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A correction term to the hyperspherical hidden crossing method �HHCM� was previously derived for large
hyperradius R using the one-Sturmian theory. With the correction term, the HHCM potentials agree asymp-
totically with close-coupling channel potentials through order 1 /R2. Here, we present an optimal pair of paths
in the complex R plane for the inclusion of the correction term. With this new pair of paths, the correction term
can be treated in a consistent way for the two levels associated with a transition. Using the new paths, we apply
the HHCM with the correction term to calculate s-, p-, d-, and f-partial wave cross sections for Ps formation
in e+-Li collisions in the energy range 0–1.8 eV. The comparison of the total Ps formation cross section, with
both an accurate hyperspherical close-coupling calculation and experimental measurements, shows that the
HHCM with the correction term is a reliable method to describe collisions involving three charged particles. A
systematic study of the Stückelberg phase with respect to orbital angular momentum and momentum of the
incident positron provides interesting insights into the scattering process.
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I. INTRODUCTION

The hyperspherical hidden crossing method �HHCM� was
formulated to treat collisions involving three charged par-
ticles of arbitrary mass and charge �1�. Like the hyperspheri-
cal close-coupling �HSCC� method, the HHCM has the im-
portant feature that excitation and rearrangement channels
can be treated on an equal footing. This is particularly ad-
vantageous for positron collisions, where Ps formation chan-
nels can be problematic. The HHCM can also provide
valuable insight into scattering processes.

The HHCM has been applied to several collision systems
�1–8�. It provided an interpretation of the minimum in the
ionization cross section for electron impact of a Z=1/4 col-
linear model �2� and the minimum in the transition probabil-
ity for the recombination of three identical bosons �3�. The
HHCM cross sections for e−-H ionization �4� and electron
excitation of hydrogen �n=2� �1� are accurate to about 10%.
We previously applied the HHCM to compute partial wave
Ps formation cross sections for both e+-H collisions �5� and
e+-Li �6–8� collisions in the energy range where there are
two open channels, elastic scattering and Ps formation. The
HHCM provided an explanation for the extremely small
s-wave Ps formation cross section for both collision systems.

The HHCM is not an exact method. A correction term to
the HHCM potentials was derived for large hyperradius R �5�
using the one-Sturmian theory �1�. With this correction term,
the HHCM potentials agree asymptotically with the close-
coupling potentials to order 1 /R2 �9�. In a previous calcula-
tion, we included the correction term for e+-Li collisions and
computed partial wave Ps formation cross sections �6–8�.
This calculation demonstrated the importance of the correc-
tion term; in general the Ps formation cross sections were
reduced, bringing them into closer agreement with other
calculations �10–14�. However, there were unphysical
irregularities in the cross sections �6–8�.

In this paper, we show how to include the correction term
to the HHCM so that the resulting cross sections are free of
these unphysical irregularities. For the case where there are
two open channels, there are two paths in the complex R
plane for a transition from one level i to the other level j. We
choose an optimal pair of paths which has advantage that the
correction term can be included in a consistent way for the
two levels. We stress that the method for optimizing the
paths for including the correction term is entirely general and
applicable to any collision involving three charged particles.
We refer to the calculations that include the correction term
for the optimal pair of paths as HHCM+cor.

Using the correction term with the new paths, we recal-
culate the partial wave cross sections for Ps formation in
e+-Li collisions in the energy range where there are only two
open channels �0–1.8 eV�. We find that using the new paths
not only leads to cross sections that are free of unphysical
irregularities but also greatly improves the overall accuracy
of the results. The HHCM+cor total Ps formation cross section
compares favorably with an accurate HSCC calculation �14�
and with experimental measurements �15�. A systematic
study of the Stückelberg phase with respect to orbital angular
momentum and momentum of the incident positron provides
interesting insights into the scattering process.

In Sec. II, we present the details of the implementation of
the correction term and describe the optimal pair of paths. In
Sec. III, we apply the HHCM+cor to Ps formation in e+-Li
collisions; the results of the cross sections are presented in
Sec. IV. In Sec. V, we discuss our findings concerning the
Stückelberg phase for e+-Li collisions and review other
atomic processes where the Stückelberg phase is a multiple
of �. We give the concluding remarks in Sec. VI. Atomic
units are used throughout unless explicitly stated.
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II. INCLUDING THE CORRECTION TERM
TO THE HHCM

We briefly outline the HHCM in order to place in context
the discussion on the choice of paths for including the cor-
rection term �5� that was derived from the one-Sturmian
approximation �1�.

