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A recent pump-probe experiment employing tunable, linearly polarized x rays demonstrated that Kr+ ions
produced via strong-field ionization in a linearly polarized laser field are aligned, but that the degree of
alignment is greatly overestimated by nonrelativistic strong-field ionization models. An effective one-electron
model of strong-field ionization is presented that includes the effect of spin-orbit interaction. The method
makes use of a flexible finite-element basis set and determines ionization rates in this square-integrable basis
using a complex absorbing potential. It is found that even at the electric-field strength corresponding to the
saturation intensity for the ionization of Kr, there is very little mixing between the 4p3/2 and 4p1/2 outer-
valence orbitals. This shows that the uncoupled ml ,ms projection quantum numbers are inappropriate to
describe the Kr+ states that are populated by strong-field ionization of krypton. For the x-ray probe step, a
description is developed, within a density-matrix formalism. It is demonstrated that the inclusion of spin-orbit
interaction in the ionization process provides satisfactory agreement with the experimental observation. Pos-
sibilities for time-resolved studies utilizing fs and sub-fs laser pulses are indicated.
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I. INTRODUCTION

Within the last four decades, an impressive body of
knowledge has accumulated on the nature of the interaction
of an intense laser pulse with an atom or molecule �1–18�.
Traditionally, the interaction process is characterized by frag-
mentation products generated in the strong laser field. The
electronic structure and the alignment properties of the re-
sidual ion typically remain unobserved.

A central prediction of the tunneling ionization theory by
Ammosov, Delone, and Krainov �6� is a very strong depen-
dence of the ionization rate on the orbital angular momentum
projection ml of the tunneling electron. If we consider, for
instance, a noble gas atom with a ns2np6 valence electron
configuration exposed to a laser field that is linearly polar-
ized along the z axis, then it would be expected that an elec-
tron in the npz orbital is ionized much faster than an electron
in either npx or npy. This is because at sufficiently low pho-
ton energy and sufficiently high laser intensity, so that the
Keldysh or adiabaticity parameter �19� is of order 1 or a little
less, ionization takes place via tunneling through the poten-
tial barrier arising from the superposition of the atomic po-
tential and the quasistatic potential associated with the laser
electric field. The npz electron has the highest probability of
being found in the direction of minimum tunneling barrier
width. It therefore tunnels fastest.

Ion alignment in tunnel ionization was addressed in con-
nection with the question as to the efficiency of ionization of
atoms at relativistic laser intensities �20,21�. It was argued
that any depletion of the ml=0 sublevel would impede the
production of higher charge states during the laser pulse,
unless there is a mechanism that repopulates the ml=0 sub-
level on a time scale that is short in comparison to the laser
period. The experimental result of Gubbini et al. �21� is con-
sistent with extremely fast ml dealignment. This conclusion
is based on a comparison between the experimentally ob-
served charge states and the charge states calculated with the
ADK formula �6�. Thus, using this methodology, in combi-

nation with ultraintense laser pulses, no indication of residual
ion alignment was found.

A recent pump-probe experiment at the Advanced Photon
Source �APS� at Argonne National Laboratory provided di-
rect evidence for ion alignment in tunnel ionization �22�. At
the same time, it was shown in this experiment that the de-
gree of alignment is not consistent with the nonrelativistic
tunneling picture.

A linearly polarized 800-nm laser pulse with an energy of
2.0 mJ, a pulse duration of 40 fs, and a focal width of
100 �m �FWHM� served as the pump. The laser-produced
ions were probed using a linearly polarized hard x-ray pulse
�duration about 100 ps� from the APS. The x-rays were fo-
cused within the laser volume to a width of 10 �m �FWHM�.
The x-ray microprobe technique described in Ref. �22� al-
lowed for a time-resolved, tomographic analysis of the ions
produced by the laser. The noble gas species investigated
was krypton. At the laser intensity employed, mostly Kr+ was
produced. The Kr+ ions were probed via x-ray absorption at
a photon energy of 14.313 keV. At this energy, an electron in
the K shell can be resonantly excited into the laser-produced
hole in the 4p shell. The resulting hole in the K shell relaxes
on a subfemtosecond time scale through the emission of a
characteristic K� x ray, which was detected in order to moni-
tor the absorption of the probe x rays. The alignment of the
4p hole was observed by measuring the resonant x-ray ab-
sorption of Kr+ as a function of the angle between the x-ray
and laser polarizations. The ratio between the absorption
probability in the parallel and perpendicular polarization
configurations was found to be about 2:1. This ratio is much
smaller than what might be expected on the basis of the ADK
model.

