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We present a general derivation of the electron spin noise power spectrum in alkali gases as measured by
optical Faraday rotation, which applies to both classical gases at high temperatures as well as ultracold
quantum gases. We show that the spin-noise power spectrum is determined by an electron spin-spin correlation
function, and we find that measurements of the spin-noise power spectra for a classical gas of 41K atoms are
in good agreement with the predicted values. Experimental and theoretical spin noise spectra are directly and
quantitatively compared in both longitudinal and transverse magnetic fields up to the high magnetic-field
regime �where Zeeman energies exceed the intrinsic hyperfine energy splitting of the 41K ground state�.
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I. INTRODUCTION

In general, the magnitude of the measured response of a
system to an external perturbation decreases as the size of the
system decreases, and therefore conventional probes based
on the measurement of linear response often become imprac-
tical for the study of nanometer-scale systems. However, the
fluctuation-dissipation theorem �1� guarantees that the linear
response of a system can also be determined from the spec-
trum of the system’s internal fluctuations while in equilib-
rium. To probe the intrinsic fluctuations of a system, one can
use any of a variety of so-called “noise spectroscopies,”
which typically disturb the system much less as compared
with measurements based on intentional perturbation of the
system. Further, fluctuation signals generally offer more ad-
vantageous scaling with size as the system size is reduced.

In magnetic systems, intrinsic magnetization noise can ex-
ist in the form of random spin fluctuations. This so-called
“spin noise” is perhaps best studied in vapors of atomic par-
amagnetic alkali atoms. The pioneering work of
Aleksandrov and Zapassky �2� in 1981 established the viabil-
ity of spin noise measurements, using off-resonant magneto-
optical Faraday rotation as a nominally passive probe of sto-
chastic spin fluctuations in warm sodium vapor. More
recently, related techniques to measure spin noise in alkali
vapors provide vital tools for the characterization, realiza-
tion, and control of spin squeezing �3–5� and to demonstrate
quantum-mechanical entanglement between two ensembles
of alkali atoms �6,7�.

Spin and magnetization noise measurements have also
been successfully applied in magnetic condensed-matter sys-
tems. The measurement of stochastic spin noise of nuclear
spins was first achieved in the 1985 low-temperature NMR
studies of Sleator et al. �8�. In antiferromagnetic nanopar-
ticles, the spectrum of stochastic magnetization noise was
measured and compared directly with susceptibility data,
confirming the tenets of the fluctuation-dissipation theorem
�9�. Various methods have been applied to measure the in-
trinsic magnetization fluctuations of spin glasses �10� and
ferromagnetic films �11�, and the spin noise of free electrons

in semiconductors �12�. The remarkable achievement of
single-spin magnetic resonance in the solid state �13� was
realized by “listening” to the spin’s random thermal fluctua-
tions using an ultrasensitive mechanical cantilever.

Recently, noise spectroscopy based on magneto-optical
Faraday rotation was applied to classical gases of alkali at-
oms �14� with an aim to measure the detailed frequency
spectrum of intrinsic spin �magnetization� fluctuations in an
atomic ensemble. In this experiment, similar to the original
work of Aleksandrov and Zapassky �2�, a linearly polarized
laser detuned from a fundamental atomic
s-p �D1 or D2� optical transition was transmitted through the
alkali vapor �which itself was in thermal equilibrium�. To
leading order, the laser detuning was sufficiently large to
ensure no absorption of the laser by the atoms, and so the
laser was primarily sensitive to the dispersive �real� part of
the atomic dielectric function through the vapor’s spin-
sensitive index of refraction �15�. The alkali atoms remain
un-pumped and in thermal equilibrium throughout the mea-
surement. �Note that this passive approach is distinct from
noise spectroscopies based on frequency modulation effects
�16–18�, wherein laser phase noise is typically converted to
amplitude noise of the transmitted laser by the response of
the excited atomic vapor.� Intrinsic and stochastic spin fluc-
tuations in the alkali ensemble therefore imparted small fluc-
tuations in the polarization rotation �Faraday rotation� angle
of the transmitted laser. These Faraday rotation angle fluc-
tuations, measured as a function of time, exhibited power
spectra showing clear noise resonances at frequencies corre-
sponding to the differences between the various hyperfine/
Zeeman atomic levels of the alkali atom. The experiments in
Ref. �14� were performed at relatively high temperatures,
where the alkali atoms behave as a classical Boltzmann gas
and interatomic interactions are unimportant. In addition,
these experiments were conducted in the low magnetic-field
regime where Zeeman energies were much less than the typi-
cal hyperfine splittings of the atomic ground state. From the
spin noise spectra alone and with the atomic ensemble re-
maining in thermal equilibrium, a determination of the
atomic g-factors, nuclear spin, isotope abundance ratios, hy-
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perfine splittings, nuclear moments, and spin coherence life-
times was possible. These properties of classical alkali atoms
are, of course, already well known �19�; the experiments de-
scribed in Ref. �14� helped to establish a practical value of
spin noise spectroscopy for determining the properties of
atomic gases and the magnitude of spin noise signals ex-
pected under various experimental conditions.

