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We discuss the effect of a single diagonal defect on both the static and dynamical properties of entanglement
in a spin chain. We show that entanglement localizes at the defect and discuss its localization length, arguing
that this can be used as a means to store entanglement. We also show that the impurity site can behave as an
entanglement mirror and characterize the bouncing process in terms of reflection and transmission coefficients.
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I. INTRODUCTION

Entanglement generation and distribution is a problem of
central importance in performing quantum-information tasks,
like teleportation and quantum cryptography. As entangle-
ment between parties is created by means of a direct inter-
action, methods are required to transfer either the entangled
particles or their state. Indeed, the problem of designing
quantum networks enabling efficient high-fidelity transfer of
quantum states has been addressed by a number of authors,
�1–6�, especially focusing on the requirement of minimal
control. This means that state transfer should be possible
without performing many control operations such as switch-
ing on and off the interactions, measuring, or applying en-
coding and decoding procedures.

In this respect, spin systems provide ideal models to study
entanglement properties as they are naturally employed as
qubit registers and exploited as quantum channels �or a co-
herent data bus�. Spin chains with fixed interactions have
been considered �1�, and solid state implementations have
already been proposed �2�. It has also been shown that per-
fect transfer can be achieved by performing local measure-
ments �3�, by using several spin chains in parallel �4�, by
employing local memories at the receiver side �5�, or by
means of a spatial modulation of the spin coupling strengths
�6�. For this last case, the effect of imperfections �static er-
rors� in the engineering of the spin system has been analyzed
in Ref. �7�, where a scaling of the transmission fidelity has
been obtained in terms of the degree of imperfection. This is
an example in which the disorder has been taken into ac-
count. In fact, considerable attention has been devoted to
disordered spin systems. A threshold in the coupling has
been found for the onset of entanglement between a bulk
impurity and its neighborhood �8�. Also it has been shown
that a faster �superballistic� distribution of entanglement be-
tween a central node and a series of distributed sites occurs if
the sender resides in a disordered region �9�. Furthermore,
perturbative, numerical, and Bethe-ansatz-based investiga-
tions of entanglement between two defects have been per-
formed for a disordered antiferromagnetic spin-1 /2 chain
with anisotropic exchange coupling, �10�. A possibility of
tuning the ground-state entanglement by a single off-
diagonal impurity in the anisotropic XY model has also been
considered �11�.

Diagonal disorder has also been considered in the
quantum-information context, but only the wave function lo-

calization issue has been addressed in terms of the inverse
participation ratio �12�, while entanglement localization has
been completely overlooked, apart from some considerations
reported in Ref. �13�.

It is well known that disorder can lead to a spatial local-
ization of the electronic wave function �14� and that, in par-
ticular, this occurs whenever impurities exist in a tight bind-
ing model. In fact, a single impurity suffices �15� and, in this
paper, we discuss how this translates into an entanglement
localization.

We consider the simplest example of a system displaying
localization; namely, a spin chain with a single diagonal de-
fect, that is, a chain subject to a local static magnetic field
which is equal at every spin location except for a single site,
where a field defect is present. We analyze both the static and
dynamical properties of such a system, and, in particular, we
discuss the case in which the ground state of the chain is a
localized state, showing a very peculiar spatial distribution of
quantum correlations. We also discuss how this localized
state affects the possibility of sending entanglement through
such a “defected” channel. In particular, we show that a mir-
rorlike effect occurs at the defect during entanglement propa-
gation. This achieves a �partial� control of the entanglement
dynamics, as, starting from a homogeneous system, the
modification of the single-qubit level spacing permits the
generation of an “artificial defect.”

The paper is structured as follows. The next section de-
scribes the model and its solution through the Green operator
technique; then we apply these results to discuss the static
entanglement structure of the localized state and the peculiar
properties of the chain with one defect when used as a quan-
tum channel for entanglement distribution in Secs. III and IV,
respectively. A summary is finally given in Sec. V.

