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In a departure from our previous work modeling antiproton capture on helium, with its relatively straight-
forward, fixed center target, extending the semiclassical approach to molecular hydrogen, a multicenter target
with target masses identical to the projectile, requires that we reconsider the fundamental nature of our model,
in particular the momentum-dependent Heisenberg core used to stabilize electrons in the ground state. Here we
discuss the main features of our Kirschbaum-Wilets model of molecular hydrogen as it is calibrated against

proton collision data, and then used to study antiproton collisions. Details of the collision process are pre-
sented, including the energy and angular momentum states of incident antiprotons that result in formation of
pp, and the resulting distribution of protonium atomic states.
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I. INTRODUCTION

Protonium, the antiproton-proton atomic structure, is the
simplest neutral baryonic system, quite analogous to leptonic
positronium. The x-ray spectrum of protonium, utilizing la-
sers, provides an opportunity to study antiproton properties
and the interaction of antiprotons with protons to high preci-
sion. Newly available low-energy antiproton beams (of the
order of 10 eV) colliding with atomic hydrogen (H), molecu-
lar hydrogen ions (H,"), or neutral molecular hydrogen (H,)
[1,2] have been proposed to produce protonium.

Of vital interest to experimentalists planning measure-
ment of the radiative decay spectrum of positronium is
knowledge of the distribution of n and L values in which the
system is produced. Calculating the collision processes lead-
ing to this formation is a three-, four-, or five-body problem
for the cases of p on H, H,*, or H,. Such few-body quantal
calculations are challenging. Results have been presented for
the three-body ppe system [3], but fully quantal calculations
have not been reported for the four- and five-body systems.

Our semiclassical approach to collision modeling is moti-
vated by the desire to better understand such many-body
quantum-mechanical systems using the computationally trac-
table model originally developed by Wilets et al. to model
nuclear matter [4,5] and later adapted to atomic problems by
Kirschbaum and Wilets (KW) [6]; the KW approach has
been applied to a variety of nuclear [7,8] and atomic [9—14]
problems. The KW semiclassical model starts with a classi-
cal Hamiltonian, and then incorporates position- and
momentum-dependent pseudopotentials to exclude particles
from quantum-mechanically forbidden regions of phase
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space. In general, a “Heisenberg” pseudopotential prevents
electron collapse into the nucleus while a “Pauli” pseudopo-
tential holds electrons of like spin apart in phase space; for
the present case of molecular hydrogen, we use only a two-
center Heisenberg pseudopotential to prevent electron col-
lapse into the protons.

As detailed in our previous work on atomic problems [9],
proper design of the pseudopotential is fundamental to
achieving an accurate representation of the target system,
one which will have well-behaved collision dynamics. Be-
fore its use to study antiproton collisions, the molecular
model is calibrated by adjusting pseudopotential parameters
to reproduce experimental proton stopping powers at fixed
collision energies.

Antiproton collisions are initially studied at fixed collision
energies to verify model behavior, and to better understand
the important features of p-H, dynamics. We then examine
the process of protonium formation in a cascade of colli-
sions, in which the final energy of one collision is used as the
next initial energy, much as we would expect in collision
experiments, until the cascade ends with eventual antiproton
capture, allowing analysis of protonium states from a realis-
tic distribution of collision energies and impact parameters.

Collisions are performed over Monte Carlo initial condi-
tions, which include separate solid body rotations and inver-
sions of target positions and momenta, as well as randomiza-
tion of the impact parameter b in equal areas of wdb* up to
an empirically selected b,,,,. Our aim is to avoid affecting
our results by restricting the range of initial conditions; thus
we continue to expand the collision cascade, i.e., increase the
value of the initial collision energy, the size of b,,,,, and the
initial distance to the target at the start of each collision, until
we see minimal changes in the overall capture process and
products. Randomizing all collisions in a lengthy cascade
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over the full cross-sectional area of impact parameters can
involve significant amounts of computational time, but it al-
lows a more confident analysis of collision products, from a
realistically weighted distribution of initial conditions, than
is achieved from a more limited selection of initial condi-
tions.

