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Two different strong-laser-field-assisted atomic processes are considered: the laser-assisted electron-ion
radiative recombination �LAR� and the laser-assisted electron-atom scattering �LAS�. Assuming Gaussian
space-time distribution of laser intensity in focus, we calculated the focal-averaged spectra for these processes.
These spectra form plateaulike structures and are qualitatively similar to the spectra calculated for fixed
intensity. The difference is that for the focal-averaged results, the plateaus are more inclined and the oscillatory
structures are suppressed �or even absent�. We also investigate the contribution of incoherent electron scatter-
ing off neighboring atoms �ions� to the LAR and LAS spectra. We suppose that an electron, after the scattering
on an ionic target, may recombine with another ion �we call this process ISLAR—incoherent scattering
followed by LAR�. Analogously, the electron that scatters on an atom in the LAS process may scatter once
more on another atom �this is the double scattering�. In both cases, two targets are involved and the process is
incoherent. The spectra that involve these incoherent processes are compared with the corresponding spectra
for the coherent LAR and LAS processes, in which an additional act of scattering off the same target is
included. If the density of atomic targets is high enough, the contribution of incoherent scattering can be larger
than the contribution of coherent scattering. The spectra of ISLAR and double scattering exhibit a cutoff-like
behavior, having much higher cutoff energies than that of LAR and LAS.
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I. INTRODUCTION

With the development of powerful laser systems, the
intense-laser–atom physics has entered the nonperturbative
regime. Generally, the atomic processes that take place in
strong laser fields can be categorized into two main groups:
laser-assisted processes and laser-induced processes �1�. The
laser-assisted processes can happen in the absence of the
laser field and they are only modified by the simultaneous
interaction with laser radiation. This modification can be
strong since very many photons can be absorbed from the
laser field. For example, in the laser-assisted electron-ion ra-
diative recombination �LAR� �2–9�, laser-assisted electron-
atom scattering �LAS� �10–13�, and laser-assisted x-ray-atom
scattering �14,15�, the emitted photon and electron spectra
exhibit a long plateau, formed due to absorption of a large
number of laser photons, followed by an abrupt cutoff. The
position of this cutoff was explained semiclassically, suppos-
ing that, in one phase of the process, the quantum-
mechanical interaction of the electron with the atom �or ion�
can be neglected in comparison with the electron-laser-field
interaction �which can be treated classically� �see, for ex-
ample, Ref. �16�, where all these processes were considered
on a common base�. Even multiplateau structures in such
processes were predicted �see Refs. �4� for LAR, �11,12� for
LAS, and �15� for x-ray-atom scattering�. It should be men-
tioned that the LAR process in the presence of an ultrashort
few-cycle laser pulse has recently attracted more attention
�8,9�.

The laser-induced processes can happen only in the pres-
ence of a laser field and they usually require a threshold
value of the number of absorbed laser photons. For example,

for above-threshold ionization �ATI�, the minimum number
N of photons necessary for ionization is at the same time the
lowest order of nonlinearity of this process. The ATI electron
spectra exhibit peaks at electron energies �17� Ep=n�− �EB�
−UP, where EB is the electron binding energy and UP
= I / �4�2� is the ponderomotive energy of the free electron in
the laser field. These peaks, separated by the photon energy
�, for a fixed laser-field intensity I, correspond to the absorp-
tion of n=N ,N+1,N+2, . . . laser photons. With the increase
of the laser intensity, N photons are no longer sufficient and
N+1 photons are necessary for ionization. One says that the
N-photon channel is closed �18�. This channel-closing effect
has important consequences for the behavior of ATI spectra
as a function of the laser-field intensity: at some particular
value of intensity, the ionization yield exhibits a resonant
behavior. These enhancements in high-order ATI spectra at
the channel-closing intensities were observed experimentally
�see references in �19��. Due to the spatio-temporal intensity
distribution in the laser focus, the atoms feel the laser field
whose intensity changes from I=0 to I= Imax. The corre-
sponding channel-closing intensities are Ic= �Nc�− �EB��4�2,
Nc=Nc,min ,Nc,min+1 , . . . ,Nc,max, where Nc,min= ��EB� /��+1
and Ic� Imax. For these intensities, we have enhancements in
the electron spectra. Therefore, for a comparison with the
experiment, the theoretical energy spectrum of the ionized
electrons, which was calculated for a fixed intensity, has to
be integrated over the intensity distribution in the laser focus.

The laser-assisted processes can happen in the absence of
the laser field, so that for these processes there are no
channel-closing effects and enhancements of the particular
spectral regions for N�0. Nevertheless, it will be interesting
to see how these spectra change if one performs the focal
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averaging. For low-order electron-atom scattering, attempts
to simulate scattering experiments were done in Refs.
�20,21� in the context of the experiments of Weingartshofer
et al. �22�. However, the influence of the focal averaging on
the plateau structures has never been analyzed �23�. The
focal-averaging method, developed in Ref. �24� in order to
simulate high-order ATI experiments, is more appropriate for
spatio-temporal intensity distribution of the laser fields gen-
erated by modern laser systems. One of the aims of the
present paper is to investigate the focal-averaging effects on
the laser-assisted processes. We will do this using the ex-
amples of high-order LAR and LAS processes.