The HHCM is formulated using the hyperspherical coor-
dinates �1�. The hyperspherical coordinates for positron-atom
collisions are the hyperradius R=�r+

2 +r−
2 and the hyper-

angles �=tan−1� r−

r+
� and �=cos−1�r̂+ · r̂−�, where r+ and r− are

the position vectors of e+ and e− with respect to the �infi-
nitely heavy� nucleus, respectively �16�. The reduced wave
function ��R ,�� is related to the Schrödinger wave function
��R ,�� by ��R ,��=R5/2 sin � cos ���R ,��, where � rep-
resents the hyperangles �, �, and the Euler angles �1, �2,
and �3. The Schrödinger equation is expressed as

�−
�2

�R2 +
	2 + 2RC��,��

R2 − 2E���R,�� = 0, �1�

where C�� ,�� is the reduced potential and E is the total
energy of the three interacting particles. In this equation, the
grand angular momentum operator 	2 is given by

	2 = −
�2

��2 +
L+

2

cos2 �
+

L−
2

sin2 �
−

1

4
. �2�

The hyperspherical adiabatic basis function 
��R ;�� are
found by holding R fixed and solving

�	2 + 2RC��,���
��R;�� = 2���R�R2
��R;�� . �3�

Using Demkov’s construction �17�, the adiabatic eigenfunc-
tions ���R� are considered to be different branches of ��R�,
which is single valued function on a multisheeted Riemann
surface. Two connecting sheets are joined at a branch point,
and circling the branch point takes you from one sheet to the
other.

The adiabatic function 
��R ;�� is expanded into states of
total angular momentum L �16�:


��R;�� = �
I=0

L

fI�R;�,��D	I	,M
�L� ��1,�2,�3� . �4�

The functions f I�R ;� ,�� are solutions to the coupled partial
differential equations,

�
J=0

L

HI,JfJ�R;�,�� = 2R2��� �R�f I�R;�,��, I = 0,1,2… . L ,

�5�

where the operators HI,J are given in Refs. �16,18�. The ei-
genvalues ��� �R� are related to the adiabatic eigenvalues
���R� of Eq. �3� by

��� �R� = ���R� +
1

2

 1

4R2� . �6�

The wave vector used in the HHCM is defined in terms of
these eigenvalues

K�
2 �R� = 2�E − ��� �R�� . �7�

�The L superscript for the wave vector and eigenvalues has
been suppressed for brevity.�

Within the framework of the HHCM formalism, we
can extract information about a transition between levels
i and j by summing Wentzel-Kramers-Brillouin �WKB�-like
functions of the form ei�K�R�dR over the paths that con-
nect levels i and j at large R. For the energy range where
there are only two open channels, there are two paths
that lead to the transition from level i to level
j. The two paths are as follows. On the first path, one
comes in from infinity on the negative branch of
Ki�R�=�2�E−�i��R�� to a point on the real axis that is less
than or equal to the classical turning Ri

t on level i. This en-
sures that one does not cross the branch cut of Ki�R� which is
chosen from Ri

t to infinity along the real axis. One then en-
circles clockwise the branch point Rb in the upper half plane
that connects levels i and j. Finally, one goes out to infinity

along the positive branch of Kj =�2�E−� j��R��. For the sec-
ond path, one comes in from infinity on the negative branch
of Ki�R�, encircles clockwise the branch point Rb

* in the
lower half plane, and continues to a point less than or equal
to the classical turning point Rj

t of level j. One then goes
back out to infinity on the positive branch of Kj�R�. A dis-
cussion of the complex conjugate pair of branch points Rb
and Rb

