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The influence of many-particle effects on the absolute values and the shape of doubly differential cross
section of resonance inelastic scattering of a linearly polarized x-ray photon by the free Ar atom near K and
KM23 ionization thresholds is studied theoretically. Shown is the evolution of spatially extended profile of the
scattering cross section into the principal K�1,3 and satellite K�V structures of the Ar K� emission spectrum.
The calculations are performed in nonrelativistic Hartree-Fock approximation for the atomic wave functions
and in the dipole approximation for the anomalous-dispersion scattering amplitude. The following many-
particle effects are included: radial relaxation of electron shells, correlational loosening, vacuum correlations,
spin-orbital, and multiplet splitting, configuration interaction in doubly excited atomic states, Auger and radia-
tive decays for the vacancies produced. Calculations results are predictions while for the case of the incident
photon energies of 3199.2 and 3245.9 eV they compare well with the results of the synchrotron experiment of
Deslattes et al. �Phys. Rev. A 27, 923 �1983�� on measuring the x-ray K� emission spectrum of the free Ar
atom.
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I. INTRODUCTION

Theoretical and experimental studies of photon-excited
x-ray emission spectra of free atoms allow one to obtain
fundamental information on the nature, the role, and the
quantum interference of many particle effects in the pro-
cesses of inelastic scattering of photon by an atom.

Deslattes et al. �1� were the first to perform the synchro-
tron experiment on measuring the x-ray K� emission spec-
trum of the free Ar atom �Z=18, ground state configuration
�0�=1s22s22p63s23p6�1S0�� in the energy region of K, KM1,
and KM23 ionization thresholds. Principal spectral feature
were assigned. Tulkki �2� performed the first theoretical cal-
culation of the cross section of inelastic scattering of photon
by the free Ar atom and demonstrated the evolution of the
cross section into the K�1,3 structure of the emission spec-
trum. The role of many particle effects in the formation of
the emission spectrum has not been considered in Refs. �1,2�.

In this work we report on the first theoretical study of the
role of a wide hierarchy of many particle effects in the pro-
cess of resonant inelastic �Landsberg and Mandelstam �3�,
Raman �4�, Compton �5�, see also reviews by Åberg and
Tulkki �6� and Kane �7�� scattering of an x-ray photon in the
energy region of K and KM23 ionization thresholds of the
free Ar atom.

Experimental studies of photon-excited x-ray emission
spectra of free atoms near their inner-shell ionization thresh-
olds are scarce. Except the work �1� we know only the works
by Raboud et al. �8� �Ar K� spectra�, Czerwinski et al. �9� �
Xe K� ,� spectra� and MacDonald et al. �10� �Xe L� ,�
spectra�.

One may suppose that the realization of the project of
creation of the x-ray free electron laser �XFEL� with tunable
wavelengths � from 60 to 1.0 Å �incident photon energy

from 0.2 to 12.4 keV� �Kornberg et al. �11�� will provide the
opportunity of further experimental investigation of
extended-in-space �three-dimensional: cross section, incident
photon energy ��1, scattered photon energy ��2; �1,2 is the
photon cyclic frequency, � is the Planc constant� resonant
structures of photon scattering cross sections near inner-shell
ionization thresholds of free atoms.

At the same time, experimental and theoretical studies of
the role of the many particle effects in the process of reso-
nant inelastic scattering of the soft and the hard �incident
photon energy from 300 eV to 1.5 MeV� x rays in the energy
regions of inner-shell ionization thresholds of free atoms is
in great demand in modern physics.

Particularly, they are important in the context of creation,
together with the XFEL, of an laboratory-plasma x-ray laser
generating with the participation of the deep 1s shell in
lighter �Z�20� atoms �Daido �12��, in laser thermonuclear
fusion �generation and control of directed-to-target K� ,� ra-
diation �Lindl �13���, in observation and assignment of astro-
physically significant Ar K� ,� emission spectrum �Miceli et
al. �14��, and in theoretical description of resonant inelastic
scattering of an x-ray photon by such many-electron systems
as atoms, ions, molecules �Gel’mukhanov and Ågren �15��,
and simple clusters �Kotani and Shin �16��.

II. THEORY

Let us derive the analytical structure of doubly differential
cross section of the process under study in standard second-
order quantum-mechanical perturbation theory.

Consider a known structure of the nonrelativistic operator
of the interaction of the electromagnetic field with an atom in
Coulombic calibration for the field

Q̂ =
e

mec
�
i=1

N � e

2c
�Ai · Ai� − �pi · Ai�� ,
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Ai � A�ri,0� , �1�

where c is the speed of light, e is electron charge, me is
electron mass, N is the number of electrons in an atom, A is
the operator �in secondary quantization representation� of the
electromagnetic field at the time t=0, pi is the momentum
operator, and ri is the position vector of the ith atomic elec-
tron.

The first sum in the operator Q̂ from Eq. �1� determines
the analytical structure of the probability amplitude for the so
called contact �7,16� scattering of photon by an atom. In this
case, in the representation of Goldstone-Hubbard-Feynman
diagrams of the nonrelativistic quantum many-body theory,
four line meet in the node of interaction of the electromag-
netic field with an atom: two photon lines ���1 , ��2�, va-
cancy line, and the line of the excited electron. This ampli-
tude is not the subject of this study, we shell mention the
contribution of the contact scattering to the total doubly dif-
ferential cross section of scattering of photon by the Ar atom
only during the discussion of the results obtained.

The second sum in the operator Q̂ from Eq. �1� deter-
mines the analytical structure of the anomalously-dispersive
part of the probability amplitude for the resonant inelastic
scattering of photon by an atom. In this case, the scattering
amplitude in the representation of Goldstone-Hubbard-
Feynman diagrams has a node with three lines: photon line,
��1���2�, vacancy line and excited electron �vacancy� line.
It is the matrix element of this sum that we study in this
work.

Consider the process of resonant inelastic scattering of the
linearly polarized x-ray photon in the energy region of the
Ar K ionization threshold of the type �hereafter the closed
shells are omitted in configurations notations�

��1 + �0� → 1snp�1P1� → 3p5mp�1S0, 1D2�

+ � �2,�n,m�p � f , �2�

in the case of the scheme of the synchrotron experiment by
Deslattes et al. �1�, e1,2� P. Here f is the Fermi level �the set
of the quantum numbers of the atomic valence shell�, polar-
ization vectors of incident �e1� and scattered �e2� photons,
and the scattering plane P, containing the wave vectors of
incident and scattered photons.