If the density of the atomic or ionic beam used in a laser-
assisted experiment is high, then it is possible that the elec-
tron first scatters on an atomic �ionic� target and, after that,
the scattered electron takes part in the considered laser-
assisted process. For example, in the LAR process, the in-
coming electron may first scatter on an ion I and then recom-
bine with a different ion I�, emitting an x-ray photon. We
have already analyzed in Ref. �4� the LAR process in which
the electron was first scattered on an ion and then was re-
combined with the same ion. We have denoted this process
SLAR. Here “S” stands for coherent scattering since the am-
plitude of the direct LAR process and that of the LAR pro-
cess preceded by a scattering off the same ion add coher-
ently. However, if the electron first scatters on an ion and
then recombines with a different ion, then the amplitude of
this process and that of the direct LAR process add incoher-
ently, i.e., we sum the probabilities of these processes. There-
fore, we call the LAR process preceded by an incoherent
scattering �IS� of an incoming electron on a different ion the
ISLAR process. All these processes are schematically pre-
sented in Fig. 1 �25�. We will show in the present paper that
the emitted x-ray spectra of ISLAR look quite different from
the LAR spectra.

A similar consideration can be made for the LAS process.
The LAS preceded by scattering on a different atom was
named double scattering in Refs. �26,27�, where this process
was proposed in order to explain a discrepancy between the
Kroll-Watson theory of electron-atom scattering �28,29� and
the LAS experiments for particular values of the scattering
angle �30�. In the present paper, we will analyze the double
scattering in more detail and we will compare it with the
results for the LAS process preceded by the coherent scatter-
ing, which leads to the appearance of an additional plateau in
the electron spectrum �11,12�. The schematic picture of the
LAS process will be similar to that of LAR, presented in Fig.

1. The only difference is that the incident electron momen-
tum ki is parallel to the laser-field polarization vector ê and
that, in the final state, the x-ray photon K is replaced with the
outgoing electron having the momentum k f.

It should be mentioned that, besides the electron-atom
scattering experiments by Weingartshofer et al. �22,31�,
which were continued by Wallbank and Holmes �23,30�,
there exist other laser-assisted experiments. Mason and New-
ell �32� have observed simultaneous electron-photon excita-
tion of He in inelastic laser-assisted electron-atom collisions.
More recently, the laser-assisted electron impact ionization
was experimentally observed �33�. In these experiments, the
laser intensity was lower and the laser pulse duration was
longer than for the processes that we will consider in the
present paper.

The structure of our paper is the following. In Sec. II, we
will briefly describe our focal-averaging procedure. Then, in
Sec. III, we will present the theory of the ISLAR process. In
particular, in Sec. III B, we will derive the cutoff law for this
process. A similar analysis of the double-scattering process is
presented in Sec. IV. Section V contains our numerical re-
sults for the focal-averaged LAR and LAS spectra, while the
numerical results for incoherent processes are presented in
Sec. VI. Finally, Section VII contains our conclusions.

II. THE METHOD OF FOCAL AVERAGING

In this paper, we present the focal-averaged spectra for the
LAR and LAS processes. The focal averaging is done by
integrating over the spatio-temporal intensity distribution in
the laser focus. We assume a Gaussian spatio-temporal dis-
tribution of the laser intensity

I�r,z,t� =
Imax

1 + z2/z0
2 exp�−

2r2

w0
2�1 + z2/z0

2�
−

�t − z/c�24 ln 2

�p
2 � ,

�1�

where r and z are circular-polar coordinates with the z axis
along the laser beam propagation direction, Imax is the maxi-
mum or peak intensity, w0 is the beam waist �beam radius at
z=0�, z0 is the Rayleigh range, and �p is the pulse duration
time �full width at half maximum �FWHM��. In the weak-
focusing approximation �24�, which we will use in all calcu-
lations in our paper, we neglect the dependence on z and
choose z=0 in Eq. �1�. In this case, the diameter of the target
beam is small compared with the Rayleigh range of the laser
beam focus. The derivation similar to that presented in Ref.

FIG. 1. �Color online� Sche-
matic diagram of the laser-assisted
radiative recombination �LAR�
�left-hand part; laser beam in the
focal region is also denoted�, LAR
with rescattering �middle part,
SLAR�, and LAR preceded by in-
coherent scattering �right-hand
part, ISLAR�.
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�24� leads to the following expression for the focal-averaged
x-ray photon yield of LAR process:

�Sfi	 � 

0

Imax dI

I
�ln

Imax

I
�1/2


n

Sfi�n�

��„�K − Ei − �EB� − n� − I/�4�2�… . �2�

Here I is the laser-field intensity, which changes from zero to
a maximum value Imax, �K is the energy of the emitted x-ray
photon, Ei is the incident electron kinetic energy, EB is the
atomic binding energy, and Sfi�n� is the differential power
spectrum for emission of an x-ray photon �1,4�. The � func-
tion cancels the integral over I so that, for every �K, �Sfi	 can
be calculated as a single sum over n, with n���K−Ei
− �EB�− Imax/ �4�2� and n���K−Ei− �EB�.

