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Perfect teleportation and superdense coding with W states
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True tripartite entanglement of the state of a system of three qubits can be classified on the basis of
stochastic local operations and classical communications. Such states can be classified into two categories:
GHZ states and W states. It is known that GHZ states can be used for teleportation and superdense coding, but
the prototype W state cannot be. However, we show that there is a class of W states that can be used for perfect

teleportation and superdense coding.
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I. INTRODUCTION

Quantum teleportation is a prime example of a quantum
information processing task where an unknown state can be
perfectly transported from one place to another using previ-
ously shared entanglement and classical communication be-
tween the sender and the receiver. This is a remarkable ap-
plication of entangled states which has many ramifications in
quantum information technology. The original protocol of
Bennett ef al. [1] involves teleportation of an unknown qubit
using an Einstein-Podolsky-Rosen (EPR) pair and by send-
ing two bits of classical information from Alice to Bob. They
have also generalized the protocol for an unknown qubit us-
ing a maximally entangled state in d X d dimensional Hilbert
space and by sending 2 log,d bits of classical information.
Then, quantum teleportation was generalized to the case
where sender and receiver do not have a perfect EPR pair but
a noisy channel [2]. Quantum teleportation is also possible
for infinite dimensional Hilbert spaces, so called continuous
variable quantum teleportation [3,4]. If we do not have a
maximally entangled state then one cannot teleport a qubit
with unit fidelity and unit probability. However, it is possible
to have unit fidelity teleportation but with a probability less
than a unit—called probabilistic quantum teleportation [5,6].
Using a nonmaximally entangled basis as a measurement
basis this was shown to be possible. Subsequently, this
probabilistic scheme has been generalized to teleport N qu-
bits [7]. In the past several years quantum teleportation has
been also experimentally verified by various groups [8-10].

Quantum entanglement lies at the heart of quantum tele-
portation and, in fact, at other host of information processing
tasks. Since this refers to the property of multiparticle (two
or more) quantum states, a natural question that comes to
mind is that in addition to the existing two-particle entangled
states whether one can exploit other multiparticle entangled
states for quantum teleportation. That one can teleport an
unknown qubit using a three particle GHZ state [11] and four
particle GHZ state [12] was shown to be possible. Dealing
with multiparticle entangled states is not always easy. In the
case of three qubits, the class of entangled states have been
well studied. There are two types of inequivalent entangled
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states for three qubits, one is a GHZ type and other is a W
type. It has been shown by Duer ef al. [13] that W states
cannot be converted to GHZ states under stochastic local
operation and classical communication (SLOCC). There is
an interesting class of three qubit entangled states called zero
sum amplitude (ZSA) states which are useful for creating
universal entangled states [14]. These are not equivalent to
GHZ states. It may be mentioned that the GHZ states are not
robust against loss of particles (i.e., if we trace out one par-
ticle then there is no entanglement between the remaining
two) while W states are. If we trace out any one particle from
the W state, then there is some genuine entanglement be-
tween the remaining two. Therefore, in contrast to a GHZ
state, a W state can still be used as a resource even after the
loss of a particle. Recently, the W state has been used for
quantum key distribution [15] and in illustrating the violation
of local realism in an interesting way that is not seen in a
GHZ state [16]. Considering the importance of W states,
there have been various proposals to prepare W states in the
literature [17-19].

Entangled states not only enhance our ability to do a va-
riety of quantum information processing tasks but they also
enhance classical information capacity. For example, in su-
perdense coding if Alice and Bob share an EPR pair, then by
sending a qubit Alice can send two classical bits [20]. More
generally, if Alice and Bob share a maximally entangled state
in a d X d dimensional Hilbert space, then by sending a qubit
Alice can communicate 2 log,d classical bits. Thus, a maxi-
mally entangled state doubles the classical information ca-
pacity of a channel. Similar to quantum teleportation, in re-
cent years, people have exploited other classes of entangled
states for dense coding. One can also use a nonmaximally
entangled state for superdense coding either in a determinis-
tic fashion [21] or in a probabilistic manner [22,23]. Re-
cently, many people have explored various kinds of quantum
channels for deterministic and unambiguous superdense cod-
ing [24-26].