* is given in Refs. �19,20�. The modulus square of the
sum of ei�K�R�dR over the two paths is

	ei�path 1 K�R�dR + ei�path 2 K�R�dR	2 = 4Pij
L cos2 ij

L �8�

where ij
L is the Stückelberg phase

ij
L = Re

c

K�R�dR �9�

and Pij
L is the one-way transition probability

Pij
L = exp
− 2Im

c

K�R�dR� . �10�

The contour c in Eqs. �9� and �10� starts at Ri
t, goes clock-

wise around Rb and ends at Rj
t. We note that integrating K�R�

along any two paths with the properties of the pair of paths
described above will reduce to this contour integral c, pro-
vided that no other branch point in the Riemann surface of
��R� is enclosed. �Ostrovsky �21� considered a similar con-
tour in his calculation of the Stückelberg phase for L=0 dt�
rearrangement. He integrated along a closed contour that en-
circles both Rb and Rb

* and loops around the turning points of
the initial and final sheets to obtain twice the Stückelberg
phase.�

To obtain 	Sij	2 a phase of �
2 is added to the Stückelberg

phase in Eq. �8�; this accounts for the change in sign of the
adiabatic function 
��R ;�� upon two turns around a branch
point �1�. This results in

	Sij
L 	2 = 4Pij

L sin2 ij
L . �11�

As is standard, to ensure unitary, Eq. �11� is multiplied by the
factor �1− Pij

L�,
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	S̃ij
L 	2 = 4Pij

L�1 − Pij
L�sin2 ij

L . �12�

The justification for the factor �1− Pij
L� can be found in Refs.

�20,22�. In terms of 	S̃ij
L 	2, the partial wave cross section for

the transition between levels i and j �in units of �a0
2� is given

by

�ij
L =

�2L + 1�
ki

2 	S̃ij
L 	2, �13�

where ki is the momentum of the particle coming in on level
i.

Using the one-Sturmian theory �1�, one can derive a cor-
rection term to the potential ���R� when ���R� is a slowly
varying function of R, which is the case for large R �5�. The
potential with the correction term,

�̃�� �R� = ��� �R� −
1

2
� 1

4R2 + �
�	
�2
�

�R2 ��
= ���R� −

1

2
�
�	

�2
�

�R2 � , �14�

agrees asymptotically with the close-coupling channel poten-
tials through terms of order 1 /R2 �9�. It is important, there-
fore, to include the correction term for large real R. The

wave vector K̃�
2 �R� corresponding to the potential with the

correction term is

K̃�
2 �R� = 2�E − �̃�� �R�� . �15�

The correction term diverges at the branch point. Therefore,
we do not include the correction term off the real axis.

In our earlier calculations of Ps formation in e+-Li
collisions �6–8�, we included the correction term along
the real axis for the two paths shown in Figs. 1�a� and 1�b�.

The contour integral �cK�R�dR in Eqs. �9� and �10� is

replaced by the contour integral �
R̃i

t

Re�Rb�
K̃i�R�dR+�c�K�R�dR

+�Re�Rb�
R̃j

t

K̃j�R�dR, where c� is the contour loop that starts at

Re�Rb�, encircles clockwise Rb, and returns to Re�Rb�. R̃i
t and

R̃j
t are the classical turning points of the potentials �̃i��R�

and �̃ j��R�, respectively. We found that including the correc-
tion term in general lowered the p-, d-, and f-wave HHCM
cross sections for Ps formation in e+-Li collisions, and
brought them into closer agreement with the Kohn varia-
tional results �10–12�. The calculations, therefore, confirmed
the importance of the correction term. However, for this
choice of paths including the correction term along the real
axis resulted in unphysical irregularities in some of the par-
tial wave cross sections. These irregularities occured over the

energy range where Rj
t �Re�Rb�� R̃j

t, where Re�Rb� is the
point where one leaves the real axis to encircle the branch
point. For this energy range, there is some inconsistency in
the contour integral when one includes the correction term
along the real axis.