The purpose of this paper is to provide a theoretical
framework for the pump-probe experiment carried out at the
APS and to point out interesting implications for future stud-
ies using ultrashort �a few femtoseconds or shorter� pump
and probe pulses. An important insight gained from our
analysis is that, in the heavier noble gas atoms, atomic spin-
orbit coupling has a substantial impact on the ionization dy-
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namics in a strong laser field �even at nonrelativistic intensi-
ties�. This may have implications for our understanding of
such technologically relevant phenomena as high-order har-
monic generation, where theories currently neglect relativis-
tic atomic effects �16,23,24�.

In Sec. II, we elaborate on the specific approach we have
chosen to treat the problem of strong-field ionization taking
into account spin-orbit coupling. The main message of Sec.
II is that the nonrelativistic ml ,ms quantum numbers are in-
adequate to describe the ionization of Kr in a strong laser
field. The interaction with the laser electric field does not
render the spin-orbit coupling negligible. A density-matrix
formulation is employed in Sec. III to explore the polariza-
tion dependence of resonant x-ray absorption by the laser-
produced ions. It is demonstrated that the Kr+ state popula-
tion determined in Sec. II allows us to understand the
alignment properties observed in the APS experiment �22�.
Section IV concludes. Atomic units are used throughout, un-
less otherwise noted.

II. STRONG-FIELD IONIZATION OF KRYPTON

As mentioned in the Introduction, according to the non-
relativistic tunnel ionization picture underlying the ADK
model �6�, a linearly polarized laser field preferentially ion-
izes the 4p, ml=0 subshell of Kr. �The polarization axis is
taken as the quantization axis.� Tunnel ionization of the 4p,
ml= ±1 subshells is suppressed. Taïeb, Véniard, and Maquet
calculate that 95% of Kr+ ions generated in a strong optical
field are in the ml=0 substate �20�. This would suggest that if
the laser intensity is just high enough to saturate the ioniza-
tion of neutral krypton, then a strongly aligned sample of Kr+

ions would be produced. More precisely, the ratio between
the resonant x-ray absorption probability in the parallel and
perpendicular polarization configurations �see the Introduc-
tion� would be expected to be 95/2.5=38. �If, say, px lies
along the laser/x-ray propagation direction, then only py can
be probed in the perpendicular polarization configuration.
That is the reason why 95 must be compared with 2.5, not 5.�

Two objections may be raised to this expectation. First, at
800 nm, it takes only 10 photons to ionize either the 4p3/2
shell �binding energy I3/2=14.0 eV� or the 4p1/2 shell �I1/2

=14.7 eV� of Kr. Indeed, it has been argued �25,26� that
strong-field ionization of krypton at a laser wavelength of
617 nm is best described in terms of multiphoton ionization,
i.e., the tunneling picture is not entirely appropriate. In order
to test whether the multiphoton ionization mechanism would
imply substantially reduced ion alignment, we performed
nonrelativistic multiphoton ionization calculations using the
Floquet-type technique described in Ref. �27�. We found that
the ratio of 10-photon ionization cross sections ��10��ml

=0� /��10��ml= ±1� is 10:1 at 800 nm. Hence, no matter
whether the tunneling or the multiphoton picture of strong-
field ionization of Kr is adopted, nonrelativistic models pre-
dict a much more pronounced Kr+ x-ray absorption aniso-
tropy than observed experimentally �22�.

Relativistic corrections to the electron dynamics driven by
the laser field �see, for instance, Ref. �28�� are not important
at intensities of the order of 1014 W/cm2 �i.e., peak electric

field strengths of the order of 0.1 a.u.�. The intraatomic dy-
namics may, however, be affected by relativistic effects. This
brings us to the second objection that can be raised against
the expectation of strong Kr+ alignment: The spin-orbit split-
ting between the 4p3/2 and 4p1/2 states of Kr+ is relatively
large �0.7 eV�, so that the ml quantum numbers may not be
sufficiently well conserved during strong-field ionization. To
investigate this possibility, we have developed an effective
one-particle description of tunnel ionization with the inclu-
sion of spin-orbit interaction.

