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Electric ring currents Inlm and corresponding magnetic fields Bnlm exist in atomic orbitals �nlm �m�0�.
Simple expressions are derived for Inlm and for Bnlm�r=0� at the nucleus. The magnitude of Inlm depends only
on n and decreases with increasing quantum number n. In contrast, Bnlm�r=0� decreases with increasing
quantum numbers n and l but increases with m. The largest magnitudes of the electric ring currents and induced
magnetic fields are thus obtained for 2p±1 orbitals. Moreover, Inlm and Bnlm�r=0� increase with the nuclear
charge Z as Z2 and Z3, respectively. Simple circularly polarized � laser pulses are designed for complete
population transfers from 1s to target 2p±1 orbitals. The corresponding solutions of the time-dependent
Schrödinger equation for the hydrogen atom H �Z=1� imply equivalent solutions for arbitrary Z, by means of
simple scaling laws for the time �1/Z2�, frequency �Z2�, and field strength �Z3� or intensity �Z6�. For example,
the parameters of the � pulse for H �pulse duration �=115 fs, maximum intensity Imax=1.47�1010 W cm−2�
are scaled to values �=679 as and Imax=7.09�1016 W cm−2 for Al12+, inducing the giant magnetic field
�B21±1�r=0� � =1146 T. The results for hydrogenlike atoms allow corresponding estimates of electric ring
currents and magnetic fields in molecules, where molecular orbitals are expressed as linear combinations of
atomic orbitals.
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I. INTRODUCTION

Recently we discovered that short circularly polarized
laser pulses with durations � in the femtosecond �fs�
or subfemtosecond/attosecond �as� domain can induce strong
electron circulations �1–3� or electronic ring currents �4,5�
in oriented molecules with rotational symmetries supporting
degenerate electronic excited states. These ring currents
in turn induce strong magnetic fields B�r=0� at the center
�r=0�. For example, an optimized so-called � pulse
with duration �=3.52 fs, carrier frequency �=3.42 eV/�,
and maximum intensity Imax=1.28�1012 W cm−2 induces
the ring current I=84.5 �A and the magnetic field
�B�r=0� � =0.159 T in oriented Mg-porphyrin �MgP� �4�. For
comparison, the traditional approach would require an
external static magnetic field of 8048 T to induce the same
electric ring current in MgP, a magnitude far beyond the
reach of present technology �6,7�. Extended investigations
show that the phenomena are even more dramatic in smaller
molecules. For example, a circularly polarized optimized �
pulse with parameters �=2.5 fs, �=4.65 eV/�, and Imax
=8.68�1012 W cm−2 can excite a toroidal electric ring cur-
rent I�400 �A in the oriented diatomic molecule AlCl, thus
generating a magnetic field �B�r=RAl� � �7.7 T at the Al
nucleus �5�. It was suggested that these effects also be inves-
tigated in atoms or atomic ions where one might expect, by
extrapolation, even stronger effects �8�. The purpose of the
present paper is thus to develop the theory of electric ring

currents Inlm and induced magnetic fields Bnlm�r=0� at the
nucleus of hydrogenlike systems with atomic orbitals �nlm.
We shall derive simple analytical expressions for Inlm and
Bnlm�r=0�. These allow us to determine the atomic orbitals
�nlm with maximum values of Inlm and �Bnlm�r=0�� depend-
ing on the quantum numbers n , l ,m and the nuclear charge Z.
These selective atomic orbitals then serve as target states for
excitation by means of circularly polarized � pulses from the
ground state �100 �1s orbital�. We shall show that very strong
electric ring currents and giant magnetic fields
�Bnlm�r=0� � �100 T can indeed be induced by means of in-
tense ultrashort laser pulses, with durations from attoseconds
�as� to femtoseconds �fs�, depending on Z. For simplicity, we
restrict the derivation to the nonrelativistic regime of
the laser pulses �i.e., Imax	1018 W cm−2�. As we shall show,
this implies restrictions to applications to ions with modest
nuclear charges, e.g., Z	13, depending on the durations
of the laser pulses. Relativistic effects will be considered,
nevertheless, for the determination of the optimal laser
frequencies � as a function of Z.

Sections II and III present the derivation of the
electric ring currents Inlm and the induced magnetic fields
Bnlm�r=0� at the nuclei with charge Ze. For comparison, Sec.
IV presents an approximate expression of Bnlm�r=0�, based
on a loop ring model of electrons circulating around the
nucleus with mean radius Rnlm. The results of Secs. II and III,
confirmed by Sec. IV, allow the selection of atomic orbitals
�nlm with maximum values of Inlm and �Bnlm�r=0��. Section
V discusses the design of circularly polarized � pulses for
complete population transfer from the ground state 1s to
these target states �nlm, as well as the conditions for the
validity of the theory. Some effects of electron spin are dis-
cussed briefly in Sec. VI. The conclusions are presented in
Sec. VII.
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II. RING CURRENTS IN ATOMIC ORBITALS

For the hydrogen atom or one-electron ions He+, Li2+, etc.
with nuclear charge Z, the atomic orbitals are given in
spherical coordinates by �9�

�nlm�r,�,�� = Cnle
−Zr/na��2Zr

na�
�l

Ln−l−1
2l+1 �2Zr

na�
�Ylm��,�� ,

�1�

where Cnl is the normalization constant

Cnl =	� 2Z

na�
�3 �n − l − 1�!