It was also recently suggested �20� that this type of spin
noise spectroscopy is a promising experimental probe for
ultracold alkali atomic gases because �i� it is only weakly
perturbing, and �ii� based on the classical alkali gas measure-
ments, large noise signals are expected. Ultracold gases of
alkali atoms �21–24� provide experimentally accessible
model systems for probing quantum states that manifest
themselves at the macroscopic scale. Because the tempera-
ture is very low, interactions between the alkali atoms are
important, and novel many-body quantum states arise be-
cause of these interactions. The ability to vary the effective
interatomic interaction �by varying an external magnetic field
and thus adjusting the relative strength of the hyperfine and
Zeeman interactions� makes ultracold atom gases especially
interesting model systems for a wide range of quantum
many-body systems. The properties of ultracold gases of al-
kali atoms are of great interest and are just beginning to be
understood. New experimental probes of these systems
aimed at revealing the underlying interatomic interactions
will be very useful.

Faraday rotation in alkali gases is sensitive to the projec-
tion of the atom’s electron spin in the direction of laser
propagation �2,4,15�. In general, projections of electron spin
alone are not good quantum numbers of the alkali atom
Hamiltonian. At low magnetic fields where the Zeeman en-
ergies are smaller than or comparable to the hyperfine inter-
action, the electron and nuclear spins are entangled and no
projection of electron spin is a good quantum number. At
strong magnetic fields where the Zeeman splitting is much
larger than the hyperfine splitting, the electron spin projec-
tion in the direction of the magnetic field becomes a good
quantum number, but electron spin projection orthogonal to
the magnetic field is not. Thus, noise spectroscopy at low
temperature can be performed with the magnetic field either
parallel or orthogonal to the direction of laser propagation,
whereas in the high-field limit, the magnetic field should be
orthogonal to the direction of laser propagation.

In this paper, we derive a general expression for the spin
noise power spectrum in alkali gases as measured by optical
Faraday rotation, and we show that the noise power spectrum
is determined by an electron spin-spin correlation function.
We employ a semiclassical theoretical approach, valid for the
weak-coupling regime between the laser and the atomic gas.
This general expression applies to both classical gases at
high temperature as well as ultracold quantum gases. We
make detailed calculations of the expected noise spectra for a
classical gas of 41K atoms and compare these calculated re-
sults with quantitative measurements of the spin noise power.
We find good agreement between the calculated and mea-
sured results in both the low- and high-magnetic-field limit.
Isotopically enriched alkali vapors of 41K were chosen be-
cause the relatively small hyperfine splitting of this atom
��254 MHz� allows to approach the high-field limit rather
easily �magnetic fields of order 100 G�.

The purpose of this work is to demonstrate the application
of spin noise spectroscopy as a weakly perturbative probe of
systems in thermal equilibrium or in quasiequilibrium, such
as spin polarized gases in which the spin relaxation time is
large compared to experimental times. In the experiments
reported here, the laser frequency is detuned far from the
atomic resonance so that the interaction between the laser
and the atoms is weak. Thus, the atomic gas is only very
weakly perturbed by optical absorption or Raman scattering.
This approach is in contrast with near-or on-resonance stud-
ies where the photon-atom interaction is strong �3�. In the
strong-coupling case, a full quantum-mechanical treatment,
including quantum backaction of light onto the atomic state,
is required to describe the strong interaction between the
laser and atoms �25,26�.