II. SPIN CHAIN MODEL AND ITS SOLUTION

The model we study is a one-dimensional �1D� isotropic
XY spin-1

2 closed chain, placed in an external magnetic field
which is homogeneous everywhere but for a single �defect�
site l,

H = h �
i=−N/2

N/2

�z
i − J �

i=−N/2

N/2

��x
i �x

i+1 + �y
i �y

i+1� + ��z
l �1�

where h is the magnetic field, acting on every site but for site
l, where the field is h+�. Also, J is a ferromagnetic coupling
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constant, while �� are the Pauli matrices. We will consider
the impurity term as a perturbation and take as a reference
the results obtained for the homogeneous XY Hamiltonian
�16,17�. Since �H ,�i�z

i�=0, the total Hilbert space can be
divided into invariant subspaces labeled by the number of
spins that point upward. We will concentrate on the 0 and 1
excitation subspaces and denote by �n� the state with the
upward spin at site n.

Throughout, we consider the case 2h�J. This implies
that the unperturbed problem ��=0� has the factorized
ground state �0��N+1, whose energy we rescale to zero. In the
Hilbert space sector with one reversed spin, the unperturbed
energy basis is

�k� =
1

�N + 1
�

n

exp	2�ikn

N + 1

�n� �2�

with energy Ek=2h−J cos�2�k / �N+1��, and where k
=−N /2 ,−N /2+1, . . . ,N /2.

In this sector, the Hamiltonian �1� is equivalent to a tight-
binding problem with one diagonal impurity. This can be
solved with the help of the Green function technique �15�.

The unperturbed Green operator is

G0�z� =
1

z − H0
= �

k

�k��k�
z − Ek

. �3�

In the thermodynamic limit �N→��, the index k becomes
continuous and the states �k� give rise to a continuous energy
band, with Ek� �2h−J ,2h+J�= Ib. In this continuum limit,
the matrix elements of G0 between localized states can be
written

G0�r,s;z� =
�− x + �x2 − 1��r−s�

J�x2 − 1
, z � Ib, �4�

G0
±�r,s;z� =

�− x ± i�1 − x2��r−s�

±iJ�1 − x2
, z � Ib, �5�

where x= �z−2h� /J.

The Green operator for the full Hamiltonian can be ex-
pressed in terms of the unperturbed one, and, due to the
simple form of the interaction Hamiltonian, the Dyson series
can be resumed, giving the exact expression �15�

G�z� = G0�z� + G0�z��l�
2�

1 − 2�G0�l,l;z�
�l�G0�z� . �6�

The knowledge of the Green function �6� allows us to obtain
the spectrum of the Hamiltonian �1�. It turns out that the
energy band of the continuous spectrum is unaffected, as for
E� �2h−J ,2h+J� the Green function has a cut in the com-
plex plane. The associated eigenstates are given by ���E��
=�nan�E��n�, with

an�E� =
1

�N + 1
	ei	n +

�ei�	��n−l�

i�sin 	� − �
ei	l
 , �7�

where �=2� /J and cos 	= �2h−E� /J.
Besides a distortion of the states within the band, the per-

turbation produces the appearance of a localized eigenstate,
whose energy is given by the pole of the Green function �6�,
determined by the equation 2�G0�l , l ;Eloc�=1. This state lies
above or below the band, depending on wether � is greater
than zero or not, and its energy is Eloc=2h
J�1+�2. Ex-
plicitly, the state is given by ��loc�=�nbn�n�, with

bn =�−
����

�1 + �2�1/4 exp�− �����n − l�� , � � 0,

�− 1��n−l�
����

�1 + �2�1/4 exp�− �����n − l�� � � 0,

�8�

where ����=−ln��1+�2− ����. �−1 is the spatial extension �or
localization length� of ��loc� around the impurity site l �� is
obtained in Ref. �18� for the XXZ model�. For 2h /J�1+�2