In this paper, we show how to implement the correction
term in a consistent way for both levels for the two paths; the
cross sections do not have the unphysical irregularities
present in the previous calculations. We include the correc-
tion term along the real axis for paths 1 and 2 which we
show, respectively, in Figs. 2�a� and 2�b�. For path 1, using

the negative branch of K̃i�R�, one integrates K̃i�R� from in-

finity to R̃i
t, and then one integrates K�R� along a contour that

starts at R̃i
t goes clockwise around the branch point Rb and

returns to R̃i
t. Finally, using the positive branch of K̃j�R�, one

integrates K̃j�R� outwards to infinity. Path 2 is similar, except
that one integrates along a loop that goes clockwise around

(1a)
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t
iR

~ t
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t
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~
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~
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FIG. 1. Pair of paths that were used in the previous calculation
of the HHCM with correction term. The dashed-line shows where

K�R� of Eq. �7� is used. The solid line shows where K̃�R� of Eq.
�15� is used. The horizontal dotted line shows the branch cut of the
wave vector. The �/– sign denotes the positive/negative branch of
the wave vector. The arrows indicates the direction that the contour
is transversed. �a� Path around Rb. �b� Path around Rb
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iR

~
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~
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                                                                                          * 
                                                                                                *
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FIG. 2. Optimal pair of paths for the HHCM+cor calculation. The
dashed-line shows where K�R� of Eq. �7� is used. The solid-line

shows where K̃�R� of Eq. �15� is used. The horizontal dotted line
shows the branch cut of the wave vector. The �/– sign denotes the
positive/negative branch of the wave vector. The arrows indicates
the direction that the contour is transversed. �a� Path around Rb. �b�
Path around Rb

*.
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Rb
*, rather than around Rb. For both paths, the point where

one returns to the real axis after encircling the branch point,

R̃i
t, is always less than both Rj

t and R̃j
t. Hence, the cross sec-

tion will be free of the irregularities that appeared in the
previous calculation.

For the practical calculation, we deform the contours of
these two paths to ensure that only the branch point between
levels i and j is included. We show the deformed paths in

Figs. 3�a� and 3�b�. For these paths, 	S̃ij	2 for the transition
between levels i and j is given by Eq. �12� where now the
Stückelberg phase is given by

ij
L = Re

c̃

K�R�dR �16�

and the one-way transition probability by

Pij
L = exp
− 2Im


c̃

K�R�dR − 
R̃i

t

Rj
t

Kj�R�dR

+ 
R̃i

t

R̃j
t

K̃j�R�dR�� . �17�

The contour c̃ starts at R̃i
t, encircles Rb, and ends at Rj

t. We

refer in this paper to the calculation that uses 	S̃ij	2 of Eq.
�12� with the Stückelberg phase of Eq. �16� and the one-way
transition probability of Eq. �17� as the HHCM with correc-
tion term �HHCM+cor�. Clearly, without the correction term,
Eqs. �16� and �17� reduce, respectively, to Eqs. �9� and �10�
of the HHCM calculation. Since R̃i

t is close to Ri
t, the Stück-

elberg phase given by Eq. �16� is almost identical to the
Stückelberg phase given by Eq. �9�. It is interesting that,
unlike the earlier calculations with the correction term using

the old paths, the integral for the Stückelberg phase involves
only K�R�. The probability, on the other hand, involves both

K�R� and K̃�R�.

III. APPLICATION TO e+-Li COLLISIONS

The HHCM �with correction term� can be applied to
positron–alkali-metal-atom collisions by treating the alkali
atom as an effective one-electron atom. For the alkali-metal
atoms, the interaction of the valence electron with the core is
well represented by a model potential.

In this paper, we apply the HHCM+cor to Ps formation in
e+-Li collisions. We compute the s-, p-, d-, and f-wave cross
sections for Ps formation in the energy range 0–1.8 eV. In
this energy range there are only two open channels, elastic
scattering and Ps formation. We use the parametric model
potential developed by Peach �23� where the effective e−Li+

interaction is

Ve−Li+�r−� = −
1

r−
−

2e−�r−

r−
�1 + �r− + ��r−

2� −
�d

2r−
4 w2��r−� .