The paper is organized as follows. In Sec. II, we derive
the general expression for the spin noise power spectrum as
measured by Faraday rotation. In Sec. III, we consider the
specific case of a classical gas of 41K atoms and calculate the
expected noise spectra. In Sec. IV, we present experimental
results of spin noise measurements on a classical gas of 41K
atoms, and compare with our theoretical results. We present
our conclusions in Sec. V.

II. RESPONSE FUNCTION FOR SPIN NOISE
SPECTROSCOPY

The experimental arrangement for Faraday rotation mea-
surements of spin noise is shown schematically in Fig. 1. A
linearly polarized laser, detuned from an s-p �D1 or D2�
atomic transition of the alkali atoms, traverses a cell contain-
ing the atomic gas. A magnetic field is applied either perpen-
dicular �as shown in Fig. 1� or parallel to the laser propaga-
tion direction. After traversing the atomic gas, the laser beam
is divided by a beam splitter at 45° to the original polariza-
tion direction. The split optical beams are detected by a pair
of matched photodiodes, and the difference signal �propor-
tional to Faraday rotation, which is proportional to the mag-
netization of the alkali ensemble� is analyzed by a spectrum
analyzer. Full experimental details are given in Sec. IV.

In the electronic ground state of alkali atoms �s orbital�,
there is a strong hyperfine coupling between the nuclear and
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FIG. 1. �Color online� Experimental schematic showing how
electron spin noise in a classical vapor of 41K atoms is probed via
optical Faraday rotation. Spin fluctuations in the vapor impart Far-
aday rotation fluctuations ���t� on a linearly polarized and detuned
laser beam, which are measured in a sensitive optical bridge. The
external magnetic field can be applied orthogonal to �as shown� or
parallel to the direction of laser propagation.
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electron spins. For the electronic p orbital, the hyperfine
splitting is weak because the p orbital has a node at the
nuclear position, however there is a strong spin-orbit cou-
pling between the p orbital and its spin. Photons directly
couple to the spatial part of the electron wave function, but
because of the spin-orbit splitting in the final state of the
optical transition, there is an indirect coupling between the
photons and the electron spin. A fluctuating birefringence,
which is a difference in refractive index for left- and right-
hand circular polarizations, results from fluctuations in the
electron spin and leads to a fluctuating Faraday rotation
���t� of the transmitted laser. The experiment is therefore
sensitive to fluctuations of electron spin projection in the
direction of laser propagation.

The polarization rotation angle noise is

�N���
��f

= �P����1/2, �1�

where the noise power is

P��� =� dtei�t����t����0�	 . �2�

The optical field is characterized by the vector potential at
position r, which we can write as

A�r,t� = a0�r,t� + 

k

�ak�r,t� , �3�

where

a0�r,t� = A0F�r�ei��/c��z−ct� �4�

is the incident laser beam and

�ak�r,t� = A0 · ãk��,��F�rk�ei��/c�zk
ei��/c���r−rk�−ct�

�r − rk�
�5�

is the scattered optical beam. Here, F�r� is the beam profile,
normalized to unity in the cross-section plane orthogonal to
the direction of the incident beam, ẑ, i.e.,

1 =� d2��F�r��2 with r = ��� ,z� . �6�

We denote by � the scattering angle between ẑ, and �r−rk� is
the position of the atom k and the point r. We introduced
A0=A0�̂, where A0 is a strength parameter and �̂= x̂ is the
linear polarization of the incident beam. The scattering am-
plitude matrix is

ãin,out��,�� =
r0

m0

1

	

�P · �̂in
* �PJ�P · �̂out

* �
�JR − �

, �7�

where � is the angular frequency of the laser, r0=e2 / �mc2� is
the classical electron radius, m0 is the electron mass, P is the
electron momentum operator, PJ=
�J	�J� is the projection
operator onto the near-resonant set of intermediate state,
��J	
, and �JR is the atomic resonance angular frequency. In
Eq. �3�, we have assumed that ��ak�r , t��� �a0�r , t��, i.e., we
work in the weak-scattering limit.