Analogously, for the focal-averaged electron yield in the
laser-assisted electron-atom scattering process, we obtain

�d	 fi	 � 

0

Imax dI

I
�ln

Imax

I
�1/2

d	 fi, �3�

where d	 fi is the differential cross section for the electron-
atom scattering in the presence of the laser field having the
intensity I �10,12�. The integral over I can be performed by
numerical integration.

The factor of proportionality for the focal-averaged yield
of the ATI process was found in Ref. �24�. Similarly as in
this paper, we obtain that the yields in Eqs. �2� and �3� are
proportional to the pulse length �p, the diameter d of the
ionic �atomic� beam, and the square of the laser beam waist
w0.

III. ELECTRON-ION RADIATIVE RECOMBINATION
PRECEDED BY INCOHERENT SCATTERING

A. Theory

We will first analyze the role of incoherent scattering in
laser-assisted electron-ion radiative recombination. In the
ISLAR process, the electron scatters on a positive ion and
subsequently recombines with another ion. The entire pro-
cess occurs in a laser field, for which we assume that it is
linearly polarized with the electric field vector

E�t� = êE0 sin �t , �4�

intensity I=E0
2, and angular frequency �. The final result is

the emission of an x-ray photon having wave vector K, fre-
quency �energy� �K, and unit polarization vector êK. We use
spherical coordinates with the polar axis in the direction of
the polarization vector ê of the laser field. We also assume
that the polarization vector êK of the x-ray field is parallel,
while the incident electron momentum ki is antiparallel to ê.
We have chosen this configuration since it provides the most
favorable conditions for the generation of x rays �2�. Thus,

we have ê= êK=−k̂i �see Fig. 1�. The probability of the
ISLAR process is proportional to the density N of the ionic
beam and to its diameter �the thickness of the ionic target� d,
i.e., it is proportional to the parameter 
=Nd, which we will
express in atomic units. In general, we suppose that the den-

sity of the ionic �atomic� beam in the interaction region is
such that only the single scattering of electrons on the ions
�atoms� is possible, while the multiple scattering �34� can be
neglected.

The differential power spectrum for emission of an x-ray
photon in the ISLAR process is given by the formula

Sfi
IS�M� = 


L



0

2�

d�s

0

�

ds sin sd	si�L,�s�Sfs�N,�s� ,

�5�

where L and N are the numbers of absorbed �emitted� pho-
tons in the electron-ion scattering and LAR process, respec-
tively, M =N+L is the total number of absorbed �for M �0�
or emitted �for M �0� photons, d	si�L ,�s� is the differential
cross section for electron-ion potential scattering, Sfs�N ,�s�
is the differential power spectrum for LAR, the solid angle
�s��s ,�s� determines the direction of the electron momen-
tum ks after the scattering, and the sum over L involves all
open channels for the scattering process. The electron ener-
gies before and after the scattering are Ei and Es, respec-
tively. Due to the energy-conserving condition for electron
scattering, Es=Ei+L�, a channel is open if L�−Ei /�. Ac-
cording to Eq. �5�, the electron with the initial momentum ki
scatters on a positive ion in the laser field �4� and, having the
momentum ks after the scattering, subsequently recombines
with another ionic target, producing an x-ray photon with the
wave vector K.

The differential power spectrum for the LAR process
is �1�

Sfs�N,�s� =
ks�K

4

2�c3 �Tfs�N,�s��2, �6�

where the T-matrix element is given by

Tfs�N,�s� = 

0

T dt

T
T fs�t,�s�exp�iN�t� , �7�

with T=2� /� the laser-field period. The Fourier transform
of the T matrix on the right-hand side of Eq. �7� is defined by

T fs�t,�s� = exp�− i�ks · ��t� + U1�t�����B�r · êKe−iK·r�q	 ,

�8�

where ks is the momentum of the recombining electron,
��t�=�tdt�A�t��, A�t�=−�tdt�E�t��, �B is the wave function
of the atomic ground state, q=ks+A�t�, and U1�t� is defined
as the periodic part of U�t�= 1

2�tdt�A2�t��=U1�t�+UPt, with
UP the ponderomotive energy. The T matrix �8� can also be
written in the form

T fs�t,�s� = − i exp�− i�ks · ��t� + U1�t���êK ·
�

�Q
�̃B�Q� ,

�9�

with Q=ks+A�t�−K, and
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�̃B�Q� =
 d3r

�2��3/2�B
*�r�exp�iQ · r� . �10�

We calculate the integral in Eq. �7� numerically.
The differential cross section in Eq. �5� describes the po-

tential scattering of an electron with initial momentum ki on
a local potential V�r�, so that the electron momentum after
the scattering is ks and that L photons are exchanged with the
laser field. Within the first Born approximation, it is given by
�35�

d	si�L,�s� = �2��4ks

ki
JL

2�x��Vki−ks
�2, �11�

where JL�x� is the ordinary Bessel function of order L,
x= �A0 /��ê · �ki−ks�, A0=E0 /�, and Vki−ks

is the Fourier
transform of the scattering potential V�r�, defined by the for-
mula

VP =
 d3r

�2��3V�r�exp�iP · r� . �12�

There are also various more sophisticated theories of laser-
assisted potential scattering such as the Kroll-Watson soft-
photon approximation �28�, the off-shell low-frequency ap-
proximation �impulse approximation� �36�, R-matrix Floquet
theory �37�, the �1,1� Padé approximant to the Born series
�29�, and the eikonal approximation �38�, but they will not
affect the qualitative estimate of the effects of interest in the
present paper.