2n�n + l�!
, �2�

a� is the Bohr radius for the reduced mass
�=meM / �me+M� �me and M are respectively the electron
and nuclear masses�,

a� =
4�
0�2

�e2 � a0, �3�

and Ln−l−1
2l+1 �2Zr /na�� and Ylm�� ,�� are the generalized La-

guerre polynomial and the spherical harmonic, respectively.
The corresponding orbital energy is

Enlm = En = − �c2 �Z��2

2n2 , �4�

where �=e2 /4�
0�c is the fine structure constant. The
probability current density in state �nlm is

jnlm�r,�,�� =
i�

2�
��nlm��nlm

* − �nlm
* ��nlm� . �5�

Using the Nabla operator in spherical coordinates

� =
�

�r
êr +

1

r

�

��
ê� +

1

r sin �

�

��
ê�, �6�

one can show that the r and � components of jnlm�r ,� ,��
vanish. Thus �10,11�

jnlm�r,�,�� =
�

�

m

r sin �
��nlm�2ê� �7�

has cylindrical symmetry and vanishes for m=0. The electric
ring current in state �nlm is

Inlm = − e
 
 jnlm�r,�,�� · dS , �8�

where the integral is over the half plane perpendicular to the
x /y plane at fixed arbitrary azimuthal angle � with the do-
mains r= �0, � � and �= �0,��. Since jnlm�r ,� ,��=0 for
m=0, we also have Inlm=0 for m=0. For m�0, we obtain,
inserting Eq. �7� into Eq. �8� and using dS=r dr d� ê�,

Inlm = − e

0

� 

0

�

rjnlm�r,�,�� · ê�dr d� �9�

=−
e � m

�

na�

2Z
Cnl

2 

0

� �Ylm��,���2

sin �
d�


0

�

e−xx2l�Ln−l−1
2l+1 �x��2dx .

�10�

After evaluating the integrals



0

� �Ylm��,���2

sin �
d� =

2l + 1

4��m�
for m � 0, �11�



0

�

e−xx2l�Ln−l−1
2l+1 �x��2dx =

�n + l�!
�2l + 1��n − l − 1�!

, �12�

we obtain

Inlm = − sgn�m�
e�

2��a�
2

Z2

n3 . �13�

Thus the magnitudes of the electric ring currents of all de-
generate states �n , l ,m�0� with the same quantum number n
are equal. The direction of the electric ring current is deter-
mined by the sign of the quantum number m. The strongest
electric current is obtained for 2p±1 orbitals

I21±1 = �
e � Z2

16��a�
2 . �14�

The magnitudes �I21±1� for Z=1, . . . ,13 are listed in Table I.

III. MAGNETIC FIELD INDUCED BY ELECTRIC
RING CURRENTS

The magnetic field induced by the electric ring current in
the state �nlm �m�0� is calculated using the Biot-Savart law

TABLE I. Magnitude of the electric current �I21±1� �Eq. �14��,
the induced magnetic field at the nucleus �B21±1�r=0�� �Eq. �22��,
the mean ring current radius R21±1 �Eq. �32��, the transition dipole
moment �M21±1;100� for transitions between the atomic orbitals 1s
and 2p±1 �Eq. �40��, and the lifetime �̃21±1 �Eq. �70�� of electrons
occupying 2p±1 atomic orbitals, depending on the nuclear charges
Z=1, . . . ,13 using ��me and a��a0.

Atom
or ion Z

�I21±1�
�mA�

�B21±1�r=0��
�T�

R21±1

�a0�
�M21±1;100�

�ea0�
�̃21±1

�ps�

H 1 0.132 0.52 1.273 0.745 1595.325

He+ 2 0.527 4.17 0.637 0.372 99.708

Li2+ 3 1.186 14.08 0.424 0.248 19.695

Be3+ 4 2.108 33.38 0.318 0.186 6.232

B4+ 5 3.294 65.19 0.255 0.149 2.553

C5+ 6 4.744 112.65 0.212 0.124 1.231

N6+ 7 6.457 178.89 0.182 0.106 0.664

O7+ 8 8.433 267.03 0.159 0.093 0.389

F8+ 9 10.674 380.20 0.141 0.083 0.243

Ne9+ 10 13.177 521.53 0.127 0.074 0.160

Na10+ 11 15.945 694.16 0.116 0.068 0.109

Mg11+ 12 18.975 901.21 0.106 0.062 0.077

Al12+ 13 22.270 1145.81 0.098 0.057 0.056
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Bnlm�r� = −
�0e