The polarization beamsplitter forms two beams with in-
tensities

I±�r� = �A�r,t� · �̂±�2 �8�

and linear polarizations

�̂± =
1
�2

�x̂ ± ŷ� . �9�

The difference of the two beam intensities in the weak scat-
tering approximation is

I+�r� − I−�r� = 2�a0�r,t� · �̂±�*��a�r,t� · ��̂+ − �̂−�� �10�

with the components of the vector potential A�r , t� evaluated
in the forward scattering direction �Eq. �3�, with �=0�. Then

a0�r,t� · �̂± =
1
�2

A0F�r�ei��/c��z−ct�, �11�

where a0�r , t� · �̂+=a0�r , t� · �̂−, and

�a�r,t� · ��̂+ − �̂−�

= A0

k

F�rk�ei��/c�zk��̂ · ãk��,0� · ��̂+ − �̂−��

�
ei��/c���r−rk�−ct�

�r − rk�
. �12�

The photodiode bridge measures the difference of the two
intensities integrated over the laser spot at the detection
plane. The integrated intensity difference measured in a
cross-section plane, I, is

I �� d2��I+�r,t� − I−�r,t�� �13�

=− iA0
2


k

F�rk�ei��/c��zk−z�

��ãk
LL��,0� − ãk

RR��,0��

�� d2�F��� ,z�*ei��/c��r−rk�

�r − rk�

with r evaluated on the detection plane. Here, ãLL and ãRR

denote the diagonal elements of the scattering amplitude ma-
trix ã in the circular polarization basis,

�̂L,R =
1
�2

�x̂ ± iŷ� . �14�

In the circular polarization basis, we have

�̂+ − �̂− = − i��̂L − �̂R� , �15�

�̂ =
1
�2

��̂L + �̂R� . �16�

At the detection plane, at z=�, the �� integral in Eq. �13�
gives
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� d2�F��� ,��*ei��/c����� − ��k�2+�� − zk�2

���� − ��k�2 + �� − zk�2
� 2
i

c

�
ei��/c���−zk�F�rk�*,

�17�

where we have assumed that ��−zk�2� ��−�k�2, and F�rk� is
slowly varying on the scale of the optical wavelength. Thus,
we obtain

I =
2
c

�
A0

2

k

�F�rk��2�ãk
LL��,0� − ãk

RR��,0�� , �18�

with

ãLL��,0� − ãRR��,0� = ±
2r0

3m0

1

	

��S�px�Px	�2

��JR − ��
�z. �19�

Here, �S�px�Px	 is the momentum matrix element for the op-
tical transition, ẑ is the direction of laser propagation, and the
� correspond to the resonances �J	= �L+ 1

2 ; I	 and �J	
= �L− 1

2 ; I	 states with L=1, respectively. We obtain

I = ±
4


3

cr0

m0

1

	�
A0

2 ��S�px�Px	�2

�JR − �
� d3R�F�R��2�z�R� ,

�20�

where �z�R� denotes the electron spin density operator

�z�R� = 

k

�z
k��R − rk� . �21�

The integrated intensity in the detection plane is propor-
tional to the rotation of the polarization angle. We have

�� =
I

2A0
2 �22�

or

�� = ±
2


3

cr0

m0

1

	�

��S�px�Px	�2

�JR − �
� d3R�F�R��2�z�R� .

�23�

Then, the noise power is calculated as the two-point correla-
tion function introduced in Eq. �2�,

P��� = �2


3

cr0

m0

1

	�

��S�px�Px	�2

�JR − �
�2

�� d3R1�F�R1��2� d3R2�F�R2��2

�� dtei�t��z�R1,t��z�R2,0�	 . �24�

For a slowly varying beam profile, �F�R��2, and a spatially
uniform atomic gas, the above equation becomes

P��� = �2


3

cr0

m0

1

	�

��S�px�Px	�2

�JR − �
�2� d3R�F�R��4

�� dtei�t� d3r��z�r,t��z�0,0�	 , �25�

where R and r are the center and relative coordinate combi-
nations of �R1 ,R2
. For a slowly varying beam profile,
�F�R��2, the R and r integrals factorize and

� d3R�F�R��4 =
L

A
, �26�

where L is the length of the gas cell, and A denotes the
optical beam area. For a Gaussian beam profile, i.e.,

�F��� ,z��2 =
1


R0
2 exp�− �2/R0

2� , �27�

we have

A = 2
R0
2, �28�

where R0 is the radius at which the beam intensity drops to
1/e of its peak value.