We model the scattering potential by �39,40�

V�r� = − �a +
b

r
�exp�− �r� , �13�

whose Fourier transform is

Vki−ks
= −

2b� + aC

2�2C2 , C = �ki − ks�2 + �2. �14�

In our paper, we will present the results for the He+ ion
�a=1, b=2, �=4�.

For our linearly polarized laser field �4� with the polariza-
tion vector in the direction of the polar axis and for the
incident electron momentum ki antiparallel to the polar axis,
the T-matrix element, given by Eqs. �7�–�10�, the Bessel
function JL�x� in Eq. �11�, and the Fourier transform of the
scattering potential �14� are independent of the angle �s. As
a consequence, the differential power spectrum Sfs, Eq. �6�,
and differential cross section d	si, Eq. �11�, are independent
of the polar angle �s.

Inserting Eqs. �6� and �11� into Eq. �5�, and performing
integration over the polar angle �s, we obtain

Sfi
IS�M� = 


�2��K�4

kic
3 

L

ks
2


0

�

ds sin sJL
2�x�

��Vki−ks
�2�Tfs�N,s��2. �15�

The incident electron momentum ki is chosen to be antipar-
allel to the polar axis, i.e., i=�. Therefore, Sfi

IS is indepen-
dent of the azimuthal angle �i of electron incidence and the

integration over �i is straightforward, leading to 2�Sfi
IS. This

quantity will be presented in our numerical results.
Equation �5� describes two incoherent processes, with two

energy-conserving conditions. The energy-conserving condi-
tion for the scattering process is Es=Ei+L�, where Ei
=ki

2 /2 is the incident electron energy and Es=ks
2 /2 is the

electron energy after the scattering. The direct LAR process
provides the energy-conserving condition �K=Es+ �EB�+UP
+N�, where EB is the binding energy of the ion. Combining
these two conditions, we have �K=Ei+ �EB�+UP+M�, with
M =N+L the total number of absorbed �emitted� laser pho-
tons.

B. Cutoff law

The differential cross section for scattering of electrons on
atomic �ionic� targets, presented as a function of the final
electron energy, forms a plateau structure with an abrupt cut-
off at some boundary value of energy, usually called the
cutoff energy �12�. The same is true for the differential
power spectrum of the LAR process, if we present it as a
function of the x-ray photon energy �1�. Therefore, it is rea-
sonable to suppose that the differential power spectrum of
the ISLAR process has a cutoff at some boundary value of
the x-ray photon energy. We will now estimate this energy. In
the case of direct LAS, the method of steepest descent �sta-
tionary phase method� gives the semiclassical equation �12�

�ki + A�t��2 = �ks + A�t��2, �16�

with ki and ks the electron momenta before and after the
scattering, respectively, and t the scattering time. Equation
�16�, for the electric field �4� in the direction of the polar axis
and with the incident electron momentum in the opposite
direction �ê=−ki�, gives a quadratic equation for ks, the so-
lution of which is

ks = − h ± �h2 + ki
2 − 2s, h = A0 cos �t cos s,

s = kiA0 cos �t . �17�

One can see from the first of Eqs. �17� that the solution with
the plus sign in front of the square root gives a higher value
of ks than the one with the minus sign. Our goal is to find the
maximum energy of the scattered electron and thus we dis-
card the solution with the minus sign. From the energy-
conserving condition for electron scattering, we have

L� =
1

2
�ks

2 − ki
2� = h2 − s − h�h2 + ki

2 − 2s . �18�

In order to find Lmax with respect to t and s, we use the
conditions ��L�� /�t=0 and ��L�� /�s=0 in Eq. �18�. In this
way, we obtain the conditions sin �t=0 and sin s=0, so that
�t=m� �with m integer� and s=0,�. This means that
cos �t= ±1 and cos s= ±1, which implies that we have four
solutions. From Eqs. �16�–�18� one can see that the maxi-
mum value of L is obtained for cos �t=−1 and s=0, so that

Lmax� = 2�A0
2 + kiA0� = 8UP + 4�2EiUP. �19�

Thus, the maximum electron energy after the scattering and
before the recombination is Es,max=Ei+Lmax�, with Lmax
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given by Eq. �19�. It is well known that the maximum energy
of the emitted x rays in the LAR process is �1�

�K,max = Ep + 2UP + �EB� + 2�2EpUP, �20�

where Ep is the incident electron energy. Since in our case
Ep=Es,max, we finally have

�K,max
IS = 2UP���i + 3�2 + �2� , �21�

where �=��EB� / �2UP� is the Keldysh parameter �41� and
�i=�Ei / �2UP�=ki /A0 is an analogous parameter that was in-
troduced in Ref. �12�. For UP�max�Ei , �EB��, we have
�K,max

IS �18UP.

IV. DOUBLE SCATTERING

A. Theory

In the double electron-atom scattering, the electron with
the incident momentum ki scatters on an atomic target, pro-
ceeds to another atom, scatters on it, and leaves this atom
having the final momentum k f. This process is incoherent. In
Sec. VI, we will compare the double-scattering electron
spectra with those for a coherent process, known as rescat-
tering. In the rescattering process, the electron first scatters
on the target, then leaves it driven by the laser field and
returns to the target after the field has changed the sign, and
finally scatters again on the same target.