Portions of this problem have been previously addressed
by Cohen [13], who focused on an extension of the KW
method to the H, molecule, positing multiple additional ad
hoc pseudopotential terms to ameliorate what he found to be
gravely overbound molecular ground states. By returning to
the fundamentals of the KW method, in particular to the
behavior of the Heisenberg pseudopotential in a multicenter
molecule, we show that these additional terms are unneces-
sary to achieve a correctly bound ground state which can be
used for accurate collision modeling. While our overall cross
sections for protonium formation are similar to those calcu-
lated by Cohen over a fair range of collision energies, our
mixes of collision products and of final protonium states are
distinctly different, which we address in terms of the funda-
mentals of semiclassical collision modeling.

II. SEMICLASSICAL MODEL OF H,

Our model of H, begins with the classical Hamiltonian, in
the case of H,,
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where r;,p;, i=1,2, and R;.P;, j=a,b, are the electron and
proton coordinates, with r;;=|r;—R;| and p;;=|p;—P;/M|; M
is the proton mass and V is the net system Coulomb energy.
We use atomic units with e=m,=h=1 throughout. This
model is simple but unstable, as one electron will boil off
while the other collapses into a proton. Adding our model of

quantum-mechanical effects, a pseudopotential of the form

2

Vi(r,p) = exp{af1 - (rp/é)*T}, 2)

4ar?
structures and stabilizes the semiclassical ground state by
repelling the electrons from forbidden regions of phase
space, in this case a core around each proton of size &h(h
=1) and hardness «:

2
Heye=T+Vce+ D, 4§ 7 explall = (rp /&' (3)
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This Hamiltonian minimizes to a symmetrical planar
ground state, e.g., Fig. 1, in which the two electrons lie on
the line bisecting the proton axis with rj,=R,,=1.574, and
have zero velocity but nonzero momentum,

i',-=0=(9H/(?pl~=pi+c9VH/z?pi; (4)
R ; and Pj are also zero.

This ground state obeys a virial theorem, with the identi-
fication of T+Vy as the effective kinetic energy 7,
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FIG. 1. (Color online) Symmetrical ground state for KW model
of molecular hydrogen, =1, £=0.894, r\,=R,,=1.574.

Etotal=ESC= T+ VH+ VC= Teff+ VC= Vc/z =- eff-
(5)

As shown in Fig. 2, increasing core size ¢ for fixed
core hardness « expands the ground state, i.e., the rj;
(=r12/\V2=R,,/\2) increase as the electrons are excluded
from a larger core around each proton, and total system Cou-
lomb attraction V, effective kinetic energy T, and ground-
state energy decrease, reaching the experimental ground-
state energy of —1.174 a.u. for a=1 and £=0.894, the
configuration of Fig. 1.

Note that this system minimizes to the correct ground-
state energy without the several additional pseudopotential
terms advocated by Cohen to avoid overbinding, by what he
reported was a factor of 4 [13]. We find a continuum of
choices available for pairs of the variables ¢ and « which
will minimize to the correct ground-state energy, as shown in
Fig. 3, which plots a range of ground states with the correct
total energy against the pseudopotential core hardness «. Se-
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FIG. 2. (Color online) Minimized semiclassical system energies
Egc (=T,4+Vc), and corresponding ground-state electron-proton
distances r;;, plotted as a function of core size ¢ for fixed core
hardness a=1. As core size increases, electrons are repelled further
from the protons, and interaction energies decrease, matching the
experimental H, ground-state energy for £=0.894; all of these
minimized model states obey the virial theorem |Egc|=T,;
==V/2.
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FIG. 3. (Color online) Range of ground states with the correct
ground-state energy, plotted as a function of core hardness a. As
core hardness increases and core interactions decrease, electron
ground-state momentum and kinetic energy also increase as the core
size ¢ is increased to maintain the correct ground state size and
energy.