In summary, the polarization rotation angle noise is

�N���
��f

= C�L�0

A
S����1/2

, �29�

where

C =
2


3

cr0

m0

1

	�

��S�px�Px	�2

��JR − ��
, �30�

and S��� is the electron spin correlation function

S��� =
1

�0
� dtei�t� d3r��z�r,t��z�0,0�	 . �31�

Here, �0 is the density of atoms in the system and S���
satisfies the sum rule

� d�

2

S��� = 1. �32�

Equations �29� and �30� show that the noise signal de-
creases linearly with inverse frequency detuning from the
optical resonance. By contrast, the energy dissipated into the
atomic system, either by optical absorption or Raman scat-
tering, decreases quadratically with inverse frequency detun-
ing. Thus noise spectroscopy measurements are only weakly
perturbative in the sense that the noise spectroscopy signal
decreases more slowly with inverse frequency detuning than
does the energy dissipated into the system. Of course, the
energy dissipated into the system can also be reduced by
using a lower intensity or shorter-pulse probe. In this case,
however, the strength of the signal is reduced proportionally
to the reduction in probe intensity or pulse duration.

III. SPIN NOISE FOR A CLASSICAL GAS OF 41K ATOMS

The spin noise spectrum consists of a series of resonances
occurring at frequencies corresponding to the difference be-
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tween hyperfine/Zeeman atomic levels. The integrated
strength of the lines gives information about the occupation
of the atomic levels and the one-atom electron spin matrix
elements, while the line shapes depend on the properties of
the many-body atomic state,

S��� = 

ij

��i�n̂ · ��j	�2Si→j��� , �33�

where n̂ is the optical polarization vector, �i , j
 label the
single atom spin states, ��i�n̂ ·��j	�2 is a one-atom electron
spin matrix element that determines line strengths and selec-
tion rules, and Si→j��� contains information about the many-
body atomic state.

A. Single-atom electron spin matrix elements

alkali atoms are one-electron atoms in the sense that they
have one comparatively weakly bound s electron and a
closed-shell electron core. Excitations of the closed-shell
electron core occur at a much higher energy scale than the
probes that are considered here. The atomic levels are eigen-
states of the Hamiltonian of an atom �with nuclear spin I�
interacting with an electron �spin s= 1

2 �,

H�1� =
p2

2m
+ Va-e = 
 Hk,ij

�1� aki
† akj , �34�

where p2 / �2m� is the kinetic energy, Va-e is the atom-
electron potential,

Va-e = As� · i� + B� · �2�es� − gI�ni�� , �35�

with �e=ge�B /2, with ge=2.0023, and �n=�B /1836. Here,
A denotes the strength of the hyperfine interaction, and the
hyperfine splitting is �hf= �I+ 1

2
�A.

The atom-level wave functions involve both nuclear and
electron degrees of freedom. In the representation of nuclear
and electron spins, the single-particle state are

�i	 = �IiMi	�simi	 , �36�

with si=1/2. The matrix elements of the one-body Hamil-
tonian are

��i�H�1��� j	

= �MiMj
�mimj

���k� +
A

2
Mj�− � j + ��e�− � j − gI�nMj�B�

+
A

2
�Mi,Mj−1�mi↑�mj↓�I�I + 1� − Mj�Mj − 1��1/2

+
A

2
�Mi,Mj+1�mi↓�mj↑�I�I + 1� − Mj�Mj + 1��1/2. �37�

Here we denote by j=1 the Dirac electron spinor �↓	, and by
j=2 the spinor �↑	.