Note that the sequence of the transitions from Eq. �2� with
the 1P1 final-state term is forbidden by the Eckart-Wigner
theorem: for the 1snp�1P1�→3p5mp�1P1� emission transi-
tion there appears the 3j - Wigner coefficient

	1 1 1

0 0 0

 = 0.

We do not include intermediate �2s ,3s�np and
�2p5 ,3p5�n�s ,d� scattering states since the threshold energies
for the shells nl�1s in the Ar atom are well separated from
the 1s threshold. For example, I1s− I2s�2.88 keV �experi-
mental data of Deslattes et al. �17��.

Then �e1 ·e2�2=1, and the known general analytical ex-
pression for the anomalously-dispersive part of doubly dif-
ferential cross section of resonance inelastic scattering of

photon by an atom �Kramers-Heisenberg-Waller formula�
�6�, after summation �integration� over one-electron np inter-
mediate and mp final scattering states of discrete �continu-
ous� spectra and summation over the 1S0 and 1D2 terms, has
the form �in atomic units, e= � =me=1�

d2	�

d�2d

= r0

2	�2

�1

��1sg

−1 �
i=1,2

�i�Ri + Ci� , �3�

Ri = �
n�f




An
2L��1,In�G��12,In

i � , �4�

Ci = 	1 +
�12

I1s

2

L��2,I1s − I3p
i �Ji, �5�

Ji = �
0




A�
2G��,�12 − I3p

i �d� . �6�

The sum over the transitions into the discrete spectrum
states in Eq. �4� gives the description of resonant Landsberg-
Mandelstam-Raman scattering of photon by an atom. Ex-
pression �5� describes resonant Compton scattering �final
state of the scattering is the continuous spectrum state� of
photon by an atom.

In Eqs. �4� and �6�, determined is the radial part of the
probability amplitude for the radiative transition

An = 
1s0�r̂�npc� , �7�

from initial to intermediate scattering state of discrete
�n�/continuous ��� spectrum described by the correlation
wave function

�npc� = Ns	�np+� − �
k=2,3

�kp+�

kp0�np+�

kp0�kp+� 
 , �8�

Ns = 
1s0�1s+�
2s0�2s+�2
2p0�2p+�6
3s0�3s+�2
3p0�3p+�6,

�9�


1s0�r̂�np+� = �
0




P1s0
�r�Pnp+

�r�rdr , �10�


kp0�np+� = �
0




Pkp0
�r�Pnp+

�r�dr , �11�

where, for example, Pnp+
�r� is the radial part of the np+ elec-

tron wave function.
Analytical structure of the correlational wave function

from Eqs. �8�–�11� is determined by the methods of the
theory of nonorthogonal orbitals �Jucys et al. �18�� and ex-
pressed through nonrelativistic wave functions of one-
electron states optimized in different Hartree-Fock fields. At
that, significant is �von Zülicke �19�, Sukhorukov et al. �20��
the demand of the orthogonality of the wave function of the
1s→ �n ,��p excitation/ionization state to the wave functions
of lower-lying �2s ,3s�→ �n ,��p excitation/ionization states
of the same symmetry. This demand is fulfilled in this work
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using the Gram-Schmidt algorithm �Reed and Simon �21��
which is widely used in functional analysis. Resulting, the
terms 
1s0 �ks+�
ks0 � r̂ �np+� / 
ks0 �ks+�, k=2,3 are absent in
Eq. �7�.

The appearance of the deep 1s vacancy in atomic core
leads, in the first place, to significant decrease of the outer
core shells mean radius. The displacement of the atomic resi-
due electron density towards the nucleus is accompanied by
the delocalization of the np electron wave function. This
many-particle effect is known as the effect of radial relax-
ation of one-electron states’ wave functions upon appearance
of a deep vacancy �Sukhorukov et al. �22�, Amusia �23�,
Schmidt �24��.

In the problem we solve here, the influence of radial re-
laxation effect on the amplitude An from Eq. �7� is included
as follows. The radial parts of the l+ electrons’ wave func-
tions are obtained by the solution of nonlinear integrodiffer-
nential self-consistent field Hartree-Fock system of equations
for the intermediate scattering state configuration 1snp�1P1�
�in the field of the 1s vacancy�. The radial parts of the l0
electrons’ wave functions are optimized for initial state of
scattering �0�.

For the radial overlap integrals for the wave functions of
excited electrons in intermediate �np+ ,�p+� and final
�mp ,��p� states the following approximation is used:


np+�mp� → �nm, 
np+���p� → 0, 
�p+�mp� → 0,

�12�

where �nm is the Kronecker-Weierstrass symbol.
Hopersky et al. �25� went outside the frame of the ap-

proximation from Eq. �12� in their study of photon-excited of
the free Ne atom x-ray K� emission spectrum at the energies
near K and KL23 ionization thresholds and called this the
inclusion of the many-particle effect of correlational ampli-
tudes.

This effect is important outside the regions of formation
of scattering spectrum resonant structures. It is, therefore,
possible to neglect the effect of correlational amplitudes in
the calculation of absolute values and profiles of the leading
scattering spectrum resonance structures. Inclusion of this
effect will be the subject of our further studies.

In addition, we use the approximation


�p+���p� → ��� − ��� , �13�

where � is the generalized Dirac function. It follows then that
we neglect the effect of the post collision interaction �PCI�
�see Refs. �23,24��. In our case the effect of the PCI is the
effect of modification of the radial part of photoelectron con-
tinuous spectrum wave function due to the radiation 1s
→3p5+ ��2 decay of the deep 1s vacancy.

Hopersky �26,27� and Hopersky and Chuvenkov �28�
showed that the inclusion of the PCI effect �modification of
photoelectron continuous spectrum wave function due to the
radiationless 1s→2p4�d Auger decay of the 1s vacancy and
go out the frame of Eq. �13�� in theoretical K photoabsorp-
tion spectra of light �Z�20� atoms practically not leads to
any changes of the results in comparison with the ones in
one-electron approximation. One may suppose that the PCI

effect upon radiative 1s→3p5+ ��2 decay of the 1s vacancy
will not change the one-electron-approximation results.
However, additional studies are needed to state it rigorously.