�18�

The first two terms in this equation represent the static
interaction and the third represents the core polarization.
The value of the static dipole polarizability of the core
�d is 0.192 456 �24�. The cut-off function w2�x� is given
by

w2�x� = �1 − e−x�1 + x + 1
2x2��2. �19�

The empirical parameters �, �, ��, and � were optimized to
reproduce the spectroscopic energy levels and to ensure that
Li�2s� had the correct nodal structure �23�. The fit to the

 0
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FIG. 4. The HHCM+cor partial wave cross sections for Ps for-
mation in e+-Li collisions are compared with HSCC results. In both
cases, the L=0 cross section is very small.
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FIG. 3. Pair of paths equivalent to those shown in Fig. 2, de-
formed for purposes of the calculation. The dashed line shows

where K�R� of Eq. �7� is used. The solid-line shows where K̃�R� of
Eq. �15� is used. The horizontal dotted line shows the branch cut of
the wave vector. The �/– sign denotes the positive/negative branch
of the wave vector. The arrows indicates the direction that the con-
tour is transversed. �a� Path around Rb. �b� Path around Rb
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spectroscopic energy levels is excellent. The model potential
does give rise to a spurious Li�1s� state. However, because
this state is so tightly bound �E=−1.892 766� and far below
the energy of the physical Li�2s� state �ELi=−0.197 952�, it
causes no practical problems in scattering or bound state
calculations.

For the e+Li+ interaction, we use

Ve+Li+�r+� =
1

r+
+

2e−�r+

r+
�1 + �r+ + ��r+

2� −
�d

2r+
4 w2��r+� .

�20�

The e+e− interaction is given by

Ve+e−�r+,r−� = −
1

	r+ − r−	
+

�d

r−
2r+

2 cos ��w2��r+�w2��r−� .

�21�

The second term in Eq. �21� is analogous to the dielectronic
correction. It ensures that there is no core polarization when
the electron and positron coalesce. The Peach model poten-
tial implicitly includes exchange effects that are not present
for the e+Li+ interaction. In order to test the validity of using
this model potential for the e+Li system, we calculated
the binding energy of the weakly bound-state of e+Li �25�
using Eqs. �18�, �20�, and �21�. The binding energy is in
excellent agreement with calculations using the exact five-
body Hamiltonian �26,27�.

As a result of using a model potential to describe the Li+

core, the reduced potential of Eq. �3� now depends explicitly
on the hyperradius R in addition to the variables � and �,

C�R;�,�� =
1

cos �
�1 + 2e−�R cos ��1 + �R cos � + ��R2 cos2 ��� −

�d

2R3 cos4 �
w2��R cos ��

−
1

sin �
�1 + 2e−�R sin ��1 + �R sin � + ��R2 sin2 ��� −

�d

2R3 sin4 �
w2��R sin ��

−
1

�1 − sin 2� cos ��1/2 +
�d

R3 sin2 � cos2 �
cos ��w2��R sin ��w2��R cos �� . �22�

The total energy of the e+-Li system is E= 1
2k+

2 +ELi, where k+
is the momentum of the incoming positron and ELi is the
ground-state energy of the Li atom. The first three hyper-
spherical levels asymptotically correspond to e+-Li�1s�,
Ps�1s�-Li+, and e+-Li�2s�, respectively.

IV. RESULTS: Ps FORMATION CROSS SECTION
IN e+-Li COLLISIONS

In Fig. 4 we compare the HHCM+cor s-, p-, d-, and f-wave
partial wave cross sections for Ps formation in e+-Li colli-
sions with HSCC results �14�. The HSCC calculation also
includes the core polarization. In both calculations, the
s-wave Ps formation cross section is very small. The
HHCM+cor p- and d-wave cross sections for Ps formation are
in good agreement with the HSCC results. The HHCM+cor

f-wave cross section is larger than the HSCC result because

R̃i
t is larger than is it for the lower partial waves and therefore

the integration range for the integral of K̃j�R� is smaller.
Consequently, the correction term will have a less of an ef-
fect in reducing the probability and the cross section. The
HHCM+cor cross sections do not have the unphysical irregu-
larities that were present in the previous calculations with the
correction term �6–8�. Furthermore, using the optimal paths
to include the correction term has greatly improved the ac-
curacy of the partial wave cross sections.