The basis of this model is the Hamiltonian

H = −
1

2
�2 + VHS�r� +

1

2
�21

r

dVHS

dr
l · s − zE − i�W�r� . �1�

The effective one-electron potential VHS is calculated using
the Hartree-Fock-Slater �29,30� code written by Herman and
Skillman �31�. �Applications of the Herman-Skillman poten-
tial to atomic photoionization are discussed, for example, in
Refs. �27,32–34�.� VHS describes the interaction of an elec-
tron with the nucleus and with the mean-field generated by
the other electrons. In addition to the Hartree-Fock-Slater
approach itself, a key approximation made here is that the
external electric field E is too weak to substantially modify
the intraatomic potential represented by VHS. At field
strengths of 0.1 a.u. or less, this approximation should be
reasonable. �We calculate that the average electric field seen
by a 4p electron in the Kr Herman-Skillman potential is
about 37 a.u.� Note that E in Eq. �1� represents a static field
along the z axis. The strategy in the following is to use Eq.
�1� to calculate, as a function of E, the tunnel ionization rates
��E� of the 4p-type orbitals of Kr. Intensity-dependent ion-
ization rates are then obtained by averaging ��E� over a laser
period. The operator in Eq. �1� depending on the scalar prod-
uct of the orbital angular momentum l and the spin s of the
active electron describes the spin-orbit interaction �� is the
fine-structure constant�. The last operator in Eq. �1� −i�W is
a complex absorbing potential �CAP� �35–50�. The real, non-
negative parameter � is the CAP strength. The local one-
electron potential W�r� is chosen here as

W�r� = �0, 0 � r � c ,

�r − c�2, r 	 c ,
� �2�

where c=4 a.u. in this paper. This choice places the absorb-
ing potential right outside the ionic core. The CAP absorbs
the tunnel-ionized electron and renders the associated wave
function square integrable. The CAP approach is closely re-
lated to the technique of �exterior� complex scaling �51–57�.
In the one-electron problem, it does not really matter
whether the CAP or the complex-scaling approach is se-
lected. For molecular many-electron problems, however, us-
ing a CAP has proved advantageous. See, for example, Refs.
�46,47,58–60�.

Let

H0 = −
1

2
�2 + VHS�r� . �3�

Using a radial finite-element basis �61–67� consisting of
3001 finite-element basis functions, we calculate for orbital
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angular momentum quantum numbers l=0, . . . ,11 the 75 en-
ergetically lowest radial eigenfunctions of H0 that vanish at
both ends of the radial grid. The quadratically spaced grid
extends from r=0 to r=60 a.u. �All numerical parameters
here and in the following are chosen such as to ensure con-
verged tunnel ionization rates.� Because of the boundary
conditions adopted, the spectrum of H0 is discrete and we
may write the eigenstates of H0 as �n , l ,ml ,ms� and the asso-
ciated eigenvalues as En,l. �Note that VHS is spherically sym-
metric.� By allowing the spin-orbit coupling operator in Eq.
�1� to act only within the 2�2l+1�-dimensional n , l subspace
�first-order degenerate perturbation theory�, a diagonal repre-
sentation of the field- and CAP-free Hamiltonian is obtained:

	−
1

2
�2 + VHS�r� +

1

2
�21

r

dVHS

dr
l · s
�n,l, j,m� = En,l,j�n,l, j,m� ,

�4�

where

�n,l, j,m� = �
ml,ms

C�lsj ;mlmsm��n,l,ml,ms� �5�

and

En,l,j = En,l +

En,l

�SO�

2l + 1
� l , j = l + 1/2,

− l − 1, j = l − 1/2.
� �6�

C�lsj ;mlmsm� is a Clebsch-Gordan coefficient �68�, and

En,l

�SO� stands for the fine-structure splitting of the n , l sub-
shell. In order to make sure that within our model the 4p3/2
and 4p1/2 binding energies agree with the experimental val-
ues, we set 
E4p

�SO�=0.666 eV and choose the exchange pa-
rameter �30,31� underlying the Herman-Skillman calculation
as 1.1035. In this way, E4p=−14.222 eV, which equals the
energy of the spin-orbit-unperturbed 4p level that is derived
from Eq. �6�. Since the singular nature of the spin-orbit in-
teraction tends to amplify inaccuracies of the Herman-
Skillman wave functions near r=0, we calculate 
En,l

�SO� for
higher lying levels using a hydrogenic formula �69�


En,l
�SO� =

const

n3l�l + 1�
. �7�

The constant in this model is 85.248 eV, to reproduce the
experimental 4p fine-structure splitting.