The purpose of this paper is to show that there exists a
class of W state which can be used for perfect quantum tele-
portation and superdense coding. Earlier, quantum teleporta-
tion protocol using the W state has been studied [27]. But it
was shown that one needs to do a nonlocal operation to
recover the unknown state. In another piece of work it has
been shown that if one uses the W state then the teleportation
protocol works with nonunit fidelity, i.e., it is not perfect
[28]. Also, it is not possible to recover the unknown state
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using the W state as a channel. However, in the present work
we show that by performing von Neumann projection on the
three particles and by sending two bits of classical informa-
tion one can teleport an unknown qubit perfectly using a
class of W states. Furthermore, we show how one can per-
form superdense coding with the same class of W states.
Interestingly, the quantum resource used in teleportation and
dense coding protocols presented here with W states is again
one bit of shared entanglement between Alice and Bob.

The organization of this paper is as follows. In Sec. II, we
discuss a class of W states that are useful for quantum tele-
portation and dense coding. In Sec. III, we discuss the actual
teleportation protocol. For the sake of completeness we also
discuss the teleportation protocol using the GHZ state. In
Sec. IV, we discuss superdense coding protocol using the W
state. Then, the conclusion follows in Sec. V.

II. A CLASS OF W STATES

In this section we briefly discuss a class of W states that
are useful for perfect quantum teleportation and superdense
coding. It may be recalled that although the prototype GHZ
state such as this

1
|GHZ>123=T§(|000>123+|111>123) (1)
N

is suitable for perfect teleportation and superdense coding,
there are states in its category which are not suitable without
the application of SLOCC. Similarly, although the prototype
W state

1
|W>123=\T§(|100>123+|010>123+ |001)}3) (2

may not be suitable for perfect teleportation and superdense
coding, there may exist a class of states within the W states
category which are suitable. Below, we give one such ex-
ample.

The class of states |W,);»; belongs to the category of W
states that can be used as an entanglement resource. This is
given by

1 ~
[W,) 123 = —==(]100),23 + Vne'|010),23
N2+ 2n

+ V’mei5|001>123)’ ©

where n is a real number and y and & are phases. As we shall
see, this class of W states can be used for perfect teleporta-
tion and superdense coding. In particular, if we take n=1 for
simplicity and set phases to zero, then we have the following
W state.

1 I
(Wi ias= E(| 10023 + (010123 + v2[001)53). (4)

We can check that this state belongs to the category of W
states using the criteria given in the Ref. [13]. This state has
true tripartite entanglement. This is because the determinants
of the reduced density matrices pq, p,, and p; of this state are
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not zero. For a state belonging to the GHZ category the
three-tangle is nonzero; while it is zero for a state belonging
to the W state category. For the state |W,);»3 (and |W,)23),
the three-tangle is zero. (The prescription to compute a three-
tangle is given in Ref. [29]). We also note the concurrences

CIZ:%, C13:L—2, and C1(23):§. This is because the concur-
rence C,,=2VDet p, for a pure state of the system “ab.” So

the inequality of the Ref.[29], C},+Ci;< C%(B) is saturated

and there is no residual entanglement. This is a characteristic
of a state belonging to the W state category.