In Fig. 5, we compare the HHCM+cor and HHCM total
cross sections for Ps formation �summed over the four lowest
partial waves� with HSCC �14� and experimental measure-
ments �15�. For the HSCC, we show the total cross section
for Ps formation where the sum is over the four lowest par-
tial waves and also the cross section where the partial wave
sum is up to L=30 �14�. The measurements are the lower
limit to the Ps formation cross section �15�. The comparison
of the HHCM+cor and HHCM cross sections with HSCC �0
�L�3� shows that including the correction term in the cal-
culation greatly improves the accuracy of the cross section,
bringing it into reasonably good agreement with the corre-
sponding HSCC result over the entire energy range. The
agreement between the HHCM+cor and HSCC �0�L�3�
cross sections is excellent up to about 0.5 eV �k+�0.19�. It
is evident from the HSCC calculation that the four lowest
partial waves give the major contribution to the Ps formation
cross section for most of the energy range, up to E
�1.2 eV. The agreement of the HHCM+cor with experiment
is reasonable, especially at lower energies.

V. COMMENTS ON THE STÜCKELBERG PHASE

The interpretation of the very small s-wave cross section
for e+-Li collisions is provided by the HHCM �6–8� and
HHCM+cor calculations. Figure 6 shows the Stückelberg
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phase for different L; the s-wave Stückelberg phase is close
to � over the entire energy range, and passes through � at
k+�0.23. This means that the amplitudes corresponding to
two different paths leading to Ps formation destructively in-
terfere. At k+�0.23, where the Stückelberg phase is exactly
�, there is a minimum in the cross section. The f-wave
Stückelberg phase is close to �

2 near the Ps�n=2� threshold
�k+�0.368� which means that there is almost complete con-
structive interference between the amplitudes corresponding
to two different paths leading to Ps formation. Near k+
�0.24, the f-wave becomes the dominant contribution to the
total Ps formation cross section.

The Stückelberg phase varies in a systematic way with
increasing L. For a given L, the Stückelberg phase varies
fairly slowly with energy. The s- and p-wave Stückelberg
phases decrease with k+, but the d- and f-wave phases in-
crease. From the systematic trend of the Stückelberg phase
with L, one can predict that the g- and h-wave Stückelberg
phases will be small and, consequently, their contributions to
the Ps formation cross section will be less than the contribu-
tions from the d- and f-waves. This finding is consistent with
the HSCC calculation which showed that the four lowest
partial waves account for most of the contribution to the total
Ps formation cross section.

It is interesting that the s-wave Stückelberg phase is close
to � for Ps formation in e+-Li collisions since this phase is
also close to � for Ps formation in e+-H collisions �5�. In
both collision systems, the s-wave Ps formation cross section
is very small due to destructive interference. Using the Kohn
variational method, Van Reeth and Humberston �28� found

that the s-wave cross section for Ps formation in e+-He col-
lisions in the Ore gap is very small. This suggests that the
s-wave Stückelberg phase is a multiple of � for this collision
system as well.

There are other L=0 collision systems in which the Stück-
elberg phase is a multiple of �. Ostrovsky �21� found that for
d��1s�+ t→d+ t��1s� rearrangement process the Stückel-
berg phase is approximately 2�. Miyashita et al. �2� applied
the HHCM to compute the transition probability for electron
excitation �n=1→2� of a collinear Z=1/4 model atom. A
Stückelberg phase of � was obtained at a particular energy
which gave a minimum in the transition probability. They
used this result to interpret the minimum in ab initio calcu-
lations of electron-impact ionization of the model atom.
Nielsen and Macek �3� showed that the minimum in the tran-
sition probability for the recombination of three identical
bosons corresponds to where the Stückelberg phase is 3�.

VI. CONCLUSIONS

The correction term to the HHCM derived from the one-
Sturmian theory is needed to ensure that the potentials used
in the calculations agree asymptotically with the close-
coupling channel potentials to order 1 /R2. The optimal pair
of paths enable the correction term to be included in a con-
sistent way for the two levels associated with a transition.
This means that the cross sections calculated with these paths
are free of unphysical irregularities. Using the optimal pair of
paths, we applied the HHCM with correction term to Ps for-
mation in e+-Li collisions. We found that the total cross sec-
tion for Ps formation is in reasonable agreement with both
HSCC and experimental measurements. The calculation sug-
gests that the HHCM+cor is a viable method to describe
collisions involving three charged particles.
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