The one-body Hamiltonian is diagonalized to obtain the
atom-level states, ��i	,

��i	 = 

k

�ik��k	 . �38�

We calculate the electron spin matrix elements,

��i�n̂ · ��� j	 = 

kl

�ik� jl�sin ���k���+ + �−���l	

+ cos ���k��0��l	� , �39�

where n̂= �sin � ,0 ,cos ��.
For 41K atoms, the nuclear spin is I= 3

2 , and the hyperfine
splitting is �hf=2A. The schematic of the Zeeman/hyperfine
spectrum for 41K is shown in Fig. 2. The atom levels are
obtained by diagonalizing the one-body Hamiltonian H�1�,
and the atom-level energies are plotted in Fig. 3 as a function
of applied magnetic field B. At low magnetic fields where the
Zeeman energies are smaller than or comparable to the hy-
perfine interaction, the electron and nuclear spins are en-
tangled and no projection of electron spin is a good quantum
number. At strong magnetic fields where the Zeeman split-
ting is much larger than the hyperfine splitting, the electron
spin projection in the direction of the magnetic field becomes
a good quantum number.

For transverse magnetic fields ��=90° �, the angular mo-
mentum selection rule is �MF= ±1, and the magnetic-field
dependence of the transition amplitudes is shown in Fig. 4.
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F=F=1

m F2
1

-1-1
-2-2

-1-1

hfhf = 254254 MHzMHz

1

0

0

42 1/1/2S
K4141

( I=3/I=3/2 )2 )

FIG. 2. Schematic of the Zeeman/hyperfine structure of 41K.
�For 41K atoms, I=3/2 and gI=0.215.� The total angular momen-
tum F= I+J and its projection MF are good quantum numbers at
B=0, and can also be used to unambiguously label the atomic levels
when B�0.
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FIG. 3. �Color online� Energies of the Zeeman-split 41K atomic
levels as a function of magnetic field. The levels are labeled by their
�F ,MF� quantum numbers when B=0.
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At low magnetic fields, there is strength for all of the �MF
= ±1 transitions, but at high magnetic field there is strength
only for those transitions corresponding to a change in the
electron spin projection in the direction of the magnetic field.
For longitudinal magnetic fields ��=0° �, the angular mo-
mentum selection rule is �MF=0, and the B dependence of
the corresponding transition amplitudes is illustrated in Fig.
5. In Fig. 6, we show the B dependence of the self-transition
amplitudes, present when �=0°. At low magnetic fields,
there is strength for all of the �MF=0 transitions, but at high
magnetic field there is strength only for the zero frequency
self-transitions. The zero frequency self-transitions are hard
to measure experimentally due to environmental noise
sources, but they are necessary for completing the sum rule
Eq. �32�.

B. Spin correlation function

In second-quantization notation, the electron-spin correla-
tion function is

��z�r,t��z�0,0�	 = 

ijmn

�i�n̂ · ��j	�m�n̂ · ��n	

� �eiHtai
†a je

−iHtam
† an	 , �40�

where �O	 denotes a thermal average of the operator O. For

a noninteracting system of atoms, H=H�1�, and the electron-
spin correlation function becomes

S��� =
1

�0


ij

��i�n̂ · ��j	�2��� − �ij� � d3k

�2
�3�k,i�1 − �k,j� ,

�41�

where �ij denotes the transition energy between atomic levels
i and j �i.e., �ij =Ej −Ei�, and we have introduced the density
matrix �k,i= �aki

† aki	, describing the occupation of level i, cor-
responding to momentum k. In the classical �high-temp-
erature� limit, the occupation numbers are given by the
Boltzmann distribution function. The product of two occupa-
tions, �k,i�k,j, can be neglected when compared to �k,i for a
Boltzmann gas. In the high-temperature limit, all hyperfine/
Zeeman states are equally populated and Si→j��� is given by
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FIG. 4. �Color online� Squared electron spin matrix elements for
the case of transverse magnetic fields ��=90° �. The selection rule
in this case is �MF= ±1. The top panel depicts the case of �F=0.
Because the nuclear moment of 41K is very small, the following
pairs of transitions are nearly degenerate in energy �frequency�:
�2,0�→ �2,−1� and �1,−1�→ �1,0�; �2,1�→ �2,0� and �1,0�
→ �1,1�. The bottom panel shows transitions for which �F= ±1.
The following pairs of transitions are nearly degenerate in energy
�frequency�: �2,1�→ �1,0� and �2,0�→ �1,1�; �2,0�→ �1,−1� and
�2,−1�→ �1,0�.
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FIG. 5. �Color online� Squared electron spin matrix elements in
41K for the case of longitudinal magnetic fields ��=0° �. The selec-
tion rule in this case is �MF=0.
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FIG. 6. �Color online� Squared electron spin matrix elements in
41K for the self-excitation transitions �longitudinal magnetic fields,
�=0°�. These transitions all appear at zero frequency. The self-
excitation amplitudes of levels �1, 1� and �2, 1� are equal, as are the
amplitudes for levels �1, 0� and �2, 0�, and also for �1,−1� and
�2,−1�, respectively. The self-excitation amplitudes of �2,−2� and
�2, 2� are both equal to 1.
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Si→j��� =
1