lection among these ground-state candidates is made on the
basis of collision dynamics, as will be discussed below.
Somewhat paradoxically, as Heisenberg core hardness is
increased, there is less interaction between the electrons and
the repulsive pseudopotential core, and binding energy in-
creases. As a result, core size & must also be increased, thus
increasing core repulsion, to maintain the same system con-
figuration, Coulomb energy V and total system binding en-
ergy. Even so, as the core pseudopotential term Vj decreases
with increasing core hardness, the electrons’ ground state
momentum and kinetic energy increase, maintaining the
same effective kinetic energy T,=|Esc|=-Vc/2.
Molecular binding energy curves are shown in Fig. 4. The
H, ground-state binding energy is correct, with the potential
well for interatomic separation somewhat broader than the
Rydberg experimental values, as reported by Hirschfelder
[15]. The model H," binding energy =0.79 a.u., i.e., over-
bound relative to the experimental value, =0.6 a.u., by
somewhat less than 0.2 a.u., again more well behaved than
the factor of 6 reported by Cohen. While one could tweak
KW model parameters to replicate particular features of the
ground state, e.g., the shape of the potential well, this is not
our goal for this model, but rather to validate its use as a
target for collision calculations. One could also adjust the
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FIG. 4. (Color online) Molecular binding energy vs interatomic
separation R,;,. The KW model shows a broader potential well than
the experimental values, with H,* overbound by <0.2 a.u.
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model to include the %ﬁw vibrational energy in the ground
state, with @ determined from a quadratic fit to the potential
well, and the correct vibrational momentum imparted to the
protons; however, we found this correction to have negligible
effect on collision results.

III. COLLISION CALCULATIONS
AND STOPPING POWER

Minimizing to the correct ground-state energy leaves one
free parameter in the model, which can be adjusted to modify
the characteristics of the ground state. As is true for all simu-
lations, our model’s credibility hinges on the degree to which
it can replicate experimental data. To validate our model for
use in antiproton collision calculations, we first calibrate it
against the well-documented proton stopping powers [16].
Proton collisions are performed by adding a proton (index c)
to the semiclassical Hamiltonian,

1 1
HSC+P=HSC+P§/2M_Er_+2R__» (6)

i lic Jj jc
and evolving the positions and momenta by inte-
grating Hamilton’s equations of motion, i;=JdH/dp; and
pi=—0H/ dr;, through the course of a collision.

A set of collisions is performed with Monte Carlo initial
conditions to include separate solid-body rotations and inver-
sions of both positions and momenta, and randomization of
impact parameters with equal areas mdb?* over the full range.
From this ensemble, stopping power, defined as the integral
over the impact parameter b of the energy loss times 27b, is
calculated for a fixed initial energy E as

N
1
oAE(E,) = wb?,,MXIE AE(Ey) (7)
i=1

where AE;(E,) is the energy loss of the ith collision; statis-
tical errors are

S(oAE) =

a2 | S (AR (E AE) v
— - . (8)
VN N N

Multiple collision sets are calculated, varying the maxi-
mum impact parameter b,,,, to verify that it does not affect
the final results by limiting collision calculations to an inner
region; we have again found this to be one of the essential
factors in reproducing experimental stopping power data.

As demonstrated previously [9], the critical parameter for
reproducing experimental stopping power is the core hard-
ness @. As shown in Fig. 5, with twice as many pseudopo-
tentials acting upon each electron in H,, we find the best fit
to experimental stopping powers with a=1, i.e., half as
strong as the a=2 pseudopotentials used in our single-center
atomic models. Stronger pseudopotentials, i.e., higher «, dis-
tort the stopping powers by more stiffly localizing the
ground-state electrons, and increasing their ground-state mo-
menta (see Fig. 3), resulting in unrealistically strong interac-
tions and too large a momentum exchange with colliding
protons. We thus fix our core hardness at @=1 and adjust
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FIG. 5. (Color online) Proton stopping powers for different
choices of core hardness «. Stopping powers increase with «, as
electrons are fixed more rigidly, have greater ground-state mo-
menta, and interact more strongly with the colliding protons; the
two-center H, model fits experimental data with pseudopotentials
half as strong as used in the atomic model.

core size to £=0.894, which yields a ground state with the
correct energy, stopping power and, as we would expect for a
system with the correct ground-state energy, a good approxi-
mation to ground-state size, the symmetrical configuration
shown in Fig. 1.