In Eqs. �3�–�6�, L is the Cauchy-Lorentz and G is the
Gaussian instrumental �experimentally taken function of the
distribution of the radiation incident on atom� functions

L�x,y� =
�1s

�

1

�x − y�2 + �1s
2 , �14�

G�x,y� =
1

�b
�2�

exp�− 	 x − y

�b
�2

2� . �15�

Also the following notations are introduced: r0 is the electron
classical radius, 
 is the solid angle of scattered photon es-
cape, g is the statistical weight of the intermediate scattering
state, �1s=��I1s

4 /�1s, � is a resulting angular transition co-
efficient �product of the angular parts of the probability am-
plitudes for the transitions from initial to intermediate and
from intermediate to final scattering states�, �1s=�1s /2, �1s
is the total �over the channels of radiative and Auger type� 1s
vacancy decay width �natural width of the x-ray K level�,
�b=�beam /2, �beam is the parameter of the instrumental
Gaussian function, �i= �2, i=1;1 , i=2�; In is the energy of
1s→np excitation, In

i = �I3pnp , i=1; I3pnp+�SO , i=2�, I3pnp is
the energy of 3p→np excitation, �SO is the spin-orbit split
constant of the valence 3p1/2,3/2 shell; I3p

i = �I3p , i=1; I3p

+�SO , i=2�, I1s�3p� is the 1s�3p� shell threshold ionization
energy, �12��1−�2.

Note that due to a limited lifetime ��1s= ��1s
−1� 1s state is

metastable and it does not survive in the process of scatter-
ing. This fact is analytically expressed by the appearance in
Eqs. �3�–�6� of the spectral function of density of excited
intermediate scattering states of the Cauchy-Lorentz type
L��1− I1s ,x� from Eq. �14�, where x is the energy of the
excited from the 1s shell one-electron �n ,��p state.

In Eq. �3� the quantity �� is determined as the radial part
of the probability amplitude for the radiative transition from
intermediate to final scattering state

�� = 
1s�r̂�3pc� , �16�

�3pc� = Nsp	�3p+� − �2p+�

2p�3p+�

2p�2p+�
 , �17�

Nsp = 
1s�1s+�
2s�2s+�2
2p�2p+�6
3s�3s+�2
3p�3p+�5.

�18�

In Eqs. �16�–�18� the radial parts of the l electrons’ wave
functions are obtained by the solution of the averaged over
1S0 and 1D2 terms Hartree-Fock equations for the final-
scattering state configuration 3p5np �in the field of the va-
lence 3p vacancy�.

The amplitudes An from Eq. �7� and �� from Eq. �16� are
determined in dipole approximation for the Fourier-
components of the electromagnetic field operator A j in the

second sum of the operator Q̂ from Eq. �1�
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�k · r j� → 0 ⇒ exp�i�k · r j�� → 1, i2 = − 1, �19�

where k is the wave vector of incident �scattered� photon, r j
is the position vector of the atomic jth electron.

It is known �7� that the dipole approximation from Eq.
�19� is equivalent to the fulfillment of the relation

� � rnl, �20�

where � is the wavelength of incident �scattered� photon, and
rnl is the mean radius of the nl shell determining the radial
integral of radiative transition �in our case, nl=1s�. For the
x-ray energy regions studied in this work the relation �20� is
fulfilled. Indeed, for the energies incident photon �1 from
3195 to 3250 eV �� from 3.883 to 3.817 Å� and scattered
photon �2 from 3180 to 3215 eV �� from 3.901 to 3.859 Å�
we have ��r1s �Ar�=0.046 Å. Here we used the relation

��Å� =
12406.764

��eV�
.

Radial integrals in the amplitudes An from Eq. �7� and ��
from Eq. �16� are calculated in the length form for the tran-
sition operator. Our study showed that the use of the velocity
form for the transition operator in the calculation of integrals
with the deep 1s shell in atoms with Z�10 changes the
amplitudes by not more than �1%. It follows then that the
effect of the correlations of random phase approximation
with exchange �Amusia �23�� �in the case of Ar, electrostatic
mixing of the configuration 1snp with virtual ionization con-
figurations ks�p and kp5��d ,s� �k=2,3� as inclusion of in-
tershell correlations� is insignificant, and it was not consid-
ered in this work.

Together with the radial relaxation effect, we include also
the next-order effects in the analytical structure of the scat-
tering probability amplitude. Specifically, we include the
many-particle effects of correlational loosening �CL�,
vacuum correlations �VC�, and double excitation/ionization
of the atomic ground state.

Physical nature and influence of the CL and VC effects on
absolute values and profile of the photoabsorption cross sec-
tion in the energy region of the Ar K ionization threshold are
studied by Hopersky and Yavna �29�. Sukhorukov et al. �30�
studied the absolute values and profile of the photoabsorp-
tion cross section near K, KM1, and KM23 ionization thresh-
olds of the Ar atom.

The analytical structure of the amplitude of the resonant
inelastic scattering with inclusion of double excitation/
ionization effects in the Ar atom ground state will be pre-
sented in the discussion of the results. Here we give a short
description of the CL and VC effects �29�.

The CL and VC effects are due to virtual excitations/
ionization in initial and final photoabsorption states. Thus in
many-configuration approximation the wave functions of ini-

tial �0̄� and final ��� �in the case of scattering, intermediate�
K photoabsorption states may be presented as follows �let us
limit ourselves to with the case of np photoelectron in dis-
crete spectrum�

�0̄� = �0	�0� + �
0


 �
0




�xy�xy�dxdy
 , �21�

��� = ��n	�1snp� + �
m1,2�f




�12
� �m1m2n� + �

0




�n
�����n��d�
 ,

�22�


0̄�0̄� = 1, 
����� = ��� − ��� , �23�

���n�2 = L��,In� . �24�

Here �0� and �1snp� are initial and final photoabsorption
states in one-configuration approximation, �n�� is the wave
function of the configuration for the principal 1s vacancy
Auger 1snp→ �2p4�d�np decay channel, �0 is a normalizing
factor, �, �, � are the configuration mixing coefficients, � is
the absorbed photon energy.

The principal contribution ��80% � in the structure of the
wave function from Eqs. �21� and �23� is from the channels
of double ionization of the �0�-Fermi-vacuum 3p subshell
into the states of p and d symmetry: �xy�
→ �3p4x�p ,d�y�p ,d��.