In our analysis, we assume that the laser field is linearly
polarized with the electric-field vector given by Eq. �4�. We
use spherical coordinates with the polarization vector ê of the
laser field and the incident electron momentum ki in the di-
rection of the polar axis. The differential cross section for
double scattering is defined by �26,27�

d	 fi
DS�M,� f� = 


L



0

2�

d�s

0

�

ds sin sd	si�L,�s�

�d	 fs�N,�s,� f� , �22�

where L and N are the numbers of absorbed �emitted� pho-
tons in the first and the second scattering, respectively, M
=N+L is the total number of absorbed �emitted� photons,
d	si�L ,�s� and d	 fs�N ,�s ,� f� are the differential cross sec-
tions for the first and the second scattering, respectively, the
solid angles �s��s ,�s� and � f �� f ,� f� determine the di-
rections of the electron momentum vector after the first and
after the second scattering, respectively, and the sum over
L involves all open channels for the scattering process
�L�−Ei /��. The constant 
 in Eq. �22� depends on the den-
sity N of atomic targets and on the thickness d of the target,
i.e., 
=Nd. According to Eq. �22�, the electron with the ini-
tial momentum ki scatters on a target in the laser field and,
having the momentum ks after the scattering, subsequently
scatters on another target having the final momentum k f after
the second scattering.

The differential cross section d	si�L ,�s� in Eq. �22� de-
scribes the potential scattering of an electron with initial
momentum ki on a local potential V�r�, so that the electron
momentum after the scattering is ks and that L photons

are exchanged with the laser field. It is given by Eq. �11�,
where JL�x� is the ordinary Bessel function of order L,
x= �A0 /��ê · �ki−ks�, and Vki−ks

is the Fourier transform of
the scattering potential V�r�. The differential cross section
d	 fs�N ,�s ,� f� in Eq. �22� describes the subsequent poten-
tial scattering of the same electron with momentum ks on a
local potential V�r�, so that the electron momentum after the
scattering is k f and that N photons are exchanged with the
laser field. It is given again by Eq. �11�. Inserting Eq. �11�
into Eq. �22�, we obtain

d	 fi
DS�M,� f� = 
�2��8kf

ki

L



0

2�

d�s

0

�

ds sin sJL
2�x�

��Vki−ks
�2JN

2 �y��Vks−kf
�2, �23�

where y= �A0 /��ê · �ks−k f�.
We model the scattering potential by the double Yukawa

potential �42�,

V�r� = −
Z

H

e−r/D

r
�1 + �H − 1�e−Hr/D� , �24�

where Z is the nuclear charge, D is the fitting parameter of
the double Yukawa potential, and H=DZ0.4. Values of D for
different atoms are given in �43�. For the He atom, Z=2 and
D=0.215. The Fourier transform of the potential �24� is

VP = −
Z

2�2H
� 1

P2 + �1
2 +

H − 1

P2 + �2
2� , �25�

where �1=1/D and �2= �H+1� /D. In our case, P=ki−ks for
the first scattering and P=ks−k f for the second one.

We assumed that the laser-field polarization vector ê and
the incident electron momentum ki are in the direction of the
polar axis, so that JL�x�, JN�y�, and Vki−ks

in Eq. �23� are
independent of the polar angle �s. The only term on the
right-hand side of Eq. �23� that depends on the polar angle �s
is �Vks−kf

�2. We show elsewhere �44� that the integral
�0

2�d�s�Vks−kf
�2 is independent of the polar angle � f, so that

d	 fi
DS�M ,� f�=d	 fi

DS�M , f�.

B. Energy-conserving conditions and the cutoff energy

The double scattering is an incoherent process and we
have two energy-conserving conditions. The energy-
conserving condition for the first scattering is Es=Ei+L�,
where Ei=ki

2 /2 is the incident electron energy and Es=ks
2 /2

is the electron energy after the first scattering. The energy-
conserving condition for the second scattering is Ef =Es
+N�, where Ef =kf

2 /2 is the final electron energy �after the
second scattering�. Combining these two conditions, we have
Ef =Ei+M�, with M =N+L the total number of absorbed
�emitted� laser photons.

As we have already mentioned, the differential cross sec-
tion for the direct �single� scattering, presented as a function
of the final electron energy, forms a plateau structure with an
abrupt cutoff at some boundary value of energy. Further-
more, there are two plateaus and two cutoffs in the case of
rescattering �11,12�. Thus, we expect a cutoff-like behavior
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of the double-scattering spectra. The method of the steepest
descent �stationary phase method� provides two semiclassi-
cal equations in the case of the double scattering. These
equations are

�ki + A�t1��2 = �ks + A�t1��2, �ks + A�t2��2 = �k f + A�t2��2,

�26�

with t1 and t2 the times of the first and the second scattering,
respectively. The first of Eqs. �26� gives a quadratic equation
for ks, while the second one gives a quadratic equation for
kf. Combining the solutions ks and kf of these quadratic
equations and performing numerical calculations, we can
find the maximum value of the final electron energy, i.e., the
cutoff energy. This is illustrated in Fig. 2, where the maxi-
mum value of the final electron energy is presented as a
function of the final electron scattering angle  f. We see that
the cutoff energy of the double scattering has the highest
value for  f =0�.