IV. ANTIPROTON CAPTURE AND THE COLLISION
CASCADE

The Hamiltonian for antiproton collisions is the same as
Eq. (6) with a sign change upon replacement of the proton
projectile with an antiproton (index d),

HSC+F=HSC+P?1/2M+EL_EL- )
i Tia ; R

Higher-energy stopping powers are similar to those calcu-
lated for protons, but with very limited product formation;
above a collision energy of 100 eV (=3.8 a.u.), we see sta-
tistically insignificant protonium formation. Our total cross
sections for protonium formation at lower collision energies
are shown in Fig. 6, calculated from 1000 collisions at each
energy, distributed over a range of impact parameters up to
bax=10 a.u. (verification at b,,,,=20 a.u. showed similar re-
sults, although with larger statistical errors.) From a range of
1-100 eV our cross sections match well with those reported
by Cohen; below ~0.2 eV our cross sections begin to satu-
rate, with all antiprotons captured into protonium for these
collision conditions.

Study of p—H, interactions at fixed collision energies pro-
vides the opportunity to further develop the semiclassical
model, and validate the discrimination and analysis of colli-
sion products (of which there can be a wide variety in the
intermediate stages of a collision); however, the central ques-
tion of what kinds of protonium states are likely to be actu-
ally formed remains open. In order to observe antiproton
capture from a realistic distribution of collision energies and
impact parameters, we employ a cascade of collisions, a
method originally used in our earlier study of the formation
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FIG. 6. (Color online) Total low-energy cross sections for pro-
tonium formation in the KW model, run with a maximum impact
parameter of 10 a.u. In the range of 1-100 eV Cohen’s results are
quite similar to the KW model; at lower collision energies this KW
simulation saturates, with all antiprotons captured into protonium
for this b,,,,-

of antiprotonic He. Starting with an initial energy well above
the range in which antiproton capture can occur, we follow a
sequence of collisions, using the final energy of one as the
starting point of the next, with full Monte Carlo of the target
configuration and impact parameter, until capture occurs.
The initial conditions, most importantly the initial collision
energy and the range of impact parameters, are again chosen
so that they have negligible effects on the final distribution of
collision products, but only on the number of collisions re-
quired to slow the antiprotons into the energy range from
which capture occurs.

With a b,,,, of 10 a.u., we found during validation that the
population of collision products stabilized for initial antipro-
ton energies between 5 and 10 a.u., and thus began our col-
lision cascade at an energy of 10 a.u.=272 eV. Following
this cascade long enough (average =169 collisions from the
start of a cascade until capture), we see two results:

(1) ~20% p+H,— pp+p+2e, from higher E, lower b,
and

(2) ~80% p+H,— pp+H+e from lower E, higher b.
Antiprotons at the end of the cascade, i.e., at the start of the
collisions which will result in antiproton capture, have colli-
sion energies ranging from 0.004 to 9.9 a.u. (0.11-269 eV),
with the bulk of the population below 2 a.u. (median value
of 1.08 a.u.=29.4 eV), as shown in Fig. 7.