4�



V�

jnlm�r�� � �r − r��
�r − r��3

dV�. �15�

Using Eq. �7�, we obtain

Bnlm�r� = −
�0e � m

4��



0

�

dr�r�

0

�

d����nlm�r�,��,����2

� 

0

2�

d���r2 + r�2 − 2rr��cos � cos ��

+ sin � sin ��cos�� − �����−3/2�r��sin ��cos �

− cos ��sin � cos�� − ����êr + �r cos�� − ���

− r�sin ��sin � − r�cos ��cos � cos�� − ����ê�� ,

�16�

with zero � component. Using the variable transformation
�̃=��−�, we obtain

Bnlm�r� = −
�0e � m

4��



0

�

dr�r�

0

�

d����nlm�r�,��,����2

� 

0

2�

d�̃�r2 + r�2 − 2rr��cos � cos ��

+ sin � sin ��cos �̃��−3/2 � �r��sin ��cos �

− cos ��sin � cos �̃�êr + �r cos �̃ − r��sin ��sin �

+ cos ��cos � cos �̃��ê�� , �17�

where the cyclic domain �0,2�� replaces �−� ,2�−��. Thus
the induced magnetic field Bnlm�r� is independent of the azi-
muthal angle � and has cylindrical symmetry. The evaluation
of the integral, Eq. �17�, is difficult. Here, we focus on the
induced magnetic field at the nucleus �r=0�,

Bnlm�r = 0� = −
�0e � m

2�



0

� dr�

r�



0

�

d��sin ��

���nlm�r�,��,����2êz �18�

=−
�0e � m

4��
Cnl

2

�

0

�

dx e−xx2l−1�Ln−l−1
2l+1 �x��2êz. �19�

Evaluating the integral in Eq. �19�, we get



0

�

e−xx2l−1�Ln−l−1
2l+1 �x��2dx

=
n

l�2l + 1��2l + 2�
�n + l�!

�n − l − 1�!
for l � 1. �20�

Inserting Eq. �20� into Eq. �19� yields

Bnlm�r = 0� = −
�0e�

��a�
3

Z3m

n3l�2l + 1��2l + 2�
êz for l � 1,

�21�

in accord with the result which is implied by the calculation
of the fine structure constant for hydrogenlike atoms, based
on the relation between the magnetic field and electronic
angular momentum �12�. The largest induced magnetic field
Bnlm�r=0� is obtained for 2p±1 orbitals,

B21±1�r = 0� = �
�0e � Z3

96��a�
3 êz, �22�

in accord with the strongest electric ring current in 2p±1 or-
bitals. Figure 1 shows j21+1�r� and B21+1�r� for the 2p+1 or-
bital. The magnitudes �B21±1�r=0�� depending on Z are also
listed in Table I.

IV. RING CURRENT LOOP MODEL

For comparison with the exact result �Eq. �21��, let us also
consider the model where the magnetic field is induced by an
electron circulating around the nucleus in a current loop �13�

Bnlm
approx�r = 0� =

�0

2

Inlm

Rnlm
êz. �23�

The inverse radius of an electronic orbit circulating around
the z axis is �r sin ��−1; thus the mean inverse ring current
radius Rnlm

−1 in the state �nlm with probability current density
jnlm�r ,� ,�� is

FIG. 1. Toroidal ring current j21+1�r� and induced magnetic field
B21+1�r� of the 2p+1 orbital, in the x /z plane. The ring current is
plotted by means of equicontours for the values �j21+1�x ,y
=0,z� � /max � j21+1�r� � =1/6 ,2 /6 ,3 /6 ,4 /6 ,5 /6; cf. Eq. �7�; con-
tinuous and dashed contour lines indicate toroidal electronic mo-
tions toward and away from the reader, respectively. The induced
magnetic field is indicated by vectors with length scaled to the
maximum value �B21+1�r=0��, Eq. �22�. Accordingly, very small
values of �B21+1�r�� are represented by very short vectors, with
lengths smaller than the tops of the arrows. The results apply to
arbitrary nuclear charges Z, due to the scalings of the axis, xZ /a0

and zZ /a0.
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Rnlm
−1 = 
�r sin ��−1� j �24�

=

 
 �r sin ��−1jnlm�r,�,�� · dS


 
 jnlm�r,�,�� · dS

�25�

=−
e

Inlm



0

� d�

sin �



0

�

dr jnlm�r,�,��ê� for m � 0, �26�

where Eq. �8� and dS=r dr d� ê� have been used. �For
m=0, Rnlm is not defined because jnlm=0.� Inserting Eqs.