The principal contribution ��85% � in the structure of the
wave function from Eqs. �22�–�24� is from the channel of
double excitation of valence 3p subshell into the d symmetry
states: �m1m2n�→ �1s�3p4m1dm2d�np�.

It follows from Eqs. �21� and �22� that in the total K
photoabsorption amplitude, the leading radiation 1s→np
transition amplitude interferes with radiation transitions am-
plitudes �0�→ �m1m2n�, �0�→ �n��, �xy�→ �1snp�, �xy�→ �n��,
and �xy�→ �m1m2n�. Inclusion of this interference in the cal-
culation of the absolute values and the shape of the ArK
photoabsorption cross section is considered in Ref. �29� as
inclusion of the VC effect. For example, VC effect increases
the probability of 1s→4p transition in the Ar atom by
�12% as compared with a one-electron calculation.

“Loosening” of the valence 3p subshell of the atomic resi-
due by double excitations 3p3p→m1dm2d causes the np
photoelectron to move in the Hartree-Fock field of the con-
figuration

1s3pN13dN2np �25�

with effective occupancy numbers of the core 3p and excited
3d subshells

N1 = 6 − N2, N2 = 2�1 − s� , �26�

s = 	1 + �
m1,2�f




��12
� �2
−1

, �27�

where s is the spectroscopic factor �see Ref. �23�� of the
1snp state.

In configuration �25�, a nonzero occupancy numbers of
excited m1,2d orbitals is presented only by the 3d subshell
electron density since double 3p3p→3d3d excitation gives
the principal contribution ��65% � to s from Eq. �27�.
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The switching in expression �25� from N1=6 and N2=0 to
N1=5.8 and N2=0.2 from Eqs. �26� and �27� in Hartree-Fock
equations changes the solution for the radial part of the np
photoelectron wave function. For example, this leads to
about 5% increase of the 1s→4p transition probability in the
Ar atom as compared with a one-electron value. In Ref. �29�
this is described as the CL effect. One should note that the
effective occupancy numbers method as a practical alterna-
tive to the solution of many-configuration self-consistent
field Hartree-Fock-Jucys equations �Jucys �31�, Froese-
Fischer �32�� goes back to early work by Kulagin and Zaly-
ubovski �33�.

III. RESULTS AND DISCUSSION

We study a free Ar atom. Calculated doubly differential
cross section of resonant scattering of an x-ray photon by the
Ar atom in the energy regions of incident �1 from 3195 to
3250 eV and scattered �2 from 3175 to 3215 eV photons are
presented in Tables I and II and Figs. 1–4.

The following values of the total nl vacancy decay widths
��nl� are used: �1s=0.690 eV �experiment by Morgan et al.
�34��, �2s=2.330 eV �experiment by Kylli et al. �35��, �2p
=0.115 eV �theoretical value by Gorczyca and Robicheaux
�36��, �3s=1.41�10−7 eV, and �3p=1.74�10−17 eV. The
two latter values are obtained from the formula

�nl�eV� =
6.586

�nl�s�
� 10−16,

where the lifetimes for 3s and 3p vacancies are measured by
Lauer et al. �37� ��3s=4.684�10−9 s� and Katori and
Shimizu �38� ��3p=37.88 s�. The parameter of the Gaussian
function from Eq. �15� is taken to be �beam=1.30 eV �instru-
mental resolution of the work of Deslattes et al. �1��. Theo-
retical value �SO=0.179 eV of constant of the spin-orbit split
of the 3p1/2,3/2 shell is from the work of Huang et al. �39�.

The following values of the ionization thresholds energies
�Inl� of the core nl subshells are used I1s=3206.26 eV �ex-
periment by Breinig et al. �40��, I2s=326.25 eV �experiment
by Glans et al. �41��, I2p�eV�=248.46�L3�; 250.57�L2� �ex-

perimental data from Deslattes et al. �17��, and Inl�eV�
=29.24�3s�; 15.76 �3p ,M3�; 15.94 �3p ,M2� �experimental
data from Karazija �42��.

A. K ionization threshold energy range

Doubly differential cross section from Eq. �3� near the
Ar K ionization threshold is presented in Fig. 1.

The wave functions �see Eqs. �21� and �22��, and the en-
ergies of initial and intermediate states are obtained in many-
configuration Hartree-Fock approximation �for the np photo-
electron wave function of the intermediate state — in the
field of the configuration from Eq. �25��. Final-scattering-
state wave functions and energies are obtained in one-
configuration Hartree-Fock approximation.

Included are the one-electron np intermediate and mp fi-
nal scattering states with n ,m�4,5,6, which form the leading
resonances of scattering at photon energies �in eV� of
��1 ,�2�= �3203.66;3190.24�, �3205.02; 3190.26�, �3205.53;
3190.30�.

We did not study the problem of completeness of the dis-
crete states set �n ,m=4 to 
� in this work. Hopersky et al.
studied this problem analytically in the cases of anomalous
elastic scattering of an x-ray photon by the Ne atom and the

TABLE I. Absolute values of doubly differential LMRS cross
section from Eq. �41� near the KM23 ionization threshold of the free
Ar atom �see Fig. 3�.

na ��1n
b �eV� 	�

c

1 3223.5 57.00

2 3223.6 60.07

3 3224.4 86.88

4 3224.7 60.01

5 3225.6 16.74

6 3226.6 36.22

a�n� is are intermediate scattering states, see Eq. �33�.
b��1n is the incident photon energy, see Eq. �34�. Emission photon
energy is ��0=3193.3 eV �see Eq. �35��.
c	��d2	� /d��2d
 in units of r0

2 eV−1 sr−1, r0
2=7.941

�10−26 cm2.