Figure 8 plots the energy and angular momentum distri-
bution of these antiprotons, about to be captured into the
protonium states shown in Fig. 9, which plots the distribution
of protonium quantum number n against angular momentum
(and quantum number) L, (1) n:\s"M*/2|E|:%\f‘M/|E, (n)
~29.5, 6,~13; (2) L;y=R;;X P}, (LIn)~0.68, &,,~0.24,
where M"=M /2 is the effective mass of the protonium mol-
ecule. It can be seen that the higher-energy, lower-impact-
parameter collisions are more likely to result in double ion-
ization of the target H, molecule. Note that these collisions
result in a similar distribution of protonium states ((n)
~29.1, median n~23.2, (L)~ 18.1) to the majority of pro-
tonium atoms formed from the generally lower-energy,
higher-impact-parameter collisions leading to antiproton ex-
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FIG. 7. (Color online) Histogram of antiproton energies at the
end of the collision cascade; antiprotons with energies below about
2 a.u. are most likely to be captured.

change with a single electron, leaving a free H atom ((n)
~29.8, median n~26.7, and (L)~ 20.2); note also that these
protonium atoms stack up against the L=n centrifugal bar-
rier, as expected for a semiclassical treatment.

The broad and smooth distribution of capture states re-
sults from the broad range of collision conditions leading to
antiproton capture at the end of the collision cascade. This
distribution is also seen in the histogram of Fig. 10. This is in
contrast to the treatment of Cohen [13], which showed a
significantly narrower distribution, &, of 3—4, peaked around
n~25.

As can be seen from Fig. 8, most antiproton captures oc-
cur from fairly low energies and/or impact parameters, re-
sulting in decreasing protonium formation for collision ener-
gies much above a couple of atomic units, consistent with the
fixed energy results shown in Fig. 6.

V. COMPARISON WITH THE COHEN APPROACH

This work was motivated by questions posed to us by
members of the experimental community, regarding the ear-
lier analysis of this problem by Cohen [13]. As the origina-
tors and developers of the KW model, we were concerned
that Cohen had found it to be unsuitable for this molecular
application, despite our own earlier work with a KW model
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FIG. 8. (Color online) Distribution of antiproton E and L at the
start of the collisions resulting in antiproton capture; the higher-
energy, lower-angular-momentum (smaller-impact-parameter) anti-
protons are more likely to result in protonium formation via com-
plete ionization of the H, molecule.
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FIG. 9. (Color online) Protonium n and L states resulting from
the antiproton distribution of Fig. 8. Protonium atoms formed by
single and double ionization of H, show similar overall distribu-
tions of final states, with somewhat more scatter in those formed via
double ionization.

A. Basic features of the model

Cohen begins with an assertion that the KW model
overbinds molecular hydrogen by a factor of 4 (or 6 for H,")
because it produces a symmetrical ground state with unreal-
istically tight electron and proton separations of rj,=R,,
=1.2 a.u., and proceeds to correct the model’s misbehavior
by adding multiple additional pseudopotentials to repel the
electrons from multiple additional positions in the molecule.
We find these modifications unnecessary, and not in accord
with the Heisenberg and Pauli principles on which the KW
model is based; the role of the pseudopotential of Eq. (2) is
to exclude electrons from quantum mechanically forbidden
regions of phase space.

As discussed above in Sec. II, and illustrated in Figs. 2
and 3, the KW model readily assumes the proper ground-
state size, with proton spacing of R,,=1.57 a.u., and thus
the desired binding energy, with an appropriate choice of the
core size ¢ and hardness «. Indeed, determining the range of
model parameters which result in the correct ground-state
energy is the first step in designing any such semiclassical
model. There is a continuum of choices which achieve the
correct static ground-state binding energy, and, by the virial
theorem, none which achieve it without the proper size, since
the ground-state energy is just one-half the total Coulomb
energy of the system, Eg-=V/2, and is thus a function of
the particle separations, as seen in Eq. (1). While additional
model parameters provide additional degrees of freedom to

0.257
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FIG. 10. (Color online) Histogram of protonium n; the broad
distribution in n results from the broad range of range of energies
and impact parameters at the end of the collision cascade which
result in capture.
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fit molecular potentials, for use as a target in collision studies
we find no undesirable features of the symmetrical ground
state produced by the KW model.