Another way to argue that the W state is not equivalent to
a GHZ state is to compute reduced density matrices p;,, P23,
or pj3. We can check that the reduced density matrices ob-
tained from |W,),,3 cannot be written as a linear combination
of product states, while for the |GHZ),,; they can be. For
example, for the |GHZ),,; state we have

pra= 5((00)(00] +[11)(11

)’ (5)

while for the |W,),,; state we have

1
P12= §(|00><00| + 2| Ky, (6)
where |*)=3(|00)+|11)) is a Bell state. Two such states
cannot be equivalent under SLOCC.

We can use either the state given in (3) or (4) for the
purpose of perfect quantum teleportation. In our scheme Al-
ice will have two qubits and Bob will have one qubit. Then,
by performing a suitable projection on the input qubit and
the two qubits, Alice can convey the measurement outcome
to Bob, who can then perform suitable local unitary transfor-
mation to convert his particle into the input state. One may
ask how much entanglement is shared between Alice and
Bob? Even though, the shared W state is a three qubit state,
but with respect to Alice and Bob partitioning we can imag-
ine this as a bipartite system. Then, we can calculate the von
Neumann entropy of the either the reduced subsystem to
know how much entanglement there is between the sub-
system of Alice and the subsystem of Bob [30]. Now, if we
trace the particle “1” and “2” then the reduced density matrix
of particle “3” is random mixture for all values of n, i.e.,
ps=tr,(|W,W,|)=1/2. This shows that the von Neumann
entropy of p; is just one. That is there is one ebit of entangle-
ment shared between Alice and Bob when they use this class
of W state. As we will see, by using one ebit of shared
entanglement and communication of two classical bits Alice
can send a qubit to Bob using the W state as a resource.

III. TELEPORTATION WITH W STATES

Let us consider a situation where Alice has particles 1 and
2 and Bob has the particle 3. Alice wishes to teleport the
unknown state of a particle “a.” She can make a measure-
ment on the three particles “a12” and convey her results to
Bob via classical communication. Then the question is: What
are the states that Alice and Bob can share that can be used
as a quantum resource to transfer the state of particle a to
particle 3 using usual teleportation protocol?
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Before discussing the protocol using a W state as a re-
source, let us describe how the protocol works for the proto-
type GHZ state. Suppose that Alice and Bob share a three
qubit entangled state |GHZ),,; given by

1
|GHZ>123=T5(|OOO>123+ [111)123). (7)
v

Alice has particles 1 and 2, while Bob has the particle 3.
Alice also has a particle a in the following unknown state:

)0 = (a]0), + Bl1),). (8)

Alice now wishes to transmit this state to Bob. To see how
the protocol works, let us consider the combined input and
entangled state and rewrite it as follows:

1
| GHZ) 3 = E(CAO)CJ + B]1),)(|000) 123 + [111)53)

1
= EH PDa12(a]0)3 + BI1)3) + |47 412(2]0)5

= BI1)3) + [43)12(Bl0); + | 1)5)
+[472)212(B|0); = af1)3)]. )

Alice can make a von Neumann type measurement using the
states {|¢7),|¢5)}, which are given by

L1
) = —=(/000) = [111)),
V2

|¢é>:\,i5(|100>i|011>). (10)

After performing a three-particle measurement, Alice can
convey her results to Bob by sending two classical bits of
information. Bob can then convert the state of his particle to
that of particle a by applying appropriate unitary transforma-
tions.

Let us examine the category of W states. The prototype
example of this category is given by

1
|W>123=\,_g(|100>123+|010>123+|001>123)- (11)

This state is not useful as a quantum resource for the usual
teleportation protocol [18]. But it turns out that we can use a
class of states of the W state category for teleportation. An
example of this class of states is given by

1 I
(Wi ias= E(| 100) 123 +[010) 105 + v2[001)153).  (12)

Let us suppose that Alice and Bob share a three qubit en-
tangled state |W,),,3. Alice has particles 1 and 2, while Bob
has the particle 3. Alice also has a particle @ in the unknown
state (8). Alice now wishes to teleport this state to Bob. To
examine its possibility, let us consider the combined input
and entangled state and rewrite this as follows:
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1
| e Wi 123 = 5(a|0>a + B]1),)(|100) 23 + [010),23
+ \’E|001>123)
1
= E[a|010>al2|0>3 +a001),,15/0)3