TABLE II. Intermediate state ��T1�np�T2���p and final state
3p4�T3�np�T4���p wave functions of resonance inelastic scattering
of linearly polarized �perpendicularly to the scattering plane� x-ray
photon near KM23 ionization threshold of the free Ar atom.

n T1 T2 T3 T4

��2

�eV�a Nb 	�
b

4 �1
c 1S 2P 3191.25 0.82

2D 2D 1D 2F 3192.85 2.41
2D 2P 1D 2D 3193.10 0.79

�1 �1
c 3193.25 1 4.04

3P 2D �3 3193.35 1.18
3P 2D 3P 2D 3193.55 3 4.06

�3
3P 2S 3193.70 1.42

�3 �3 3193.71 0.82

3P 2S �3 3193.75 4 3.42

�3
3P 2D 3193.90 1.80

5 �1
c 1D 2P 3193.30 1.75

3P 2D 3P 2D 3194.00 1.35

� 2D 2�S , P ,D� 1S 2P 3191.25 0.75
2D 2�S , P ,D� 1D 2�P ,D ,F� 3193.45 2 3.61
3P 2�S , P ,D� 3P 2�S , P ,D� 3194.20 5 5.86

aEnergy at which respective spatially extended structure of the cross
sections from Eqs. �50� and �57� appears �see Figs. 3 and 4�b��.
Absorbed photon energy is ��1=3245.9 eV.
bN is the resonance number and 	��d2	� /d��2d
 is the abso-
lute values �in units of r0

2 eV−1 sr−1, r0
2=7.941�10−26 cm2� of the

cross sections from Eqs. �50� and �57� in Fig. 4�b� for the x-ray
satellite K�V emission spectrum of the Ar atom.
c�i −, �i −, �i — see Eqs. �46�–�48�.
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multiply charged positive ions Ne6+, Si4+, and Ar8+ in Refs.
�43,44�. Generalization of the results obtained in Refs.
�43,44� for the case of resonant inelastic scattering of an
x-ray photon near inner-shell ionization thresholds of the at-
oms and ions will be the subject of our further investigations.

According to the resonance condition of the Compton
profile Ci from Eq. �5�, the continuous spectrum channels
3p5�ip are opened at �1= I1s and �2= I1s− I3p

i =3190.32 �M2�;
3190.50 �M3� eV. At �1� I1s the cross section from Eq. �3�
attains a spatially extended profile of the x-ray Ar K�1,3
emission spectrum.

Inclusion of the effect of radial relaxation of the interme-
diate states electron shells in the field of the deep 1s vacancy
leads to almost two-fold decrease of the absolute values of
the cross section from Eq. �3� as compared with the results
obtained neglecting this effect. Topologically, the no-radial-
relaxation cross section is the same as the one obtained with
the relaxation effect included; it is not shown in Fig. 1.

Inclusion of the CL�VC� effect increases by 5�12�% �1s
→4p transition�, 3�7�% �1s→5p transition�, 1�2�% �1s
→6p transition�, and 5�20�% �1s→�ptransition near the K
threshold� the cross sections calculated with inclusion of
only the radial relaxation effect.

Riblike structures going at the angle of 45° in the plane
��1 ;�2� to the both sides of each resonance and from the
threshold of the K�1,3 scattering spectrum structure are due
to the presence in Eq. �3� of spectral G��12, In

i � Gaussian
functions �power of the exponent is zero on the lines �1
=�2+ In

i � and minimal, �i=0, energy of the continuous spec-
trum electron �probability amplitude for the radiative transi-
tion A� is maximal on the lines �1=�2+ I3p

i �.
Spatially extended scattering spectrum structure appear-

ing on the line �1=�2 corresponds to the elastic scattering of
a photon by the Ar atom. In this case doubly differential
cross section of scattering of a photon by an atom assumes
the form

d2	�

d�2d

= G��1,�2�	d	�

d




RS
. �28�

In Eq. �28� �d	� /d
�RS is the differential cross section of
anomalous elastic scattering of an x-ray photon by the
atomic electrons �RS: Rayleigh scattering� �Kane et al. �45�,
Pratt �46��. Its analytical structure, absolute values, and pro-
file in the case of anomalous elastic scattering of unpolarized
x-ray photon by the Ar atom at scattering angle �i.e., the
angle between are wave vectors of the incident and scattered
photons� �=0° �forward scattering� near K, KM1, and KM23
ionization thresholds with inclusion of a wide hierarchy of

FIG. 1. Doubly differential cross section of inelastic scattering
of linearly polarized �perpendicularly to the scattering plane� x-ray
photon near K �3206.26 eV, from Ref. �40�� ionization threshold of
the free Ar atom. ��1���2� are the energies of incident �scattered�
photon. 
 is a solid angle of escaping scattered photon, �beam

=1.30 eV �from Ref. �1��, �1s=0.69 eV �from Ref. �34��, �SO

=0.179 eV �from Ref. �39��. Spatially extended structure of the
cross section at ��2= ��1 corresponds to the elastic scattering at
�=90° �see Fig. 2�.
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FIG. 2. Differential cross section of anomalous elastic scattering
of linearly polarized �perpendicularly to the scattering plane� x-ray
photon near K �3206.26 eV, from Ref. �40�� and KM23

�3237.40 eV, this work’s calculation� ionization thresholds of the
free Ar atom. Dashed line–included are the effects of radial relax-
ation, CL and VC; solid line–included are the effects of radial re-
laxation, CL, VC and double 1s3p→n1���l1n2����l2 and 1s3s
→n1l1n2l2 excitation/ionization. Scattering angle �=90°. �� is the
scattered photon energy, 
 is a solid angle of escaping scattered
photon, �1s=0.69 eV �from Ref. �34��. Assignment and spectral
characteristics of resonances are given in Ref. �47�.
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many-particle effects are studied in detail by Hopersky et al.
�47�.

In this work, in order to give a complete report on the
results of the developed many-particle nonrelativistic quan-
tum theory of resonance scattering of photon by an atom, we
repeated the calculations of Ref. �47� but for the case of
elastic scattering of linearly polarized �perpendicularly to the

scattering plane� x-ray photon at �=90° for which case there
exists the synchrotron experiment by Deslattes et al. �1�. Cal-
culations results are presented in Fig. 2.

In the case of the Ar atom, the �SO�3p�=0.179 eV is small
as compared with �1s=0.690 eV which explains the fact that
both in the experimental spectra from Ref. �1� and in Fig. 1
�and in the following ones� the spin-doublet components j
+1/2 and j−1/2 �j=1� of the 3p1/2,3/2 subshell are unre-
solved.

B. KM23 ionization threshold energy range

In the energy range of the KM23 ionization threshold
�I1s3p=3237.40 eV, this work’s calculation� we considered
only double excitation/ionization effects which are the prin-
cipal contributors to the integral intensity of multiple
excitation/ionization of the Ar atom ground state
�1,30,48–55�.