The value of the cutoff energy for double scattering can
be estimated similarly as was done for the ISLAR process.
The first equation in Eqs. �26�, for a linearly polarized mono-
chromatic laser field and backward scattering �s=180°; see
the solid curve in the lower right panel of Fig. 8�, gives
Nmax�=8UP�1+�i�, where �i was defined below Eq. �21�
�see also Eq. �31� in the first reference in �12��, and ks,max
=2A0+ki. Introducing this into the second equation in Eqs.
�26�, we obtain that kf ,max=4A0+ki for  f =0°. This leads to
Lmax�=8UP�3+�i�, so that

Ef ,max = Ei + �Nmax + Lmax�� = Ei + 16UP�2 + �i� . �27�

V. NUMERICAL RESULTS FOR THE FOCAL-AVERAGED
SPECTRA

For all numerical examples presented in this section we
will suppose that the laser field is monochromatic and lin-
early polarized, with the electric field given by Eq. �4� and
the polarization vector ê in the direction of the polar axis. In

the case of laser-assisted electron-ion radiative recombina-
tion �LAR, SLAR, and ISLAR�, the polarization vector êK of
the emitted x rays is parallel and the incident electron mo-
mentum ki is antiparallel to the laser-field polarization vector

�ê= êK=−k̂i; see Fig. 1�. For the electron-atom scattering and
the double scattering, the incident electron momentum is par-

allel to the laser-field polarization vector �ê= k̂i�.

A. X-ray energy spectra

In Fig. 3 we present the focal-averaged x-ray energy spec-
tra for the laser-assisted radiative recombination of electrons
with He+ ions. The kinetic energy of the incident electrons is
Ei=25 eV. The laser wavelength is 1064 nm �Nd:YAG laser�
and the intensity is 6�1014 W/cm2. A detailed analysis of
the laser-assisted electron-ion radiative recombination, for a
fixed laser-field intensity, is given in Ref. �4�, where the
S-matrix theory in the second Born approximation was ap-
plied. The S matrix �as well as the T matrix derived from it�
consists of the two terms: the first term describes the direct
electron-ion radiative recombination �LAR�, while the sec-
ond term describes the electron-ion radiative recombination
with a previous electron scattering on the same ion �SLAR�.
Since the differential power spectrum for electron-ion radia-
tive recombination is proportional to the absolute square of
the T matrix, it depends on the coherent sum of these two
terms. Therefore, if both terms are taken into account, the
final result will include both the LAR and SLAR processes.
In our example presented in Fig. 3, the focal-averaged results
for LAR and SLAR are calculated separately �but in the
same arbitrary units� and we can see that the contribution of

FIG. 2. Classical results for the maximum value of the final
electron energy in the double scattering process as a function of the
final electron scattering angle  f. The laser wavelength is 850 nm
and the intensity 4.5�1014 W/cm2. The kinetic energy of the inci-

dent electrons is Ei=17 eV and the geometry ê= k̂i is assumed.

FIG. 3. �Color online� The focal-averaged x-ray energy spectra
for the laser-assisted radiative recombination of electrons with He+

ions. The incident electron kinetic energy is Ei=25 eV. The laser
field is monochromatic and linearly polarized, with a wavelength of
1064 nm and a maximum intensity Imax=6�1014 W/cm2. The po-
larization vectors of the laser field and the x-ray field are in the
direction of the polar axis, with the incident electron momentum in

the opposite direction �ê= êK=−k̂i�. The focal-averaged results for
LAR �solid black line, denoted by LAR-FA� and SLAR �dashed
blue line, denoted by SLAR-FA� are presented, as well as the scaled
differential power spectrum for LAR with fixed intensity I= Imax

�solid red line, denoted by LAR�.
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LAR is dominant. Thus, the inclusion of the second term in
the T matrix does not affect the final result significantly �45�.

In Fig. 3, the differential power spectrum of LAR for
fixed intensity I= Imax is also presented. The ordinate of the
differential power spectrum �in atomic units� as a function of
the x-ray energy is shifted down by six orders of magnitude
for a better visual comparison with the focal-averaged yields.
One can see that the LAR result for fixed intensity has a
rather flat plateau, while the focal-averaged results exhibit an
inclined plateau in which the yield decreases with the in-
crease of the x-ray photon energy. The explanation is the
following: The cutoff energy of the emitted x rays decreases
with the decrease of the laser-field intensity. On the other
hand, the focal-averaging procedure includes the summation
over all intensities between I=0 and I= Imax. Therefore, with
the increase of the emitted x-ray energy, less and less inten-
sities in the sum give a contribution to the total yield, the
lower intensities being gradually eliminated.

