state
�12,22,23� of the corresponding undriven system. According
to the quantum-mechanical prediction, the BEC system will
occupy its possible regular state, the exact nonstationary
MQST state, with certain probability P which may be greater
compared to the unstable chaotic states of the system
�14,16�. Noticing that balance conditions �9�, �15�, and �16�
depend on the initial state, system parameters and external
driving parameters, although the initial states and system pa-
rameters are not easy to be precisely controlled, we can care-
fully adjust the external driving parameters to fit the balance
conditions. In the mean sense, when the number of the ad-
justments to the driving parameters arrives at 1 / P, the
system could reach the exact balance state in the experiment.

In conclusion, we have investigated the periodic modula-
tion effects on the self-trapping of two weakly coupled BECs
in a double-well potential analytically. It is shown that the
coherent tunneling can be increased or decreased, depending
on the external force parameters, thus the transition param-
eters of the self-trapping can be effectively adjusted. In par-
ticular, we use a balanced condition to derive an exact solu-
tion of the system, that allows us to control the self-trapping
states with required averaging population.

Finally, we give a brief discussion to the experimental
matters associated with our results. Experimentally, BECs
are coherently split into a double-well potential generated by
two laser beams. The energy offset can be periodically
modulated by adjusting the intensity of laser beams. In order
to achieve a proper modulation to the double-well experi-
mentally �13,17�, one requires tilting the two wells and peri-

BRIEF REPORTS PHYSICAL REVIEW A 75, 015603 �2007�

015603-3



odically shifting the focus of the blue-detuned laser carefully.
Similarly, based on the experiment setup in Ref. �13�, our
balance state could be tested by oscillating the laser barrier
position of the double-well with adjustable amplitude and
frequency �10� such that parameters �1 and � are adjusted.
Once the MQST in the form of Eq. �17� is detected �13�, Eq.
�9� or Eqs. �15� and �16� will be fitted and the system will
enter the balance state. Note that the MQST described by Eq.
�17� can be easily observed by fixing parameters z�0� ,� and
tuning �1, and detecting the proportion relation of Eq. �17�

between average population difference �z�t�� and driving
amplitude �1. Our analytical results have shown the dramatic
affects of the periodic modulation to the tunneling dynamics
and the nonlinear self-trapping states. We hope the results
will stimulate further experiments.
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