Examining the collision dynamics of the KW model, we
find, as in our previous work [9,10], that it is the core hard-
ness a which determines the model’s ability to reproduce
experimental stopping power. In a properly distributed set of
model initial conditions, the interesting events occur in the
small fraction of collisions which align in phase space to
result in significant momentum exchange between the pro-
jectile and elements of the target system, as is observed ex-
perimentally. When the semiclassical ground-state is over-
constrained by use of an excessively strong core hardness «,
which increases ground-state electron momentum, these
well-aligned collisions result in unrealistically high momen-
tum transfer, and a greater number of more interesting events
than would occur naturally. This is easily seen from the ef-
fect of core hardness on stopping power in Fig. 5, but is also
observed in other metrics, such as the cross sections for H,
ionization and splitting, and, centrally, on the rate of proto-
nium formation, which in our own treatment increased by a
factor of approximately 200 following an increase of core
hardness a from 1 to 4, for 1000 collisions run at an initial
laboratory energy of 100 eV =3.7 a.u.

B. Initial collision conditions

Cohen reports that his collisions commence with the pro-
jectile at a distance of 10 a.u. from the target center. In vali-
dation of our own model, we found differences in collision
dynamics and overall results with collisions starting this
close to the target, where the effect of instantaneously depos-
iting a projectile, and the resulting step function in Coulomb
interactions, is non-negligible. We found these differences to
wash out at starting distances of 50—100 a.u., and thus
started all collisions at 100 a.u.; while computationally more
time consuming, our guiding principal was to expand our
initial collision conditions until they had minimal effect on
the overall results.

This principal also guided our use of a continuous distri-
bution of impact parameters in db?, up to a b,,,, chosen not
to affect overall results. It is possible to achieve correct re-
sults by segmenting impact parameter space into a set of
rings around the target center, however we found that this
approach tended to produce an overall early convergence re-
sulting from the appealing efficiency of undersampling the
outer rings, which then diverged upon more fully exploring
the overall impact parameter space. We are reassured that the
results in this case are surprisingly close to those of the KW
model in the middle energy range, but would be interested in
cross sections for the Cohen model calculated for continuous
distributions over wider ranges of impact parameter space.
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C. The collision cascade

Beyond these issues, however, is the central question of
the overall distribution of collision conditions used to study
protonium formation. We find a cascade of collisions to be
the most reasonable method of selecting a realistic ensemble
of preformation states, and attribute the narrow distribution
of protonium states reported by Cohen, along with the lim-
ited observation of the complete dissociation reaction p
+H, — pp+p+2e, to the use of discrete initial energies, com-
pounded by limited sampling of impact parameters. Limiting
the range of energy and angular momentum states going into
the collision process will inevitably restrict the range of
products formed, while starting with fixed initial energies
will result in a peaked distribution of n states; observation of
these effects in our own early work has guided development
of our present approach to collision modeling, which we find
more effective at reducing model effects on overall results.

VI. SUMMARY AND FUTURE PROSPECTS

By returning to the fundamentals of semiclassical model-
ing, i.e., working out the detailed behavior of the pseudopo-
tentials used to stabilize an additional application, and then
calibrating the model against experimental collision data, we
have extended the single-centered treatment of atomic targets
to molecular hydrogen without the ad hoc introduction of
additional terms which unnecessarily complicate the model,
and which have the potential to distort collision results in an
as yet unexplored fashion.

Calibrating a model against experimental data is the cru-
cial step in any simulation, and is what allows us to examine
protonium formation in the antiproton-H, collision system
with increased confidence that our model is not unduly dis-
torting results. The low-energy cross sections for protonium
formation and the wide distribution of protonium states in-
form the experimentalist where and how hard it may be nec-
essary to search for these collision products. Future work on
this problem will include more detailed examination of col-
lision products and their postcollision trajectories, to further
aid in design of collision experiments.
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