A matrix representation of the full Hamiltonian H �Eq.
�1�� is constructed now with respect to the state vectors
�n , l , j ,m�. The matrix elements of the dipole operator z are
determined using standard angular momentum algebra �70�

�n,l, j,m�z�n�,l�, j�,m�� = �m,m��− 1� j+l+s
�2j + 1��2l + 1�

�C�j1j�;m0m�� j j� 1

l� l s
�

�C�l1l�;000��
0




un,l�r�run�,l��r�dr .

�8�

Here, un,l�r� is a radial eigenfunction of H0 �un,l�0�=0�. The
quantity in curly braces is a 6− j symbol �70�. An immediate

consequence of Eq. �8� is that the external electric field does
not give rise to direct coupling matrix elements among the
�4pj ,m� states. On the other hand, because of the presence of
this external electric field, the only conserved quantum num-
ber is the total angular momentum projection m. The matrix
of the spherically symmetric CAP is diagonal with respect to
three of the four quantum numbers n , l , j ,m:

�n,l, j,m�W�n�,l�, j�,m�� = �l,l�� j,j��m,m�

��
0




un,l�r�W�r�un�,l�r�dr . �9�

The complex Siegert energy E �71–76� of each resonance
state of interest is calculated by diagonalizing the matrix of
H �exploiting the conservation of m� and optimizing �39� the
parameter � characterizing the strength of the CAP. The
imaginary part of the Siegert energy is a direct measure of
the ionization rate �=−2 Im�E�. For numerical efficiency, the
CAP-free Hamiltonian matrix—a real symmetric matrix—is
diagonalized first. A subset of 300 eigenvectors is selected
�based on their overlap with the field-unperturbed 4p eigen-
states�, and the optimization of � is performed by diagonal-
izing the complete complex symmetric Hamiltonian in the
selected subspace �47�.

The results of such a calculation, at E=0.10 a.u., are listed
in Table I. If this electric field strength is interpreted as the
amplitude of a linearly polarized laser field, the correspond-
ing intensity is 3.5�1014 W/cm2. Note that this is already a
little higher than the saturation intensity for the ionization of
krypton at 800 nm �77�. In spite of this relatively high elec-
tric field strength �which a neutral Kr atom is unlikely to
actually experience�, Table I illustrates that the field-free
quantum number j can still be used to label the field-
perturbed resonance states rather accurately. There is very
little mixing between �4p1/2 ,m= ±1/2� and �4p3/2 ,m
= ±1/2�. In other words, the spin-orbit interaction is, effec-
tively, not weak in comparison to the interaction with the
external electric field. A reason for this is that the external
electric field does not directly couple the 4p states to each
other, as pointed out above in connection with Eq. �8�. The
Stark shifts of the �4pj ,m� states are all of similar magnitude
and smaller than the fine-structure splitting. Not only is j a
virtually conserved quantum number, the fine-structure split-
ting remains almost unaffected by the external electric

TABLE I. Stark shifts 
E�Stark� and tunnel ionization rates � of
the 4p orbitals of krypton, at an electric field strength of E
=0.10 a.u. Each metastable state can be labeled in terms of the
projection quantum number m. �Data were calculated for positive
m. Replacing m with −m yields identical results.� Also shown are
the squared overlaps �c�j=1/2��2 and �c�j=3/2��2 of the field-
perturbed resonance states with the field-free 4p eigenstates.

m 
E�Stark� �a.u.� � �a.u.� �c�j=1/2��2 �c�j=3/2��2

+1/2 −1.25�10−2 4.89�10−3 0.976 0.016

+1/2 −1.41�10−2 1.18�10−2 0.022 0.957

+3/2 −1.42�10−2 1.41�10−3 0 0.970
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field—the fine-structure splitting decreases by only 7%—and
is resolvable within the ionization widths � j,m of the field-
perturbed states �4pj ,m�. We observe that �3/2,±1/2 is greater
than �3/2,±3/2 by more than a factor of 8 and greater than
�1/2,±1/2 by 2.4. This can be rationalized on the basis of the
nonrelativistic tunneling picture: Tunneling is much faster
for �4p ,ml=0,ms� than for �4p ,ml= ±1,ms�. �4p3/2 ,m
= ±3/2� has no overlap with �4p ,ml=0,ms�, while the
squared overlap with �4p ,ml=0,ms� is two times greater for
�4p3/2 ,m=ms� than for �4p1/2 ,m=ms�.