+ \Ea|000)012| 1)3+ B]110),1,/0)5
I~
+ B]101)415]0)3 + V28[100),151)3]

= 20a(1010)12+ 001,120} + \2al000), 1)
+ B( 110012+ [101)412)[0)3 + 281000012/ 1):]
= SmDas(al0)s + A1) + 7)1l
= BI1)9) + EDura(B0) + al1)3) + |EDaaa( B0,
~ al))1=3{17Da12 @ 992+ | 50012 © ol

+|ED w12 ® 1|3+ |ED 12 ® (—id)|)s].
(13)

Here |77;) and |&) are a set of orthogonal states in the W state
category given by

L1 =
|l7p) = §(|010>+ 001) = 2[100)), (14)

&) = %(|110>+ 1101) = v2|000)). (15)

Alice can now make a von Neumann measurement in a basis
that includes the states {|77),|&)} on the combined system of
three particles al2. She then sends the result of her measure-
ments using two classical bits to Bob who can apply one of
the unitary transformations {1,0y,ic,,05} to convert the
state of his particle 3 to that of particle a. For example, if the
outcome is |&]),1», then Bob has to apply o to get the de-
sired state |#);. This completes the teleportation protocol us-
ing the W state. This protocol consumes one ebit of shared
entanglement and communication of two classical bits of in-
formation between Alice and Bob.

As mentioned before, the state |W,),,3 belongs to the fol-
lowing class of W states that can also be used as an entangle-
ment resource

1 — .
(W) 125 = —===(]100),23 + Vne'|010) 23
N2+ 2n

+\n+19001)23). (16)

Alice then can use a set of basis vectors for the measurement
that includes the vectors:

) = (|010) + Vrei?|001) = \Vn + 1£19100)),

\“”2 +2n

(17)
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1 . -
£ = ———(|110) + Ve 101) = \n + 1€/000)).
N2+ 2n

(18)

Using these orthogonal states Alice can carry out the quan-
tum teleportation protocol as given above.

As a remark, the GHZ state, given in (7), cannot only be
used for the above situation, but for other scenarios also. We
can envisage another situation. Alice, instead of making a
three-particle measurement, may wish to make a two particle
measurement, followed by a one-particle measurement. Or,
there can be three parties: Alice, Bob, and Charlie, each with
a qubit. Then Alice makes a two particle measurement on
“al” and Bob makes a one particle measurement on the par-
ticle 2 and the state of the particle a is teleported to Charlie
who makes appropriate unitary transformations on his qubit
to change the state of his particle 3 to that of the particle a.
The above GHZ state can be used in this scenario as a re-
source [11,12]; but the above |W,),,3 state may not work for
this scenario in a straightforward manner.

IV. SUPERDENSE CODING AND W STATES

In the original superdense coding scenario, Alice can
transmit two classical bits to Bob by sending a qubit if they
share a Bell state [20]. First, Alice encodes her message by
making suitable unitary transformation on her qubit and then
sends back it to Bob. Bob has two qubits at his disposal and
can perform von Neumann projections to distinguish four
Bell states and retrieve the two classical bits.

In this section we briefly discuss how a GHZ state can be
used for superdense coding. If Alice and Bob share such a
state then Alice can transmit two classical bits by sending
one qubit. We can see this as follows. The prototype GHZ
state (7) is same as the state |¢7). Alice has particle 1 and
Bob has the particles 2 and 3. Alice can apply {I,0,i05,03}
transformations on her qubit

[y — I 1 Ilyy) =47,
[y — a1 @ I 1|4) = 4),
|}y — ioy @ 1@ 1Y) = |4s),

[}y — oy @ T 1)) =y). (19)

These transformations convert the original state to a set of
four orthogonal states: {|¢7),|5)}. After receiving Alice’s
qubit, Bob can make a three-particle measurement using
these orthogonal states to recover two classical bits. How-
ever, using the |W),,; state Alice cannot transmit two classi-
cal bits by sending one qubit by using conventional super-
dense coding protocol.

