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Splitting quantum information via W states
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We describe a procedure for splitting quantum information into two or more parts so that if and only if the

recipients cooperate, the original qubit can be reconstructed. Our scheme uses W-type entangled states as the
quantum channel and thus the scheme is robust against decoherence. We illustrate the procedure in the ion-trap
system, but the idea can also be realized in other systems.
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Entanglement, one of the most striking features of quan-
tum mechanics, not only provides possibilities for testing
quantum mechanics against local hidden-variable theories,
but also has many practical applications in quantum informa-
tion processing. One well-known example is teleportation
[1]. In teleportation the sender (Alice) and the receiver (Bob)
initially share a maximally entangled state of two particles.
Alice then performs a joint measurement on her particle of
the entangled pair and the particle whose state is to be tele-
ported. With the outcome transmitted to Bob via a classical
channel, he can recover the teleported state on his particle by
an appropriate transformation.

On the other hand, Hillery er al. [2] have described a
procedure for realizing quantum secret sharing by using mul-
tiparticle maximally entangled states, i.e., the Greenberger-
Horne-Zeilinger (GHZ) states [3]. For classical information a
shared key can be established between one party and two or
more others, all of whom should work together to read the
message. In the case of quantum information, Alice tele-
ported a qubit in such a way that the qubit can be recovered
if and only if two or more parties at the receiving end agree
to collaborate. Karlsson et al. [4] and Cleve et al. [5] have
also proposed different schemes for quantum secret sharing
and quantum information splitting, which require the particle
carrying the quantum information be first entangled with the
other particles to share the information. Murao et al. [6] have
shown that a telecloning scheme can also be applied to split
quantum information into two or more parts. In this case the
original state can be reconstructed if and only if the output
clones and an ancilla is brought together. In order to broad-
cast quantum information from one sender to M recipients,
one should exploit entanglement of 2M particles. In this pa-
per we present an alternative scheme for splitting quantum
information into M parts. Our scheme uses W-type entangled
states of M+1 qubits as the quantum channel. The W state
has some interesting properties [7]. For example, it retains
bipartite entanglement when any one of the three qubits is
traced out and thus it is much more robust than the GHZ
states, as demonstrated in the recent experiment [8]. Thus the
scheme is more robust against decoherence than the scheme
of Ref. [2]. In comparison with the schemes of Refs. [4,5],
our scheme does not require the particle carrying the quan-
tum information be first entangled with the other particles.
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The number of required qubits is smaller than that in the
scheme of Ref. [6].

We assume that Alice possesses a qubit, which is in an
unknown state

1) =al0p) + BI1,). (1)

Alice, Bob, and Charie share an entangled state of the W
type,

1 1 1
510,0314) + =[0,130,) + —=[1,0304). 2)
2 2 \;’2

The state of the whole system is

1 1 1
a| 10,0,0514) + =[0,0,1504) + _r|01 1,0504)
2 2 V2

1 1 1
+ /3(5“1020314) + 5|11021304> + _E|11120304>>- (3)
\

Then Alice performs a joint measurement on her two qu-
bits with respect to Bell states [9]

1
[¥) = —=(]0,0,) £ [11,)),
V2

1
| %) = —=(|0,1,) £[1,0,)). 4)
V2

The particles held by Bob and Charie collapse onto one of
the following entangled states:

1
TECY(|O314> +[1504)) = B8l0;0,),
N

1
a|0304) + VTEB(|0314> + |1304>) . (5)

After the Bell-state measurement the quantum information is
encoded in the coefficients of the two components
é(|0314>+|1304>) and |050,). The two components are not
symmetric, with one component being a Bell state and the
other being a product state. Due to this fact, the initial
W-type state used as the quantum channel should also be
asymmetric, i.e., a nonmaximally entangled W-type state, as
shown in Eq. (2). The nonclone theorem allows only one
particle to be in the original state of particle 1 [10]. Neither
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Bob nor Charie can recover the original qubit only by local
operations on their own particles. In order to reconstruct the
original qubit the two particles should be brought together to
the same location. We here assume that Bob and Charie
agree to let Charie possess the final qubit and thus Bob sends
his particle to Charie. Then a unitary transformation is per-
formed on the two particles

1
’_E(|O3l4> +[1504)) — [0514),
\J

10304) — [050,)). (6)
In this case the fourth particle evolves into
(ally) = Bl04)),
(a0, = A1), (7)

with the third particle left in the state |05). With the outcome
of the joint measurement transmitted to Charie he can per-
form a rotation on his particle to reconstruct the original
qubit. In the following we illustrate the idea in the ion-trap
system, but it should be applicable to other systems.