Near KM23 threshold structure of doubly differential cross
section of scattering of x-ray photon by the Ar atom is stud-
ied in two stages.

At the first stage, the states of double excitations �states of
Landsberg-Mandelstam-Raman scattering �LMRS�� are con-
sidered as intermediate and final ones.

Intermediate states wave functions ��n�� and energies �En�
are obtained in the LS coupling scheme in many-
configuration Hartree-Fock approximation by diagonaliza-
tion of the secular equation matrix


n�Ĥ�m� = En�nm, �29�

constructed on a base of the wave functions

�n� = �
LS

�
n1,2�f

�
l1,2

a12
LS��n1l1n2l2�LS�; 1P1� , �30�

� � 1s2s22p63s23p5�2S+1P1� , �31�

n1l1n2l2 = 4p�s�mp�s�, �4s,3d�kd, k = 3,4, m = k + 1,

�32�

where a12
LS are the configurations mixing coefficients, LS is a

term of a pair of excited n1l1, n2l2 electrons, and Ĥ is a
nonrelativistic atomic Hamiltonian.

Radial parts of the n1l1, n2l2 electrons’ wave functions
from Eqs. �30� and �32� are obtained by the solution of the
Hartree-Fock equations averaged over the terms of the
�n1l1n2l2 configuration. Radial parts of the atomic residue
electrons’ wave functions from Eq. �31� are obtained by the
solution of the Hartree-Fock equations averaged over the
terms of the configuration �.

The wave functions from Eqs. �30�–�32� of the considered
states giving the principal contribution to the intensity of
double excitation are �listed are only the components with
a12

LS�0.4�

�1� = 0.6��4p2�3P�� + 0.7��4s4d�1D�� ,

�2� = − 0.6��4p2�3P�� + 0.7��4s4d�1D�� ,

FIG. 3. Doubly differential cross section of resonance inelastic
scattering of linearly polarized �perpendicularly to the scattering
plane� x-ray photon near KM23 �3237.40 eV, this work’s calcula-
tion� ionization threshold of the free Ar atom. The values of �1s,
�beam, �SO, and notations are the same as in Fig. 1. Assignment and
spectral characteristics of resonances are given in Table I, those of
the spatially extended structures of scattering – in Table II.
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FIG. 4. X-ray K� emission spectrum of the free Ar atom at
incident photon energies of �a� ��1=3199.2 eV and �b� ��1

=3245.9 eV. Open circles: synchrotron experiment by Deslattes et
al. �1� �spectrum measured in arbitrary units�. The absolute values
along the vertical axis are those of the theoretical cross section �see
Eqs. �3�, �50�, and �57��. Solid line: theory of this work: �a� �1s

=0.69 eV �from Ref. �34��, �b� �1s=1.29 eV �K�1,3�, 1.60 eV
�K�V� �from Ref. �1��. The values of �beam, �SO and notations are
the same as in Fig. 1. The abbreviations RCS, LMRS, and RS are
given in the text. The assignment of the resonances in theoretical
satellite K�V structure marked with numbers is given in Table II.
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�3� = ��4p2�0.6�1S� + 0.4�3P��� − 0.5��3d2�1S�� ,

�4� = ��4p2�0.7�1D� − 0.4�1S��� − 0.4��3d2�1D�� ,

�5� = ��4p5p�0.4�3S� − 0.5�3D� − 0.6�3P��� ,

�6� = 0.8��4p5p�1D� . �33�

The structures of the wave functions from Eq. �33� for
n�4 demonstrate the significant role of the electrostatic
4p2−4s4d, 3d2 interaction in the formation of intermediate
LMRS states.

Resonance incident photon energies ��1n; see Table I�, as
the energies of radiative transitions from the Ar atom ground
state to the states from Eq. �33� are calculated with

�1n = En − E�0� , �34�

where En is the energy from Eq. �29� and E�0� is the Hartree-
Fock ground state energy of the atom.

Equation �34� does not include the correlation energy, ap-
proximately from 1 to 3 eV, for each electron �Nesbet �56�,
Demekhin et al. �57��. This values of neglected correlation
energy gives an estimate of the accuracy for radiation tran-
sitions energies from Eq. �34�.

Final LMRS states wave functions are obtained in one-
configuration Hartree-Fock approximation. As final scatter-
ing configuration reached by the radiative transitions from
intermediate states from Eq. �33�, 3p44p2�1S0 , 1D2�is taken
for n�4, and 3p44p5p�1S0 , 1D2� is taken for n=5,6.

We use the approximation in which the energies of all the
�n�→ �3p4�4p2 ,4p5p�� transitions are the same and equal

�0 = �13 − E�3p44p2� + E�0� , �35�

where �13=3224.4 eV �see Table I�, and E are the averaged
over the terms Hartree-Fock energies of respective configu-
rations.

Going outside the frame of the approximation of Eq. �35�
is necessary if one is to consider the configurations interac-
tion in scattering final states. This will be the subject of our
further studies.

The radial relaxation effect in the Hartree-Fock fields of
the deep 1s and valence 3p vacancy in the construction of
the amplitudes of the radiation transitions �0�→ �n� and �n�
→ �3p4�4p2 ,4p5p�� is included by the methods of the nonor-
thogonal orbitals theory. Thus in the case of double 1s3p
→4p2 excitation of the Ar atom ground state the expression

for the radial part of the radiative transition amplitude is �D̂
is a many-electron radiation transition operator�


0�D̂��4p2� = Msp
1s0�r̂�X1�
3p0�X2� , �36�

Msp = 
1s0�1s�
2s0�2s�2
2p0�2p�6
3s0�3s�2
3p0�3p�5,

�37�

�X1� = �4p� − �
k=2,3

�kp�

kp0�4p�

kp0�kp�

, �38�

�X2� = �1 − ��−1/2	�4p� − �
k=2,3

�kp+�
kp+�4p�
 , �39�

� = �
k=2,3


kp+�4p�2. �40�

In Eqs. �36�–�40� the radial parts of the l0, l, and l+ electron’s
wave functions are obtained by the solution of term-averaged
Hartree-Fock equations for �0�, �4p2 and 1s4p configura-
tions, respectively.