�7� and �1� for jnlm�r ,� ,�� and �nlm�r ,� ,��, respectively,
yields

Rnlm
−1 = −

e � m

Inlm�



0

� d�

sin2�



0

� dr

r
��nlm�r,�,���2 �27�

=−
e � m

Inlm�
Cnl

2 

0

�

d�
�Ylm��,���2

sin2�

�

0

�

dx e−xx2l−1�Ln−l−1
2l+1 �x��2. �28�

The first integral is derived from the general formula �14�



0

� �Ylm��,���2

sin2�
d� =

2l + 1

4��m�!

���m� −
1

2
���l +

1

2
�

�l − 1�! 4F3�
3

2
, −

1

2
, −

1

2
�l − �m� − 1� , −

1

2
�l − �m��

1,
1

2
− l , �m� + 1

;1� , �29�

where � and 4F3 are the Euler gamma function and the generalized hypergeometric function, respectively. The second integral
is given by Eq. �20�. Thus the mean ring current radius is

Rnlm =
l�2l + 2��l − 1� ! ��m� − 1�!

2Z��l +
1

2
����m� −

1

2
� a�4F3�

3

2
, −

1

2
, −

1

2
�l − �m� − 1� , −

1

2
�l − �m��

1,
1

2
− l , �m� + 1

;1�
−1

for m � 0. �30�

Thus Rnlm depends on l, �m�, and Z but not on n. For the
special cases l= �m � �1 and l= �m � +1�2, the function

4F3�. . .� is equal to 1; thus

Rnlm =
l�2l + 2��l − 1� ! ��m� − 1�!

2Z��l +
1

2
����m� −

1

2
� a�

for l = �m� � 1 and l = �m� + 1 � 2. �31�

In particular, the mean ring current radius of an electron in
the 2p±1 orbital with maximum ring current and strongest
induced magnetic field is

R21±1 =
4a�

�Z
. �32�

The values of R21±1 for Z=1, . . . ,13 are also listed in Table I.
Inserting the results Inlm �Eq. �13�� and Rnlm �Eq. �31�� into
Eq. �23� gives

Bnlm
approx�r = 0� = −

�0e�

��a�
3

Z3

n3

m

�m�!

��l +
1

2
����m� −

1

2
�

2l�2l + 2��l − 1�!
êz

for l = �m� � 1 and l = �m� + 1 � 2. �33�

Accordingly, the ratio of the approximate to the exact in-
duced magnetic fields at the nucleus �r=0� is

Bnlm
approx�r = 0�

Bnlm�r = 0�
=

�2l + 1���l +
1

2
���l −

1

2
�

2�l − 1�! l!
for l = �m� � 1

�34�

=

�2l + 1���l +
1

2
���l −

3

2
�

2�l − 1�!2

for l = �m� + 1 � 2. �35�

Applications of these formulas show that the ratio for l
= �m� is smaller than the one for l= �m � +1 because �nl±�l−1� is
more appropriately represented by two separate ring current
loops, rather than a single ring current for �nl±l. By extrapo-
lation, the model of the single current loop is inadequate for
l� �m�. For l= �m�, the values of the ratio �Eq. �34�� are 2.36
for np±1 orbitals, 1.47 for nd±2 orbitals, 1.29 for nf±3 orbitals,
etc. One can show that the ratio �Eq. �34�� converges to 1 for
l= �m � →�. This supports the ring current loop model, which
in turn confirms the results of Secs. II and III.
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V. CIRCULARLY POLARIZED � PULSES
FOR COMPLETE POPULATION TRANSFER

FROM 1s TO 2p±1 ATOMIC ORBITALS

Now let us design laser pulses, which excite an electron
from the ground state 1s to the target atomic orbital 2p±1,
representing the strongest electric ring currents and induced
magnetic fields. For this purpose, previous work �4,5� sug-
gests that we employ right �+� or left �−� circularly polarized
� laser pulses propagating along the z direction, whose elec-
tric field is given by

E±�t� = E0sin2��t

tp
��cos��t�êx ± sin��t�êy� , �36�

where the maximum amplitude is E0, the resonant frequency
is

� = �21±1;100 =
3

8

�c2

�
�Z��2, �37�

and the total pulse duration tp satisfies

�M21±1;100�E0tp

	2�
= � . �38�

Here, M21±1;100 is the �100→�21±1 transition dipole element,
given by

M21±1;100 = − e
 
 
 �21±1
* �x

y

z
��100dV

= −
128

243

ea�

Z � 1

�i

0
� , �39�

thus

�M21±1;100� = 	2
128

243

ea�

Z
. �40�

The magnitudes �M21±1;100� depending on Z are also listed in
Table I. The corresponding laser field intensity is