One can also see that the oscillations in the middle- and
high-energy part of the spectrum are absent for the focal-
averaged results. The LAR spectrum for fixed intensity ex-
hibits a lot of oscillations. This can be explained using semi-
classical analysis �3,4�. Four saddle-point solutions
contribute to the low-energy part of the spectrum. Their in-
terference is responsible for a complicated oscillatory behav-
ior of the low-energy part of the spectrum. However, only
two saddle-point solutions contribute to the high-energy part
of the spectrum, so that the corresponding oscillations are
more regular. This also explains why the oscillations in the
high-energy part of the spectrum are absent for the focal-
averaged results. Namely, the energy value at which the tran-
sition from the two-saddle-point-solution regime to the re-
gime with four saddle-point solutions occurs becomes lower
with the decrease of the laser-field intensity. As a conse-
quence, the more complicated interference structures in the
non-averaged result shift to the left part of the energy spec-
trum �toward the lower energies� with the decrease of the
laser-field intensity. Analogously, the oscillations in the
focal-averaged spectrum shift toward the lower energies as
the maximum value of the laser-field intensity decreases.

B. Scattered electron spectra

Figure 4 shows the focal-averaged spectrum �solid
line� for laser-assisted potential scattering of electrons on
He atoms as a function of the number of photons, n,
exchanged with the laser field. The incident electron kinetic
energy is Ei=11 eV and the scattering angle is  f =0�. The
laser wavelength and maximum intensity are 1064 nm and
Imax=2.4�1014 W/cm2, respectively. The focal-averaged
spectrum is compared with the spectrum for fixed intensity
I= Imax �dashed line�. The ordinate of the differential cross
section for fixed intensity as a function of the number of
exchanged photons is in units �106 a.u.�.

A detailed analysis of the laser-assisted electron-atom po-
tential scattering was presented in Ref. �12�, where the
S-matrix theory in the second Born approximation with re-
spect to the scattering potential has been applied, while the
influence of the laser field was taken into account exactly

through the Volkov states. The differential cross section was
calculated by taking into account the first two terms of the
T-matrix expansion. The first term is responsible for the di-
rect electron-atom scattering, while the second term de-
scribes the rescattering �scattering with a repeated scattering
on the same atom�. Thus, the differential cross section in-
cludes both the direct scattering and the rescattering. Our
present calculation is also performed in the second Born ap-
proximation, so that the focal-averaged spectrum and the re-
sult for fixed intensity, presented in Fig. 4, include both of
the mentioned processes. Looking at the focal-averaged elec-
tron yield, one can notice two decreasing plateaus. The first
plateau is a consequence of the direct scattering, while the
second plateau is due to rescattering. The cutoff of the first
plateau is at n=93, while the second plateau has a cutoff at
n=205. These cutoff values are obtained by a classical analy-
sis �see Ref. �12��. The spectrum for fixed intensity has the
same cutoff values, but the plateaus are flat and with charac-
teristic oscillations. Analogously to the LAR process, these
oscillations are a consequence of the interfering semiclassi-
cal solutions of the saddle-point equations. The oscillations
are suppressed and the plateaus become inclined if the focal
averaging is applied, as one can see from Fig. 4.

The influence of the electron scattering angle on the focal-
averaged spectra is analyzed in Fig. 5. The kinetic energy of
incident electron and the laser-field parameters are the same
as in Fig. 4. From Fig. 4 and the top left panel of Fig. 5, one
can see that both plateaus become shorter with the increase
of the scattering angle  f. As  f increases toward a boundary
value � f =32° for the parameters of Fig. 5�, the cutoff posi-
tion of the first plateau shifts more and more rapidly to the
left side of the spectrum. The first plateau practically van-
ishes when this boundary value is reached. With a further

FIG. 4. �Color online� The focal-averaged spectrum �electron
yield presented by the solid line� for potential scattering of electrons
on He atoms in the presence of a monochromatic linearly polarized
laser field, presented as a function of the number of photons, n,
exchanged with the laser field. The laser wavelength is 1064 nm
and the maximum intensity Imax=2.4�1014 W/cm2. The kinetic
energy of incident electrons is Ei=11 eV and the scattering angle is
 f =0�. The polarization vector of the laser field and the incident

electron momentum are in the direction of the polar axis �ê= k̂i�.
The scaled differential scattering cross section as a function of the
number of exchanged photons, for the fixed intensity I= Imax, is
presented by the dashed line.
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increase of the angle  f, the first plateau appears again and
becomes wider. The cutoff position shifts slowly to the right-
hand side of the spectrum �see the panels with  f �� /3 in
Fig. 5�. While the length of the first plateau increases with
the increase of  f above the boundary value  f =32°, the
second plateau is becoming shorter and shorter. For large
values of  f, the cutoff value of the first plateau is larger than
that of the second plateau �for a better insight, see Fig. 7 in
the first of Ref. �12��. In this case, the first plateau masks the
second and the rescattering contribution is not visible any-
more �see the panels with  f �2� /3 in Fig. 5�. These results
are confirmed by the classical analysis presented in Ref. �12�.
Qualitatively similar results can be obtained without the fo-
cal averaging �i.e., with a fixed intensity�. Comparison of
such spectra with those of Fig. 5 shows that the plateaus are
more inclined and that the interference oscillations are sup-
pressed for the focal-averaged spectra. The effect of focal
averaging is similar to that presented in Fig. 4.