The total atomic ionization rate is obtained as the sum
over all � j,m weighted by the number of electrons in the
respective j ,m subshell. Combining the data in Table I, the
ionization rate of Kr, at E=0.10 a.u., is 0.036 a.u., which
corresponds to a tunneling lifetime of 0.67 fs. Relevant in
the case of a laser field is the rate averaged over a laser
period �in fact, a suitably chosen quarter period is sufficient�:

�̄ j,m =
2

�
�

0

�/2

� j,m�E0 cos ��d� . �10�

The relation between the field amplitude E0 and the intensity
I in the case of a linearly polarized laser field is E0=
8��I,
where the intensity is measured in units of EH / �t0a0

2�
=6.436 41�1015 W/cm2 �EH is the Hartree energy; t0 is the
atomic unit of time; a0 is the Bohr radius�. In Fig. 1, the
cycle-averaged rates �̄ j,m are plotted as a function of inten-
sity.

We are now in a position to calculate the state distribution
of Kr+ ions generated by a laser pulse. Since the x-ray mi-
croprobe technique �22� allows one to selectively measure
the ions produced in the immediate vicinity of the laser fo-
cus, we do not perform any spatial averaging in the follow-
ing. If the laser pulse envelope changes slowly on the time
scale of the laser period, which was to a good approximation
the case in the experiment described in Ref. �22�, then we
can use the cycle-averaged tunneling rates and insert them
into rate equations

�̇0�t� = − �
j,m

�̄ j,m�t��0�t� , �11�

�̇ j,�m��t� = ��̄ j,m�t� + �̄ j,−m�t���0�t� . �12�

Here, �0 is the probability of finding a neutral krypton atom
��0=1 before the pulse�, and � j,�m� is the probability of find-
ing Kr+ with a hole in either the 4pj ,m or the 4pj ,−m orbital
�� j,�m�=0 before the pulse�. Depopulation of Kr+ due to Kr2+

production is not considered here. We solve the rate equa-
tions assuming a Gaussian intensity envelope with a full
width at half maximum of 40 fs. The resulting Kr+ state dis-
tribution is shown in Fig. 2 as a function of the peak intensity
of the laser pulse. First, in agreement with experiment �77�,
the ionization of Kr saturates between 1�1014 W/cm2 and
2�1014 W/cm2. Second, at saturation the Kr+ state popula-
tions are �3/2,1/2=69%, �1/2,1/2=26%, and �3/2,3/2=5%. In the
following section, we will show that this state distribution
allows us to understand the polarization dependence of the
Kr+ x-ray absorption observed in the APS experiment �22�.

III. DENSITY-MATRIX DESCRIPTION OF X-RAY PROBE
OF VALENCE HOLE

The rate equation approach employed in the previous sec-
tion predicts a Kr+ density matrix that is diagonal in the
�j ,m���4pj ,m� basis. Possible coherences are neglected.
This makes sense for the conditions that were present in the
APS experiment, where the pump and probe pulses were
long in comparison to the valence spin-orbit period T�SO�,
which is 6.2 fs in krypton. �T�SO� is defined in terms of the
valence fine-structure splitting: T�SO�=2� /
E�SO�.� However,
if the pump pulse is sufficiently short, then, even if the pho-
toelectron is observed, there is no way one can decide
whether the electron comes from the 4p3/2 or the 4p1/2 or-
bital. In other words, an ultrashort pulse of a few fs or less
generates an ion that is in a coherent superposition of the
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FIG. 1. �Color online� Cycle-averaged ionization rates of the 4p
orbitals of krypton as a function of laser intensity, calculated for
linearly polarized light.
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�j ,m� states. A correspondingly short probe pulse could be
used to follow the resulting spin-orbit wave-packet dynamics
in a time-resolved fashion.