I�t� = 
0c�E±�t��2 = 
0cE0
2sin4��t

tp
� . �41�

The laser-driven electronic wave packet is obtained by solv-
ing the Schrödinger equation

i �
d

dt
�±�t� = H�t��±�t� = �−

�2

2�
� −

Ze2

4�
0r
+ er · E±�t���±�t�

�42�

with semiclassical dipole approximation, for the initial con-
dition

�±�t = 0� = �100. �43�

The target state is

�±�t � tp� = �21±1e−i��21±1;100t+��, �44�

where � is an irrelevant phase. The solution of Eq. �42�
corresponding to right �+� or left �−� circularly polarized �
pulses, Eqs. �36�–�41�, is given approximately by the simple
two-state expansion

�±�t� � C1s�t�e−iE1t/��100 + C2p±1
�t�e−iE2t/��21±1, �45�

where the coefficients for the 1s and 2p±1 components are

C1s�t� = cos� �M21±1;100�E0

	2�



0

t

sin2��t�

tp
�dt�� , �46�

C2p±1
�t� = − i sin� �M21±1;100�E0

	2�



0

t

sin2��t�

tp
�dt�� ,

�47�

respectively. The corresponding populations of the 1s and
2p±1 orbitals, given by

P1s�t� = �C1s�t��2 = cos2� �M21±1;100�E0

	2�



0

t

sin2��t�

tp
�dt�� ,

�48�

P2p±1
�t� = �C2p±1

�t��2 = sin2� �M21±1;100�E0

	2�



0

t

sin2��t�

tp
�dt�� ,

�49�

are plotted in Fig. 2, together with the laser intensity I�t�.
Note that the solution, Eqs. �45�–�47�, of Eq. �42� for H
�Z=1� yields equivalent solutions for arbitrary values of Z,
using the scalings

FIG. 2. Complete population transfer from the ground �1s� to
the excited target atomic orbitals �2p+ or 2p−� with strongest elec-
tric ring currents and magnetic fields, induced by right �+� or left
�−� circularly polarized � laser pulses with intensity I�t� and total
duration tp �cf. Eqs. �36�–�41�, �48�, and �49�, and the scalings, Eqs.
�50�–�56��. The corresponding laser parameters for Z=1, . . . ,13 are
given in Table II.
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r → r/Z , �50�

p = − i � � → pZ , �51�

E0 → E0Z3, �52�

Imax = 
0cE0
2 → ImaxZ

6, �53�

� = �21±1;100 → �Z2, �54�

t → t/Z2, �55�

tp → tp/Z2. �56�

The corresponding optimal laser parameters for total popula-
tion transfer from 1s to 2p±1 orbitals for Z=1, . . . ,13 are
given in Table II.

The validity of the results, Eqs. �36�–�49�, depends on the
following various conditions.

�i� In order to avoid competing transitions from the
ground state to other excited states, e.g., 3p±1, the spectral
width of the laser pulse � should be smaller than the energy
gap between the excited states 2p±1 and 3p±1. Thus the con-
dition for the spectral width is

� = ��E3 − E2� = �
5

72
�c2�Z��2 � �1.89 eVZ2, � � 1,

�57�

where the spectral width parameter � should be sufficiently
small, say, �	0.1.

�ii� For the chosen sin2 envelope, Eq. �36�, the corre-
sponding mean pulse duration �see Fig. 2�

� � 0.364tp �58�

is related to � by �1�

� �
3.295�

�
�

1

�
47.45

�

�c2�Z��2 �
1

�
1.148 fs

1

Z2 , � � 1,

�59�

i.e., � should be sufficiently long. We note in passing that the
corresponding total number of laser cycles Ncyc also depends
on the spectral width parameter �, but not on Z,

Ncyc =
�100;21±1tp

2�
�

1

�
7.780, � � 1. �60�

For example,

Ncyc � 78 for � = 0.1, Ncyc � 778 for � = 0.01. �61�

�iii� The condition for the circularly polarized � pulse
�Eq. �38�� implies that the maximum amplitude

E0 =
��

Mtp
=

243� � Z

128ea�tp
� �23.53 GV m−1Z3, � � 1

�62�

and also the corresponding maximum intensity Imax

Imax = 
0cE0
2 � �2147.0 TW cm−2Z6, � � 1 �63�

TABLE II. Laser parameters of the circularly polarized � pulses �Eq. �36�� for total population transfer
from 1s to 2p± atomic orbitals for Z=1, . . . ,13, for two cases of the spectral width parameter �=0.1 and
�=0.01 �Eq. �57��, and the corresponding total number of laser cycles Ncyc�78 and Ncyc�778 �Eqs. �60�
and �61��, respectively. The parameters �=�21±1;100, ��0.364tp, E0, and Imax denote the resonant frequency
�Eq. �37��, the duration �Eq. �58��, the field strength �Eq. �62��, and the maximum intensity �Eq. �63��,
respectively. Entries denoted “-” are in the relativistic regime �Eq. �64��.