N�0
��� − �ij� , �42�

where N is the number of levels in the hyperfine spectrum of
the alkali atom. The � functions can be broadened by, for
example, finite spin lifetime effects or the time it takes the
atoms to traverse across the laser beam.

IV. EXPERIMENTAL RESULTS

In this section, we compare the results of our theoretical
model with experimental data. We use a gas of the isotope
41K primarily because 41K has a very small hyperfine split-
ting �254 MHz�, permitting easy access to the “high mag-
netic field regime” where the characteristic Zeeman energies
approach and exceed the hyperfine energy. Moreover, spon-
taneous noise resonances in 41K occur at relatively low fre-
quencies ��500 MHz�, where photodetectors are generally
more sensitive. We use a 1-cm-long glass vapor cell contain-
ing isotopically enriched 41K metal. The cell is typically
heated to 184 °C, giving a particle density of 7.3
�1013/cm3 in the vapor. The 4 mW probe laser beam, de-
rived from a continuous-wave Ti:sapphire laser, is typically
detuned by 100 GHz from the D1 transition �770 nm� of
41K, and Faraday rotation fluctuations on the transmitted
probe laser beam are detected by fast balanced photodiodes
�New Focus model 1607, which has 650 MHz bandwidth

and 350 V/W gain�. The resulting noise power spectrum is
detected by a 500 MHz spectrum analyzer �Agilent model
4395�. The detectors and amplifiers typically contribute a
frequency-dependent noise density between �4–7�
�10−18 W/Hz �4–7 aW/Hz�. Using 4 mW of probe laser
power, photon shot noise contributes an additional
8–9 aW/Hz of measured noise. This measured value of pho-
ton shot noise varies somewhat with frequency because the
gain and sensitivity of the detector/spectrum analyzer com-
bination is not uniform across the entire 0–500 MHz range
�in particular, it falls at the highest frequencies�. All values of
measured spin noise from the 41K atoms include this
frequency-dependent correction.

Figure 7 shows the measured noise power spectrum from
41K atoms for the case of longitudinal magnetic fields
��=0° �. These raw data are plotted in units of power spectral
density �aW/Hz� as measured by the spectrum analyzer. In
these experiments, spin fluctuations lead to Faraday rotation
fluctuations, which directly generate voltage fluctuations at
the output of the photodiode bridge. Figure 7 shows the
power spectrum of these voltage fluctuations �proportional to
voltage squared�. As such, these raw data convey the square
of the spin noise �or Faraday rotation� spectral density
�which itself is expressible in units of radians/Hz1/2�. The
integrated power within the first noise peak of Fig. 7
��2,−1�→ �1,−1� at 25.6 G� is 2.0 pW, which corresponds
to 10 �V of integrated voltage noise �all instruments have
50 � impedance�. Given the 350 V/W detector sensitivity
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FIG. 7. �Color online� The experimentally measured noise power spectrum from a gas of 41K atoms, for longitudinal magnetic fields BL