�1 with ��0 �that is, for negative and large enough ��, Eloc
is lower than zero and ��loc� becomes the ground state of the
system.
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FIG. 1. �Color online� Top left:
Localization length as a function
of ���. Bottom left and right:
Ground-state concurrence be-
tween the impurity and the spin at
site j. Notice the exponential de-
crease as a function of the
distance.
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III. ENTANGLEMENT IN THE LOCALIZED STATES

We analyze the entanglement content of this localized
state. In particular, we concentrate on the pairwise quantum
correlations shared by the qubits at sites i and j as measured
by the concurrence �19�. It is easy to show that the concur-
rence between these sites is given by the residue of the as-
sociated matrix element of the Green operator �to simplify
the notation, we set l=0 and measure distances along the
chain from the impurity site�

Cij = 2Res�G�i, j ;Eloc�� =
2���

�1 + �2
e−���i�+�j��. �9�

As a result of the presence of the magnetic field defect, pair-
wise entanglement is only present for spins residing within a
distance 1/� from the impurity and it decays exponentially
with the separation. In this sense, we state that entanglement
is localized in the neighborhood of the defect. As the local-
ization length becomes less than the site spacing for �
 �1
−e2� /2e�−1.175, entanglement is highly localized even for
small values of the defect field.

IV. ENTANGLEMENT PROPAGATION

We now analyze the transmission of a quantum state
along the chain. In particular, we are interested in character-
izing entanglement distribution; namely, the possibility of
using the chain to send one partner of a maximally entangled
pair. A related problem is the transmission of a single qubit
state along the chain. To send one qubit, we imagine that at
site s, the sender prepares a generic single qubit state ��s�
which is aimed to be retrieved at site r �where, in general, the
mixed state �r�t� is extracted at time t�. A measure of the
quality of the chain as a transmission channel is given by the
fidelity F�t�= ��s��r�t���s�, averaged over all possible mes-
sages ��s�. On the other hand, to send entanglement, the spin
s is initially prepared in a singlet state with an external �un-
coupled� qubit. The entanglement transmission can be char-
acterized by the �final� concurrence between the external qu-
bit and the one residing at the receiving site r, denoted by
Cr�t�.

In fact, the two quantities F and C are related �1�, as both
can be expressed in terms of the transmission amplitude to

send an excitation from s to r, frs�t�= �r�e−iHt�s�. Explicitly,
the averaged fidelity is �F��t�= ��frs�t�+1�2+2� /6, whereas
the concurrence is given by Cr�t�= �frs�. In our case, the tran-
sition amplitude is given by a complicated combination of
matrix elements of the Green functions,

frs�t� = �
−�

� d	

2�
�ei	�r−s� + ei	�l−s�gr,l

�+� + ei	�r−l�gl,s
�−�

+ gr,l
�+�gl,s

�−��e−iEt + Res�G�r,s;Eloc��e−iEloct �10�

where, within the integral, E=2h−J cos 	, while

gi,j
�±��E� =

�G0
�±��i, j ;E�

1 − �G0
�±��l,l;E�

=
�e±i�	��i−j�

±i sin�	� − �
.

The amplitude frs given in Eq. �10� contains two terms. One
contribution comes from the localized state; it has the same
structure as the concurrence Crs given in Eq. �9�. The other
contribution is written in terms of an integral over the branch
cut region of the Green function, describing the evolution of
the states within the continuous band. While the former goes
to zero with the amplitude of the defect �, the latter does not,
as it reduces to the unperturbed transition amplitude when
�→0. This is given by the Bessel function of order r−s and
argument �=Jt, Jr−s��� �see Ref. �16��. The main effect of a
finite defect field in the second term is a distortion of the
amplitude, with the appearance of contributions describing
scattering at the defect during propagation from s to r.