�=0.1,Ncyc�78 �=0.01,Ncyc�778

Atom
or ion Z

��
�eV�

�
�fs�

E0

�V m−1�
Imax

�W cm−2�
�

�fs�
E0

�V m−1�
Imax

�W cm−2�

H 1 10.2 11.48 2.35�109 1.47�1012 114.8 2.35�108 1.47�1010

He+ 2 40.8 2.869 1.88�1010 9.40�1013 28.69 1.88�109 9.40�1011

Li2+ 3 91.8 1.275 6.35�1010 1.07�1015 12.75 6.35�109 1.07�1013

Be3+ 4 163.3 0.717 1.51�1011 6.02�1015 7.173 1.51�1010 6.02�1013

B4+ 5 255.1 0.459 2.94�1011 2.30�1016 4.591 2.94�1010 2.30�1014

C5+ 6 367.4 0.319 5.08�1011 6.86�1016 3.188 5.08�1010 6.86�1014

N6+ 7 500.0 0.234 8.07�1011 1.73�1017 2.342 8.07�1010 1.73�1015

O7+ 8 653.1 0.179 1.21�1012 3.85�1017 1.793 1.21�1011 3.85�1015

F8+ 9 826.5 0.142 1.72�1012 7.81�1017 1.417 1.72�1011 7.81�1015

Ne9+ 10 1020.4 - - - 1.148 2.35�1011 1.47�1016

Na10+ 11 1234.7 - - - 0.949 3.13�1011 2.60�1016

Mg11+ 12 1469.4 - - - 0.797 4.07�1011 4.39�1016

Al12+ 13 1724.5 - - - 0.679 5.17�1011 7.09�1016
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depend on the spectral width parameter � and on the nuclear
charge Z. Now, we require that the laser pulse be in the
nonrelativistic regime, i.e.,

Imax 	 1018 W cm−2. �64�

This condition implies a restriction on the maximum value of
Z, depending on the spectral width parameter �. For ex-
ample,

Z 	 9 for � = 0.1, Z 	 20 for � = 0.01. �65�

�iv� Still another upper limit of the nuclear charge Z is
imposed by the requirement that, for the present nonrelativ-
istic theory, the electron should have nonrelativistic velocity,
say, v	c /10. Using the virial theorem


Tkin� �
�vn

2

2
= − En = �c2 �Z��2

2n2 , �66�

vn can be estimated as

vn =
Z�c

n
. �67�

The requirement vn	c /10 then implies that

Z�n = 1� 	
1

10�
� 13. �68�

Evidently, the conditions �Eqs. �65� and �68�� imply the re-
strictions Z	9 for �=0.1 or Z	13 for �=0.01.

�v� The total pulse duration tp must be much smaller �say,
by a factor 0.1� than the lifetime of the excited state �̃21±1,
i.e.,

tp 	
1

10
�̃21±1, �69�

where �13�

�̃21±1 �
3�
0c3�

�21±1;100
3

1

�M21±1;100�2
�

6561�
0c3�3a�
4

64�2e2Z4 , �70�

see Table I. The condition �Eq. �69�� implies another restric-
tion of the nuclear charge Z depending on the spectral width
parameter � �cf. Eqs. �58� and �59��, namely,

3.153 fs
1

�Z2 	 159.5 ps
1

Z4 . �71�

For example, this condition �Eq. �71�� calls for

Z 	 71 for � = 0.1, Z 	 22 for � = 0.01. �72�

Comparison with the previous limits, Eqs. �65� and �68�,
shows that the restriction �Eq. �72�� is satisfied already.

�vi� The laser intensities have to be sufficiently weak to
avoid competing ionization. The ionization probability Pion,
which depends on the electric field E0, is estimated as �15,16�

Pion = 4�aZ5
Ea

E0
exp�−

2Z3

3

Ea

E0
� , �73�

where �a= � / �mea0
2��4.134�1016 s−1 and Ea=�2 / �emea0

3�
�514.221 GV m−1 are atomic units of frequency and elec-

tric field, respectively. Using the expression �Eq. �62�� for the
electric field, we estimate ionization probabilities of

Pion � 1.926 � 10−44Z2 s−1 for � = 0.1, �74�

Pion � 6.676 � 10−613Z2 s−1 for � = 0.01.

Accordingly, the ionization probability can be neglected for
all known values of nuclear charges Z.

In conclusion, the two-state solution �Eq. �45�� of the
time-dependent Schrödinger equation is supported by all
conditions �i�–�vi�, subject to the “nonrelativistic” restric-
tions, Eqs. �65� and �68�.