Doubly differential LMRS cross section with the partici-
pation of double excitation states from Eq. �33�, instead of
Eq. �3�, has the form

d2	�

d�2d

= r0

2	�2

�1

g−1�

n

DnL��1,�1n�G��12,�1n − �0� ,

�41�

Dn =
�

�1s
��1n��1n − �12�
0�D̂�n��nq�2, �42�

q = M	
1s�r̂�3p++� − 
1s�r̂�2p++�

2p�3p++�

2p�2p++�
 . �43�

In Eqs. �42� and �43� the radial parts of the l and l++ elec-
trons’ wave functions are obtained by the solution of term-
averaged Hartree-Fock equations for configurations
3p4�4p2 ,4p5p� and ��4p2 ,4p5p�, respectively, �n is a result-
ing angular parts coefficient of the transition, q is the radial
part of the amplitude of radiative �n�→ �3p4�4p2 ,4p5p��
transition, and M is the product of the overlap integrals of
the wave functions of the electrons not involved in the tran-
sition.

Calculated cross section from Eq. �41� near KM23 ioniza-
tion threshold of the Ar atom are presented in Table I and in
Fig. 3.

At the second stage, the states of excitation/ionization
�n=4,5�

�1 + �0� → �K1n��p�1P1� → �K2n��p�1S0, 1D2� + �2,

�44�

and the states of double ionization

�1 + �0� → ��p��p�1P1� → 3p4�p��p�1S0, 1D2� + �2

�45�

�states of the resonant Compton scattering �RCS�� are taken
as intermediate and final states of scattering. In Eq. �44�
K1n��np and K2n�3p4np are the atomic residues with an
excited np electron.

The channels of excitation/ionization of the Ar atom
ground state 1s3p→np�p are opened at �1 �eV�=3228.5
�n=4�; 3232.4 �n=5� �this work’s calculation�.

Total wave functions and energies of intermediate and
final scattering states from Eq. �44� are obtained in the LS
coupling scheme in one-configuration Hartree-Fock approxi-
mation by diagonalization of secular equations matrices. The
secular equations are built on the bases of the wave functions
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���T1�np�T2�� and �3p4�T3�np�T4��, respectively. Here T2 and
T4 are the resulting terms of the atomic residues ��T1�and
3p4�T3�, and of the excited np�2P� electron.

When calculating the multiplet structure of ��p��p and
3p4�p��p states of scattering with two �p and ��p electrons
of the continuous spectrum from Eq. �45� we neglected 1s
−�p and 3p−�p interaction by taking the electrostatic inte-
grals F2�3p�p�=G0,2�3p�p�=G1�1s�p�=0.

Diagonalization of the secular equations’ matrices give
the following results.

�1� Among the components of the K1n multiplet of inter-
mediate states, only 1P2S and 3P2P terms of the configura-
tion K14 are mixed

�1 = 0.97�1P, 2S� − 0.24�3P, 2P� ,

�3 = 0.24�1P, 2S� + 0.97�3P, 2P� , �46�

and 1P2S and 3P2S terms of the configuration K15 are mixed

�1 = 0.95�1P, 2S� − 0.30�3P, 2S� ,

�3 = 0.30�1P, 2S� + 0.95�3P, 2S� , �47�

where �T1 ,T2�����T1�np�T2��, n=4,5.
�2� Among the components of the K2n multiplet of final

states, only 3P2P and 1D2P terms of the configuration K24
are mixed

�1 = 0.34�3P, 2P� + 0.94�1D, 2P� ,

�3 = 0.94�3P, 2P� − 0.34�1D, 2P� , �48�

where �T3 ,T4���3p4�T3�4p�T4��.
Emission photons energies are calculated with the formula

�in = E�K1n� − E�K2n� + Ei�K1n� − Ei�K2n� + �1s
rel. , �49�

where E is the term-average Hartree-Fock energies of the K1n
and K2n states, Ei are the energies of the i��T1 ,T2�, �T3 ,T4�
terms of multiplets components �including the transitions
with the participation of the states from Eqs. �46�–�48�� with
respect to their centers of gravity, �1s

rel.=10 eV is the relativ-
istic correction to the Hartree-Fock energy of the Ar K level
�theoretical result by Kuchas et al. �58��.

Doubly differential RCS cross section with the participa-
tion of excitation/ionization states, instead of Eq. �3�, has the
form �n=4,5�

d2	�
�n�

d�2d

= r0

2	�2

�1

g−1Sn�

i

DniL��2,�in� , �50�

Sn =
1

2
+

1

�
arctan	�12 − E�K2n� + E�0�

�1s

 , �51�

Dni =
�

�1s
��in��12 + �in�Ain�2, �52�

Ain = N��inB�n + �inBn��
1s�r̂�3p� , �53�

B�n = 
3p0��p�dn, �54�

�3p� = �3p+� − �2p+�

2p0�3p+�

2p0�2p+�

, �55�

dn = 
1s0�r̂�np+� − �
k=2,3


1s0�r̂�kp+�

kp0�np+�

kp0�kp+�

. �56�

Here �in is determined in Eq. �49�, �in and �in are the result-
ing angular coefficients of the transitions, N is the product of
the overlap integrals of the wave functions of the electrons
not involved in the transition. Radial parts of the l0, l+, and l
electron’s wave functions are obtained by solving the term-
averaged Hartree-Fock equations for �0�, K1n and K2n con-
figurations, respectively.

Doubly differential RCS cross section with the participa-
tion of double ionization states, instead of Eq. �3�, has the
form

d2	�

d�2d

= r0

2	�2

�1

g−1S�

i

DiL��2,�i� , �57�

Di =
�

�1s
��i��12 + �i��2�

0

a

Ai
2�x,�1�dx , �58�

where the upper integration limit a=�1+ I1s3p−�1s
rel., �i is

like �in in Eq. �49� and S is like Sn in Eq. �51� with n→�
=0, Ai in Eq. �58� is like Ain in Eqs. �52�–�56� with �→x and
n→a−x.

Calculated cross sections from Eqs. �50� and �57� near
Ar KM23 ionization threshold are presented in Table II and in
Figs. 3 and 4�b�.

C. Comparison of theory with experiment

This work’s calculations results are compared with the
results of the synchrotron experiment by Deslattes et al. �1�
in Fig. 4.

The experiment is performed for the scattering angle of
�=90° and the x-ray K� emission spectrum of the free Ar
atom is measured at incident photon energies of �1�eV�
=3199.2, 3213.1, 3245.9, and 3281.4 for emission photon
energies �2 from 3175 to 3205 eV.