In the limit of ��1, a series of simple remarks can be
made. First of all, the localization length goes to zero, and
therefore the localized state is really concentrated on the im-
purity site. As a result, if the qubit residing there is initially
entangled with an external one, the entanglement doesn’t
propagate at all, and the concurrence has the simple form
�for s= l=0�

Cr ��1 −
1

2�2 , r = 0,

r

����
Jr��� , r � 0,
 �11�

where a quickly decaying contribution has been neglected in
the first line.
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FIG. 2. �Color online� Time evolution of the concurrence Cr for �=−2 and two different initial conditions. The left plot shows the case
in which the sender resides at the defect site �l=s=0�, whereas the right plot shows the case s=−5. In the first case, the entanglement with
the external qubit stays localized at the sender site, while in the second one, entanglement propagates almost symmetrically from the sender
site up to the defect, where it is reflected back.
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Second, the transmission through the defect is very poor.
Indeed, when the sender is on one side of the impurity �lo-
cated at l=0�, while the receiving site is on the other one, at
a distance d= �r�+ �s�, the concurrence is given by

Cr �
1

2���
�Jd+1��� + Jd−1���� , �12�

which decays both with the distance between the sites and
with time as �−3/2.

Finally, the defect can reflect entanglement. Indeed, when
both the sender and the receiver are on the same side �say
s ,r�0 with r�s�, the concurrence is given by the combina-
tion of three terms:

Cr = ��− 1�sJr−s��� − Jr+s − i
Jr+s+1 + Jr+s−1

2�
� . �13�

This relation has a simple interpretation: the entanglement
can either propagate directly from s to r �a process weighted
by the unperturbed transition amplitude given by the Bessel
function Jr−s�, or it can propagate to the defect and then be
reflected to the site r �thus traveling a distance 2s+r−s=r
+s�. This latter process has an amplitude obtained by �1�
taking the Bessel function Jr+s which describes propagation
along this distance, and �2� subtracting �with its own relative
phase� the amplitude for entanglement transmission through
the defect.

Although not easily seen from the full expression of Eq.
�10�, these two main features of entanglement localization
and reflection at the impurity site, are present also for mod-
erate values of �. This can be seen in Fig. 2, where the case
�=−2 is illustrated. By increasing �, these effects become
more and more pronounced and the secondary propagation
lines which are present in Fig. 2 tend to disappear. It is worth
stressing at this point that large �’s do not necessarily mean
large difference in the Zeeman energies. In fact, � is the ratio
between the defect field and the exchange energy, so that we
could have ��h even if � is large �provided, of course, one
has J�h�.

To better characterize the effect of the impurity on en-
tanglement propagation, we can introduce reflection and
transmission coefficients. Indeed, we can exploit the fact that
states with one reversed spin saturate the Coffman-Kundu-
Wootters inequality �20�, which in our case implies that
�rCr

2�t�=1, and use the tangle as a probability distribution to
define �to be specific, we consider the case of s�0�

T = lim
t→�

�
r�0

Cr
2�t�, R = lim

t→�
�
r�0

Cr
2�t� . �14�

The transmission and reflection coefficients are shown in
Fig. 3 as functions of �.

Entanglement reflection at the defect is completely ac-
counted for by the presence of the localized state. Indeed,
since the overlap between the initial state and ��loc� is expo-
nentially small, entanglement propagates almost freely up to
the defect site, but then the spin-reversal excitation cannot
enter there. As the Hamiltonian describes nearest-neighbor
interaction, subsequent spins cannot receive the excitation
and are, therefore, almost excluded from the dynamics. As a
result, entanglement is reflected backward.

V. SUMMARY AND OUTLOOK

In summary, we discussed the effect of a single magnetic
field defect on entanglement in a spin chain. We found that
this impurity produces a state with localized entanglement,
whose presence strongly affects the dynamics of the chain.
Indeed, the qubit at the defect site can either maintain en-
tanglement for long times or work as an entanglement mir-
ror. These two properties, obtained by modifying the local
magnetic field of just one qubit, can be exploited to achieve
a control on the propagation of pairwise quantum correla-
tions in distributed qubit systems. Indeed, we have shown
that entanglement can be stored for long times at the defect
site, and it is easily envisaged that one can release it at will
by switching off the defect field, which causes the start of
entanglement propagation along the chain. Furthermore, this
propagation can be adjusted �for example, by putting the
defect on one side of the sender� so that entanglement can be
directed toward the receiver.
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