VI. ROLE OF ELECTRON SPIN

Finally, it will be shown that the previous results for
atomic orbitals �nlm apply also to spin orbitals �nlmlms

, with
corresponding relativistic modification of the transition fre-
quency. In fact, the Dirac equation yields corresponding ap-

proximate representations �̃nljmj
of the exact wave functions

with quantum numbers s=1/2, j= l±s, mj =−j , . . . , j, with
relativistic energies �17�

Enj = �c2�1 + � Z�

n − � j + 1
2� + 	� j + 1

2�2 − �Z��2�2�−1/2

�75�

=�c2�1 −
�Z��2

2n2 −
�Z��4

2n3 � 1

j + 1/2
−

3

4n
� + O„�Z��6

…� ,

�76�

in particular,

E1�1/2� � �c2 + E1 −
1

8
�c2�Z��4, �77�

E2�1/2� � �c2 + E2 −
5

128
�c2�Z��4, �78�

E2�3/2� � �c2 + E2 −
1

128
�c2�Z��4. �79�

The wave functions �̃nljmj
�n=1,2� may be expressed in

terms of the previous atomic orbitals �nlm or corresponding
spin orbitals �nlmlms

�18�

�̃10�1/2�±1/2 � �100±1/2, �80�

�̃21�1/2�±1/2 � �	1

3
�210±1/2 ±	2

3
�21±1�1/2, �81�

�̃21�3/2�±1/2 �	2

3
�210±1/2 +	1

3
�21±1�1/2, �82�

�̃21�3/2�±3/2 � �21±1±1/2. �83�

Accordingly, the spin orbitals �100±1/2 and �21±1±1/2, which
represent the previous atomic orbitals 1s and 2p±1 multiplied
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by spin functions �� for ms=1/2 and � for ms=−1/2�, i.e.,
1s�, 1s� and 2p+1�, 2p−1�, are excellent approximations to

�̃10�1/2�±1/2 and �̃21�3/2�±3/2, respectively. The transitions,
which can be induced by right �+� or left �−� circularly po-
larized laser pulse, are illustrated in Fig. 3. Hence the previ-
ous results for right or left circularly polarized � pulses for
transitions 1s→2p+1 or 1s→2p−1 are also valid, approxi-
mately, for the corresponding transitions 1s�1/2��1/2�
→2p�3/2��3/2� or 1s1/2−1/2→2p3/2−3/2, respectively. The reso-
nance condition �Eq. �37�� then has to be replaced, however,
by

�� = E2�3/2� − E1�1/2� �
3

8
�c2�Z��2 +

15

128
�c2�Z��4. �84�

VII. DISCUSSION AND CONCLUSIONS

The present derivation of the closed form expressions for
electric ring currents Inlm �Eq. �13�� and corresponding mag-
netic fields Bnlm�r=0� �Eq. �21�� induced by electrons in hy-
drogenlike atomic orbitals �nlm yields maximum values for
electrons occupying 2p±1 orbitals �cf. Eqs. �14� and �22�,
respectively�. The corresponding values given in Table I pre-
dict that the effects should increase dramatically with nuclear
charge Z, e.g., the magnitudes of the ring current I21±1 and
magnetic field B21±1�r=0� should increase from the modest
values of 0.133 mA and 0.52 T for H �Z=1�, by two or even
three orders of magnitude, to the values of 22.3 mA and
1146 T for Al12+ �Z=13�. This systematic trend can be un-
derstood as a consequence of the scalings, Eqs. �50�–�56�,
which imply the corresponding scalings for the electric ring
currents Inlm�Z2, Eq. �13�, and the induced magnetic fields
Bnlm�r=0��Z3, Eq. �21�. We note in passing that the same
scalings are also in accord with the fact that various other
properties do not depend on Z, including the mean angular
momenta 	l�l+1��, or their z components m�, as well as the
magnetic dipole moments �13�

�e = − mj�B�1 +
j�j + 1� + s�s + 1� − l�l + 1�

2j�j + 1� � , �85�

where �B=e� /2me is the Bohr magneton and s=1/2, j
= l±s, and mj =−j , . . . , j. For the special cases of electrons in
atomic orbitals �nl±l, the trends for Inl±l and Bnl±l�r=0� can
also be rationalized by means of the electric ring current loop
model �cf. Sec. IV�, as follows: Atomic orbitals �nl±l have z
components of angular momentum m� = l�, irrespective of
the nuclear charge Z. For increasing values of Z, the corre-
sponding mean radii of the electronic flux densities Rnl±l de-
crease as 1/Z �cf. Eq. �31��. As a consequence, the corre-
sponding mean momenta or velocities along the current
loops increase as Z; hence the frequencies of cyclic elec-
tronic orbits along the perimeters 2�Rnl±l increase as Z2 and,
therefore, also the corresponding electric ring currents Inl±l
increase as Z2. The expression, Eq. �23�, for the magnetic
field induced by the ring current then implies that the result-
ing magnetic field should, indeed, increase as Z3.