We consider four two-level ions confined in a linear trap.
Assume that the first ion is initially in the state of Eq. (1). We
simultaneously drive the other three ions with a laser beam,
tuned to wy—v— 95, where w, is the frequency of the elec-
tronic transition |1)—|0) and v is the frequency of the
center-of-mass mode of the collective motion of the ions. We
here assume that d<<v. In this case, the excitation of the
stretch modes is far off-resonant and thus can be discarded.
We consider the resolved sideband regime, where the vibra-
tional frequency v is much larger than other characteristic
frequencies. In the Lamb-Dicke regime, ie., y\in+1<1,
with 7 being the Lamb-Dicke parameter and 77 being the
mean phonon number of the center-of-mass mode, the inter-
action Hamiltonian can be approximated by

4

H; = inQe Y, G;aei5t+ H.c., (8)
=2

where 2. represents summation, 0';-'=|1 j)(0j| is the spin flip
operator, and a is the annihilation operators for the collective
vibrational mode. The Hamiltonian is mathematically identi-
cal to that describing the interaction of two-level atoms with
a single-mode cavity mode, with the cavity mode replaced
by the vibrational mode [11]. In the case 6> 7Q\7i+1, there
is no energy exchange between the external and internal de-
grees of freedom. The energy-conserving transitions are be-
tween |1,0;2) and 0;1;n). Then the effective Hamiltonian is

4 4
H, =\ > (|1j)(1j|acfr - |0j)(0j|aTa) + > a’}'a;] , jFk.
=2

jk=2
)

The first and second terms describe the phonon-number-
dependent Stark shifts, and the third term describes the cou-
pling between the jth and kth ions induced by the virtual
vibrational excitation. The effective coupling strength is in-
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dependent of the phonon-number because there are two tran-
sition paths that interfere destructively. Assume that the vi-
brational mode is initially in the vacuum state. It will remain
in this state throughout the procedure since the vibrational
quantum number conserves. Then H, reduces to

4 4
He,l:)\(2|1j><1j|+ > 0';0'1:>, Jj#k, (10)
j=2

k=2
where

A= (5Q)%/6. (11)

Assume that ions 2, 3, and 4 are initially in the state |12>,
|05), and |0,), respectively. Thus the initial state of the ionic
system is |1,050,). After an interaction time 7, the state of
the system is

2+ e_B)\Tl e—i3)\7'1 -1
|¢(7'1)> = T| 1,050,4) + T(|021304>
+(0,0514)). (12)

We choose \7,=[m—arccos(1/8)]/3. Then we obtain the
three-particle W state

1 . 1
l(7))) = T§€M|120304> + 5(|021304> +10,051)), (13)
v

where

sin(3\7;)

sin(3\7;)
——————— —arctan
1 +cos(3hT))

2+ cos(3N7y)
(14)

0= - arctan

. sin(3\7))
We here have discarded the common phase arctan 17750,

Performing the single-qubit rotation |1); —e~"?1),, we ob-
tain the state of Eq. (2).

Now we perform the transformation |0,)— i|0,), leading
to

1
=) — V_E(i|0102> =[1112)),

1
|q)i>—>\’_6(|0112>ii|1102>)- (15)

Then we excite the first two ions with two lasers of frequen-
cies wg+ v+ 0 and wy—v— 5. Under the conditions << v and

n VN n+1<1 the Hamiltonian in the interaction picture is

2
H;= inQe Y, U;T(afe‘i‘sz +ae'”) +He. (16)
j=r

When 6> 7Q) and ¢=m/2 the effective Hamiltonian is [12]
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2
Hoo=\ > (| XL +[0X0) + 2(a]o} + 005 + H.c.):| ,
Jj=1

(17)

with \ given by Eq. (11). The appearance of the factor 2 is
due to the fact that there are two pairs of paths for each
transition [12]. The Hamiltonian leads to the transition

[1,1,) — e72 2 cos(2N7,)|1,1,) — i sin(2X7,)[0,0,)],
|0,0,) — e72*72[cos(2N7,)|0,0,) — i sin(2A7y)|1;1,)],
|1,0,) — e 2[cos(2N7,)[1,0,) — i sin(2A7,)[0,1,)],

|0,1,) — e 222 cos(2N7,)|0,1,) — i sin(2N7,)|1,0,)].
(18)

This corresponds to
1 [ .
'_E(l|0102> *|[1,1,) — ,—Ee A{i[(cos 2N 7,) F sin(2\7) ]
v \V

X[]0,0,)] + [sin(2A 7,) £ (cos 2\ 7,)]
X112},

1 1 .
’_qul 1,) +|1,0,)) — Tze‘z”‘fz{[(cos 2\7,) +sin(2\7,)]
v v

X[|0112>] + l[— Sin(z)\7'2)
+ (COS 2)\7’2)]|1|02>} (19)
Choosing 2\ 7,=m/4, we obtain

|\Ifi>—>{|1112>

i0,0,),

@%) — {'01.12> (20)
- l| 1 102> .
The common phase factor e”™* is discarded. Hence, the
joint measurement can be achieved by detecting ions 1 and 2
separately. After the Bell-state measurement, the third and
fourth ions collapse to one of the states of Eq. (5).
Then we perform the rotation |15)— i|15), leading to