In this work we compare our results with the experiment
only at �1�eV�=3199.2 �see Fig. 4�a��, 3213.1 and 3245.9
�see Fig. 4�b��.

Comparison with the experiment at �1=3213.1 eV is not
presented with a separate figure. The reason is that at this
incident photon energy, the experiment reveals only the
K�1,3 resonance of the emission spectrum at �2=3190 eV.
The profile and the intensity of this resonance are well re-
produced by our calculation with the experimental values
from Ref. �1� of the width �1s=1.29 eV and parameter
�beam=1.30 eV and the absolute value of the cross section at
the resonance maximum of 137.32 �r0

2 eV−1 sr−1�. At that,
together with the K�1,3 resonance of the emission spectrum,
our theory predicts the appearance, at �1=�2, of the reso-
nance in doubly differential cross section of anomalous elas-
tic scattering with the absolute value at the resonance maxi-
mum of 43.48 �r0

2eV−1 sr−1�.
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At �1=3281.4 eV, in the experimental ArK� emission
spectrum, there appears a well defined extended �� satellite
at �2 from 3195 to 3200 eV. Theoretical assignment of this
satellite deals with the inclusion, in the first place �see, for
example, Dyall and La Villa �48��, of double 1s3s
→nln����l and triple 1s3p3p→4p2n���l excitation/
ionization processes in the Ar atom ground state. We did not
include these processes in this work.

Experimental Ar K� emission spectrum is obtained in ar-
bitrary units for intensity. Because of that, we “tied” its pro-
file to the theoretical values of the cross section from Eq. �3�
at the maximum of the riblike structure of 1s→4p LMRS
resonance 7.54 �r0

2 eV−1 sr−1� at �2=3185.9 eV �see Fig.
4�a��, and to the theoretical values of the sum of cross sec-
tions �50� and �57� at the maximum of the intense K�V sat-
ellite emission spectrum 34.93 �r0

2 eV−1 sr−1� at �2

=3193.6 eV �see Fig. 4�b��.
Theoretical scattering cross section in Fig. 4�a� is ob-

tained with inclusion of a wide hierarchy of many-particle
effects �see Sec. II�.

Inclusion of CL and VC effects increases by �25% the
absolute values of the cross section from Eq. �3� in the re-
gion of the formation of the RCS profile and LMRS reso-
nance at �2 from 3175 to 3188 eV calculated considering
only the effect of radial relaxation of intermediate scattering
states in the field of the deep 1s vacancy.

Inclusion of shake–up �off� processes near the KM23 ion-
ization threshold decreases by �16% the absolute value of
the RS resonance maximum at �2=�1=3199.2 eV calcu-
lated with inclusion of only CL,VC, and radial relaxation
effects. Indeed, Fig. 2 shows that the inclusion of the transi-
tions into the states of double excitation from Eq. �33�,
excitation/ionization �K1n��p from Eq. �44� and double ion-
ization ��p��p from Eq. �45� leads to redistribution of the
anomalous elastic scattering intensity from the regions of K
and KM23 ionization thresholds to higher and lower energy
regions of the scattering spectrum.

Theoretical cross section in Fig. 4�b� is obtained with in-
clusion of only radial relaxation, multiplet splitting,
excitation/ionization, and double ionization effects. The role
of CL and VC effects in the incident photon energy region
�1�3240 eV� I1s becomes insignificant ��3% � and they
was not included.

The contribution from the contact part of doubly differen-
tial cross section of inelastic scattering at incident photon
energies �1 from 3200 to 3250 eV makes a small value of
about 10−5 �r0

2 eV−1 sr−1� and was not considered. However,
from the methodological point of view, we note the follow-
ing. In the case of the Ar atom it is already at �1
�1600 eV and the valence 3p shell mean radius of r3p
=0.88 Å that the condition of applicability of the dipole ap-
proximation for the contact transition operator is not ful-
filled. Indeed, instead of the condition qr→0 �q is the mod-
ule of the momentum transferred to an atom �7��, at
scattering angle �=90° one has qr�1. For this reason, one

has to employ the formulas for the amplitudes of contact
inelastic scattering derived by Hopersky et al. �25� outside
the frame of the dipole approximation.

One can see that this work’s theory compares with the
experiment well.

The emission spectrum structure seen in the experiment at
�1=3199.2 eV for �2 from 3188 to 3200 eV �energy region
of formation of principal K�1,3 and satellite K�V and K��
structures� �see Fig. 4�a�� has not been assigned. The authors
of Ref. �1� argued that this structure is generated by higher
harmonics present in the monochromatized incident x-ray
radiation. Theoretical study of this statement is outside the
frame of our work.

IV. CONCLUSION

We performed the first theoretical study of the influence
of a wide hierarchy of many-particle effects on the absolute
values and the extended-in-space profile of doubly differen-
tial cross section of resonance scattering of an x-ray photon
by a free atom near the ionization threshold of its inner shell.
The Ar atom was chosen as an object �energy region of K
and KM23 ionization thresholds�.

Our study established the following.
The effect of radial relaxation of intermediate scattering

states’ electron shells in the self-consistent Hartree-Fock
field of the deep 1s vacancy decreases practically by a factor
of 2 the theoretical absolute values of the inelastic scattering
cross sections at energies of the K�1,3 emission spectrum
formation in the free Ar atom as compared with those calcu-
lated without this effect. At that, the effects of correlation
loosening and vacuum correlations determine substantially
the absolute values and the spatially extended shape of the
inelastic scattering cross section, in the first place, in the
region of the leading resonances of Landsberg-Mandelstam-
Raman scattering and resonance Compton scattering.

The processes of double excitation/ionization of the
atomic ground state, the radial relaxation and multiplet split-
ting effects in intermediate and final scattering states deter-
mine substantially the absolute values and the spatially ex-
tended shape of the fine structure of inelastic scattering cross
section at energies of the K�V satellite structure formation in
K� emission spectrum of the free Ar atom.

One may suppose that the above conclusions are valid
also in the case of the theoretical description of double dif-
ferential cross section of resonance scattering of an x-ray
photon near the ionization thresholds of the deep 2s and 2p
shells of the Ar atom. Near Ar L1 and Ar M1 ionization
thresholds one must expect the increase of the role of the
effect of intershell correlations �Hopersky and Yavna
�59,60��.
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