The advantage of the state |W,),,5 is that using a scheme
analogous to the usual superdense coding protocol, Alice can
transmit two classical bits to Bob by sending one qubit. For
this state, the protocol works as follows: Alice has the qubit
1, while Bob has the qubits 2 and 3. For simplicity, let Alice

PHYSICAL REVIEW A 74, 062320 (2006)

and Bob share |7,),3, which is a |W,),,; type state. Alice
can now apply {/,c,,io,,03} on her qubit 1. This will lead
to the set of four orthogonal states as given below:

|7y = 11 I77) =|71),
7)) — oy @ 1@ 1|7 =|&),
|7}y — ioy @ I @ 1197 = &),

|7y — o3 @ 1@ 1|70) = 7)), (20)

where the set of four mutually orthogonal states are
{l71),1&)}. These are defined in (14) and (15).

Now Alice can send her qubit to Bob who makes a three-
particle von Neumann measurement using only the orthogo-
nal states {|77),|&)}. Since these are orthogonal, Bob can
perfectly distinguish what operation Alice has applied. In this
way he can recover two classical bits of information. Here, it
is necessary that Bob knows the shared state in advance; then
he will know about the orthogonal states to use for the mea-
surement. More generally, if Alice and Bob have shared the
entangled state |W,) given in (3), then they can use the or-
thogonal W states {|7;),|&,)} for superdense coding. The su-
perdense coding protocol with W state also uses one ebit of
shared entanglement.

The GHZ state (7) can also be used to transmit three
classical bits by sending two qubits. This works as follows.
Alice has now particles 1 and 2, while Bob has the particle 3.
Alice can make unitary transformation on both her particles.
Then apart from the transformations given in (19), she can
apply the following transformations:

YD = 1® oy @ 1y =[5,

) — 1@ ioy ® Ily}) = i3),
) — o1 @ oy @ 1|yy) = |y,

1) — oy @ ioy @ 1Y) = i), (1)
¥;)} are given by

where {|¢3),

1
l¥5) = —=(|010) £ [101)),
V2

142) = ~=([110y = [oo1)). (22)
V2

Now Alice can send her two qubits to Bob who makes a
von Neumann measurement using the orthogonal set
{l) . [¥5).1¢5), |} This measurement will yield three
classical bits of information. Unfortunately, it may not be
possible to use the W states |W,),,5 to transmit three classical
bits of information. But, it is possible that some other class
of W states exist which can be used for such a task.

As earlier, we would note that |W,,),,; may not be the only
class of W states that allow superdense coding. If one ex-
plores further, specifically those W states that are of a linear
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superposition of more than three states, one may find W
states which may even allow Alice to transmit three classical
bits by sending two qubits. This is worth exploring in future.

V. CONCLUSIONS

In this paper we have shown that there exists a class of W
states which are useful for quantum teleportation. The
scheme presented here works analogously to the original
protocol. The only difference is that Alice needs to carry out
a three-qubit von Neumann projection instead of a Bell-state
measurement. Interestingly, the resource used for teleporting
an unknown qubit using the W state is one shared ebit and
communication of two classical bits. This reassures one that
we cannot outperform quantum teleportation of a qubit with
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less resource. The original protocol also uses one shared ebit
and two classical bits. Furthermore, we have shown that one
can perform a standard superdense coding scheme using a W
state. Again, here by sharing one ebit and sending a qubit
Alice can communicate two classical bits to Bob. So instead
of using an EPR pair for quantum teleportation and dense
coding one can use a W, state as well for the above purpose.
In the future, one can investigate if there are other classes of
W states useful for quantum teleportation and superdense
coding. One can also study if there are classes of W states
that can be used to send three classical bits by sending two
qubits. One can also investigate the possibility of teleporting
an unknown state by making two-qubit and one-qubit mea-
surements instead of a three-qubit measurement with a class
of W states as a resource.
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