��=0° �. Here, the measured noise power density �aW/Hz� is proportional to the square of Faraday rotation noise density �which has units
of radians/Hz1/2�. The three allowed spin noise resonances ��2,−1�→ �1,−1�, �2,0�→ �1,0�, and �2,1�→ �1,1�� are measured at BL=25.6,
51.4, 75.4, and 99.8 G. Electronic detector and amplifier noise is not subtracted from these data. At the right, histograms compare the
theoretically calculated spin noise �black bars� with the measured integrated spin noise �red bars�, in units of Faraday rotation ��rad�. The
relative measured spin noise agrees well with calculation at all BL. There is an overall �absolute� discrepancy of approximately a factor of
2 between theory and experiment.
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and the total optical power in the probe beam �4 mW�, the
integrated Faraday rotation noise for this particular spin
noise resonance is 3.57 �rad. The widths of these noise reso-
nances, of order 100 kHz, reflect an effective spin relaxation
time of order microseconds that is due to the very short tran-
sit times of the diffusing potassium atoms across the small
diameter of the focused probe laser ��40 �m FWHM�. The
actual spin relaxation time of alkali atoms at similar tempera-
tures and pressures is known to be orders of magnitude
longer.

Three spontaneous noise resonances are observable in this
configuration: �2,−1�→ �1,−1�, �2,0�→ �1,0�, and �2,1�
→ �1,1�. Raw data for all three spin noise peaks are shown,
at four different values of applied field �25.6, 51.4, 75.4, and
99.8 G�. On the right-hand side of the figure, the theoreti-
cally calculated spin noise of each resonance �black bars� is
compared with the integrated spin noise under each of the
three measured peaks �red bars�. Values of spin noise are

expressed in units of Faraday rotation ��rad�. In addition to
the electron spin matrix elements, the calculated values take
into account the overall prefactor, which depends on laser
detuning, power, beam size, and atom density, per Eq. �29�.
At any given field, the relative noise contained within the
three peaks agrees very well with calculation. The absolute
calculated results are approximately a factor of 2 larger than
the measured results �see the scales on the histograms�. As
the magnetic field increases beyond 50 G and the calculated
spin noise in each of the three peaks decreases �as anticipated
in Fig. 5�, the measured spin noise �red bars� also decreases,
continuing to show good agreement with theory as the high-
field regime is approached.

For transverse magnetic fields ��=90° �, 12 inter- and
intra-hyperfine spin noise resonances are allowed. For brev-
ity, Fig. 8 shows the actual measured data only for the case
of BT=25.6 G. At BT=25.6 G, eight distinct spin noise peaks
are observed �because the nuclear moment of 41K is very
small, four pairs of allowed noise resonances are nearly de-
generate in frequency and cannot be individually resolved—
see the labeling of the peaks in Fig. 8�. Figure 9 shows cal-
culated spin noise �black bars� and experimentally measured
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FIG. 9. �Color online� Histograms comparing the calculated spin
noise �black bars� with the measured integrated spin noise �red bars�
for all eight resolved noise resonances in transverse magnetic fields
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overall �absolute� discrepancy of approximately a factor of 2 be-
tween theory and experiment.
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integrated spin noise for each of the eight resolved noise
resonances, at BT=25.6, 51.4, 75.4, and 99.8 G �peak num-
bers are labeled in Fig. 8�. Again, the relative spin noise
contained within these peaks agrees very well with theoreti-
cal prediction, but the theoretical results are approximately a
factor of 2 larger than the experimental results in absolute
magnitude. As the magnetic field is increased from the low-
to the high-field limit, the relative spin noise that is measured
by experiment changes in accord with the calculations shown
in Fig. 4.

V. SUMMARY AND CONCLUSIONS

In summary, we have derived a general expression for the
electron spin noise power spectrum in alkali gases as mea-
sured by Faraday rotation. We have shown that the noise
power spectrum is determined by an electron spin-spin cor-
relation function. A detailed and quantitative comparison
study of the calculated spin noise was performed using ex-

periments in a classical gas of 41K atoms, and we report good
agreement between theory and experiment in both longitudi-
nal and transverse applied magnetic fields, from low fields
up to the high-field regime where Zeeman energies are com-
parable with hyperfine energies. The theoretical results pre-
sented here apply to both classical gases at high temperature
as well as ultracold quantum gases. Because the integrated
strength of the lines gives information about the occupation
of the atomic levels �while the line shapes depend on the
properties of the condensed atomic state�, future spin noise
spectroscopy measurements may play an important role for
the study of the effective interaction in ultracold atom gases.
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