VI. NUMERICAL RESULTS FOR INCOHERENT
PROCESSES

We now turn our attention to the incoherent processes in
order to compare them with the corresponding coherent pro-
cesses. In the following examples, we assume that the pa-
rameter 
 takes the value 
=0.01 a.u. Since the differential
power spectrum of the ISLAR process, Eq. �5�, and the dif-
ferential cross section for double scattering, Eq. �22�, are
directly proportional to 
, the results presented below can
easily be adjusted to different values of 
 by shifting the
corresponding curves up or down by the factor 
. In Ref.
�26� it was estimated that, in the case of double scattering,


=0.03 a.u. for He and 
=0.015 a.u. for Ar. The estimate of
the value of 
 was based on observation of double-scattering
effects in the excitation of the 2 1P level of He.

In Fig. 6, the differential power spectra of LAR �solid
line� and ISLAR �dashed line� are presented as functions of
the emitted x-ray energy for a recombination of electrons
having energy Ei=2 eV with He+ ions in the presence of a
Nd:YAG laser of intensity 3.1�1014 W/cm2. One can notice
that the cutoff energy of the ISLAR process is much higher
than that of the LAR process. Equation �21�, taking into
account that �EB � =24.59 eV for He, gives �K,max

IS =685 eV,
which agrees very well with the result presented in Fig. 6.
On the other hand, according to Eq. �20�, the cutoff energy
for the LAR process is 115 eV, i.e., the plateau is six times
shorter than that of the ISLAR process.

Let us now compare the double electron-atom potential
scattering with the electron-atom potential scattering in
the second Born approximation �2B�. In both cases, we
model the scattering potential by the double Yukawa poten-
tial, Eq. �24�. In Fig. 7, the differential cross sections for
laser-assisted potential scattering of electrons on He atoms
are presented as functions of the final electron energy.
The laser wavelength is 850 nm and the intensity is
4.5�1014 W/cm2. The kinetic energy of the incident elec-
trons is Ei=17 eV and the scattering angle of the final-state
electrons is  f =0�. The results for scattering in the second
Born approximation �solid line, denoted by 2B� and for
double scattering �dashed line, denoted by DS� are presented.
The cutoff energy for double scattering is much higher than
the cutoff energies for the direct scattering and rescattering
�the 2B curve includes both the direct scattering and the
rescattering�, as one can see from Fig. 7. Equation �27�,
for the parameters of Fig. 7, gives Ef ,max=1245 eV, which
agrees very well with the numerical results presented in Figs.
2 and 7.

FIG. 5. The focal-averaged spectra for potential scattering of
electrons on He atoms in the presence of a monochromatic linearly
polarized laser field, presented as functions of the number of pho-
tons, n, exchanged with the laser field. The kinetic energy of the
incident electrons and the laser-field parameters are the same as in

Fig. 4. The geometry ê= k̂i is assumed and the scattering angle  f

is denoted in each panel. The same arbitrary units are employed in
each panel.

FIG. 6. �Color online� The differential power spectra as func-
tions of the emitted x-ray energy, for the electron–He+-ion radiative
recombination, in the presence of a monochromatic linearly polar-
ized laser field having a wavelength 1064 nm and an intensity
3.1�1014 W/cm2, and for incident electron energy Ei=2 eV. The

geometry ê= êK=−k̂i is assumed. The ion beam density and thick-
ness are such that the parameter 
=0.01 a.u. The results for LAR
�solid line� and ISLAR �dashed line� are presented. The cutoff value
of the x-ray energy for the ISLAR process is denoted.
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The influence of the final-electron scattering angle on the
double scattering spectra is analyzed in Fig. 8. The other
parameters are as in Fig. 7. In each panel of Fig. 8, the
results for scattering in the second Born approximation �solid
line� and for the double scattering �dashed line� are com-
pared. The results for double scattering are in accordance
with the dependence of the cutoff energy on the scattering
angle  f �see Sec. IV B and Fig. 2�.

VII. CONCLUSIONS

We have shown that the focal-averaged spectra of the x
rays emitted in the laser-assisted radiative recombination and
the focal-averaged spectra of the scattered electrons in the
laser-assisted electron-atom potential scattering are qualita-
tively similar to those obtained with a fixed laser-field inten-
sity. The difference is that the plateaus of the focal-averaged
spectra are more inclined and that the oscillatory structure of
these spectra is either absent or suppressed, while the spectra
for fixed intensity have rather flat plateaus with the pro-
nounced interference oscillations. The structure of the focal-
averaged spectra is explained using semiclassical results for
the laser-field-intensity dependence of the cutoff of the x-ray
and electron energy spectra, as well as the dependence of the

number of interfering saddle-point solutions on the laser-
field intensity.

Further, we have shown that the incoherent processes �the
processes that include incoherent scattering�, such as ISLAR
and double scattering, exhibit a plateaulike structure with
much longer plateaus than those of the corresponding coher-
ent processes. The cutoff positions of these incoherent-
scattering-induced plateaus are explained using semiclassical
arguments, both for ISLAR and for double scattering. In par-
ticular, a simple analytical formula �21� for the maximum
energy of the x rays emitted in the ISLAR process is derived.
For high laser-field intensities, this energy is nine times
higher than the corresponding energy of the LAR process
�compare Eqs. �20� and �21� for a high ponderomotive en-
ergy�. The contributions �i.e., the plateau heights� of the in-
coherent processes may be considerable, provided the atomic
�ionic� beam density is high and/or its diameter is large.
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