1 1
—=([0515) +1509) — =051 +i[1;0,). (21
\’E(| 3 4> | 3 4>) \12 (| 3 4> | 3 4>) ( )

We simultaneously drive the third and fourth ions with a
laser beam, tuned to wy—v—4. Under the above-mentioned
conditions the effective Hamiltonian is

4
H,s= )\(E ||+ ooy + a;az) . (22)
j=3

Thus we obtain the evolution

|0314> — e_i)\TS[COS()\ 7'3)|0314> -1 Sin()\T3)| 1304>],
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1504) — e™3[cos(N73)[150,) — i sin(A73)[0514)]. (23)

Choosing A3=m/4 we have

1 A
\'_5(|0314> +1i]1504)) — e ™4051,). (24)

On the other hand, |0;0,) undergoes no change. Then we
perform the transformation |1,)—e'™*1,), leading to the
transformation of Eq. (6). By this way, the fourth ion is in
one of the states given by Eq. (7). According to the outcome
of the Bell-state measurement, one can perform an appropri-
ate rotation to reconstruct the initial state of particle 1.

We now consider the error induced by decoherence. Ac-
cording to the experiment of the Innsbruck group [8], one
Zeeman level of the S/, ground state of *’Ca* ions can act as
the state |0), while one Zeeman level of the metastable Dy,
state can act as the state |1). The lifetime of the metastable
state is very long and thus the spontaneous emission is neg-
ligible. For the setup of the NIST group, one can use the
Raman transition between a pair of the hyperfine S;,, ground
states of “Be* ions through a virtual excited state to suppress
the spontaneous emission [13]. Setting Q1=0.1v, §=0.2v, and
7=0.1, we have A=0.5X 1073». The total time required to
complete the procedure is about 7=0.547/\=3.393
X 103/ v. The probability of the vibrational mode being ex-
cited via the laser excitation is on the order of P
~ (7€)% 8*=0.0025. Set I'=0.005v [14], with T being the
decoherence rate of the vibrational mode. Then the error
caused by the decoherence of the vibrational mode is on the
order of PI'T=0.0424.

We suppose the fluctuation of the Rabi frequency of the
laser field to be &. Then the infidelity caused by the fluc-
tuation is about &,=§(m8/6Q)>+4(78,/4Q)%. Setting &
=0.05Q) we have &,=0.00647. We note that the effective
Hamiltonians of Egs. (10) and (22) is independent of the
phase of the laser field. Thus the state evolutions governed
by these two Hamiltonians are not affected by the fluctuation
of the phase of the laser field. On the other hand, in order to
obtain the effective Hamiltonian of Eq. (17) we have as-
sumed that both lasers have the same phase 7/2. Suppose
the fluctuations of the phases of the two laser fields to be 5¢’1
and 5(/,2. The error caused by the fluctuations is about g,
=1(84,+8,). Setting 8, =5, =0.1 we obtain &,=0.01.
With all of the above-mentioned nonideal situations being
considered, the fidelity is about 0.941.

The scheme can easily be generalized to split quantum
information among more than two parties. In order to do so,
the sender and the M parties should initially share an
M-particle entangled state

1 1
= ?(|0203"'0M1M+1>+|0203"'0M—11M0M+1>+
V2| VM

+1021504 *++ 04/04741)) + [1505 -+ 040p741) |- (25)

After Alice performs a joint measurement on her two qubits
the M —1 particles at the receiving ends collapse onto one of
the following states:
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1
W“(|0304"'0M1M+1> +0304 -+ 0pr_y 1psOpgr) + -+

+1031405 -+ 04/04741)) = Bl03 -+ 0405741,

1
|03+ 0)0p7,1) % \’73“0304 o Oprlpger)

+10304+++ 0py— 1 1pOprp ) + =+ +[130405 7+ 04/0p751)) -
(26)

Then the M—1 particles are brought together to the same
location and a transformation is performed on them;

1
=(]0504 -+ 01 p71) + 10304 = 04y 1y 0pp41) + -+
VM
+1130405+++ 04/04741)) — [0y -+ OprLars1),

|05+ 04/0pz41) — (03 0pf0pz41)- (27)
By this way, the (M + 1)th particle evolves into
a|1M+1> + B|OM+1>,
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a’|OM+l>i:8|lM+1>’ (28)

with all of the other particles left in the state |0). The original
qubit can be reconstructed by performing a proper unitary
transformation.

In summary, we have described a procedure for splitting
quantum information into two or more parts using multipar-
ticle W-type entangled states. In order to recover the qubit
the particles at the receiving sides should be brought to-
gether. The key point of our scheme is that a nonmaximally
entangled state can be used for quantum information pro-
cessing with a probability of success being 1. The scheme is
much more robust than the previous scheme using GHZ
states. We illustrate the idea in the ion-trap system. However,
it can also be realized in other systems.
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