We have designed circularly polarized � laser pulses for
selective preparation of these 2p±1 target states, inducing
complete population transfer 1s→2p±1 �cf. Eq. �36� and Fig.
2�. The laser parameters vary strongly depending on the
nuclear charge Z �cf. the scaling relations, Eqs. �50�–�56��,
and on the spectral width parameter � �cf. Eq. �57� and Table
II�. Note that the strongest pulses considered �Imax

=1018 W cm−2� have rather large maximum values of mag-
netic laser field ��6500 T�, but these are switched off after
the pulse, whereas the induced strong magnetic fields survive
during the lifetime of the excited states. The derivation of
these pulses is based on a simple two-state approximation for
the laser-driven hydrogenlike atom �cf. Eq. �45��. The valid-
ity of this approximation is supported by six criteria ��i�–
�vi��, discussed in Sec. V.

The reliability of the two-state model, as presented in Sec.
V, may be verified by means of numerical simulations. Ac-
curate methods for this purpose have been developed only
rather recently, and they are quite demanding; cf. Refs.
�19–21�. The advantage of the numerical simulations is that
they allow one to extend the present approach to domains
beyond the validity of the criteria �i�, �ii�, and �vi�. For ex-
ample, they could be employed to simulate excitations of
electric ring currents and induced magnetic fields in atomic
orbitals by means of ultrashort few-cycle laser pulses. Our
previous experience with quantum simulations of these phe-
nomena in molecules �1–5� suggests that the present � pulses
would still be useful as a reference for designing reoptimized
� laser pulses. Additional challenges include extensions to
the relativistic regime, and to simulations of laser-driven
electron circulation represented in terms of time-dependent
hybrid orbitals; cf. Refs. �1–3�.

The present phenomenon should have applications be-
yond the H atom and analogous one-electron ions to more
complicated multielectron systems including atoms, ions �see
Refs. �22,23��, and even molecules or molecular ions. For
example, circularly polarized laser pulses can excite electron
circulations or ring currents and related magnetic fields in
oriented molecules �1–5�. These may be expressed approxi-
mately in terms of linear combinations of atomic orbitals–

FIG. 3. Schematic representation of dipole allowed transitions
from the ground 1s1/2±1/2 to excited 2p1/2±1/2, 2p3/2±1/2, and
2p3/2±3/2 states induced by right �+� �solid lines� or left �−� �dashed
lines� circularly polarized laser pulses.
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molecular orbitals �LCAO-MO�, and the results of the
present analysis of single atomic orbitals �AOs� may hence
be carried over to LCAO-MOs. In favorable situations �e.g.,
in cases where the excited state is well described as a single
dominant symmetry-adapted Slater determinant representing
the excitation of a single electron to a MO, which consists of
only a few AOs�, the present results for the AOs can be used
directly to estimate the magnetic fields at the nuclei of the
excited molecule. As an example, consider the excitation of
the toroidal ring current around the molecular bond of the
oriented AlCl molecule, which has served as a motivation for
the present study �see Sec. I�. Here, the right �+� or left
�−� circularly polarized laser pulses essentially excite
the ground X1�+ to the degenerate A1�+ or A1�− states,
which can be described approximately as a single symmetry-
adapted Slater determinant with the dominant �84%� transi-
tion from the highest occupied molecular orbital �HOMO�
9� to the degenerate lowest unoccupied molecular orbital
�LUMO� 4�+ or 4�−, respectively �5�. The latter have
dominant LCAO-MO expansions 4�±�c3p±�Al�3p±�Al�
+c3p±�Cl�3p±�Cl� with the coefficients �c3p±�Al��2�0.9 and
�c3p±�Cl��2�0.1. For example, using simple Slater rules
�24,25�, we estimate the effective nuclear charge for the Al
atom to be Zeff=13−2−8�0.85−2�0.35=3.5, and the cor-
responding magnetic field induced at the Al nucleus, accord-
ing to Eq. �21�, to be �B31±1�r=RAl� � =6.0 T. The semiquan-
titative agreement with the accurate result based on ab initio
quantum chemistry �5�, �B�r=RAl� � =7.7 T, allows an illumi-
nating interpretation of the underlying mechanism: In es-
sence the magnetic field of the AlCl molecule is due to a
single electron occupying the given LCAO-MO 4�± orbital,

with the properties of the AOs as derived in the present pa-
per. Indeed, this example suggests additional applications
such as enhancement of nuclear magnetic resonance due to
the magnetic fields induced by ultrashort circularly polarized
laser pulses replacing the magnetic field in the laboratory
�26� and monitoring the electronic ring currents, e.g., by
means of state selective spectra of high harmonic generation;
see also Refs. �27,28�.
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