In the following, we consider initial density matrices
�right after ionization has taken place� that are diagonal with
respect to the conserved quantum number m:

��t = 0� = �
m

�
j�,j�

�j�,m�� j�,j�
�m� �j�,m� . �13�

This form includes initial density matrices that are diagonal
in the �j ,m� basis and those that are diagonal in the
�ml ,ms���4p ,ml ,ms� basis. We require that

� j�,j�
�m� = � j�,j�

�−m� �14�

and

Tr���t = 0�� = �
j,m

� j,j
�m� = 1. �15�

Equation �14� indicates that strong-field ionization is not sen-
sitive to the sign of the projection quantum number, and Eq.
�15� ensures normalization of the initial density matrix. Uti-
lizing the Schrödinger-picture time-evolution operator U�t�,
the density matrix at t�0 is given by

��t� = �
m

�
j�,j�

� j�,j�
�m� U�t��j�,m��j�,m�U†�t� . �16�

Employing hard x rays at a photon energy of 14.313 keV,
one can probe the Kr+ 4p hole by resonant x-ray absorption
by a K-shell electron. The resulting core hole decays very
rapidly via x-ray emission within 240 as. The decay width of
the core hole is referred to in the following as �. In order to
describe the probe process, we determine the probability P�t�
of absorbing an x-ray photon

P�t� = 1 − �
j,m

�j,m���t��j,m� . �17�

To this end, we define

� j�,j�
�m� �t� = � j�,j� − �

j,m̃

�j�,m�U†�t��j,m̃��j,m̃�U�t��j�,m� ,

�18�

so that

P�t� = �
m

�
j�,j�

� j�,j�
�m�

� j�,j�
�m� �t� . �19�

�
j�,j�
�m� �t� is most efficiently evaluated in the interaction pic-

ture using time-dependent perturbation theory, treating the
atomic Hamiltonian H0 �including spin-orbit interaction� as
the unperturbed part and the interaction with the probe x rays
as the perturbation. The perturbation is described semiclassi-
cally employing a time-dependent interaction V�t�. Thus, to
second order in perturbation theory,

� j�,j�
�m� �t� = �j�,m�O�t� + O†�t��j�,m� , �20�

where

O�t� = �
0

t

dt�eiH0t�V�t��e−iH0t��
0

t�
dt�eiH0t�V�t��e−iH0t�.

�21�

We now calculate an explicit expression for �
j�,j�
�m� �t� using

the electric dipole approximation �nondipole effects in Kr 1s
photoionization are not very strong �78�� and assuming the
following time-dependent interaction:

V�t� = − �d · �p�Ep cos��pt��1, 0 � t1 � t � t2,

0, otherwise.
�

�22�

Here, d is the electric dipole operator, �p is the polarization
vector of the linearly polarized probe x rays, Ep is the electric
field amplitude of the x rays, and �p is the x-ray photon
energy. The x-ray pulse starts at t= t1 and ends at t= t2. We
assume that the decay of the core hole is faster than the
duration of the probe pulse ���t2− t1��1�. We further as-
sume that �p is tuned to the 1s-4p resonance and exploit
that, within the decay width of the core hole, the 4p1/2 and
4p3/2 states of Kr+ are energetically indistinguishable. Hence,
after the probe pulse �t� t2�,

� j�,j�
�m� �t� =

Ep
2

�
Tj�,j�

�m� f j�,j��t1,t2� , �23�

where

Tj�,j�
�m� = �

mK

�j�,m�d · �p�K,mK��K,mK�d · �p�j�,m� . �24�

In this expression, �K ,mK� stands for the resonantly core-
excited state with projection quantum number mK. The angu-
lar momentum quantum number jK �jK=1/2 for a hole in the
K shell� is not explicitly written.

The delay t1 and the duration �= t2− t1 of the probe pulse
enter in Eq. �23� through f j�,j��t1 , t2�. We do not give the
most general expression for f j�,j��t1 , t2�, but consider two
specific scenarios. In the first scenario, t1 and t2 vary from
shot to shot by amounts comparable to or larger than T�SO�,
so that after averaging over the corresponding phases

f j�,j�
�1� = � j�,j���� . �25�

��� is the average pulse duration. This is the case for experi-
ments using currently available synchrotron radiation
sources. In the second scenario, the probe pulse is short in
comparison to the spin-orbit period. The delay t1 is con-
trolled from shot to shot to within a fraction of T�SO�. Analo-
gous conditions must be satisfied by the pump pulse. In this
case, using Ej �E4p,j,

f j�,j�
�2� = exp�i�Ej� − Ej��t1�� . �26�

We note that the matrix elements T
j�,j�
�m� , and thus the x-ray

absorption probability P, depend on the spatial orientation of
the x-ray polarization vector �p. Let �p denote the angle
between the quantization axis �i.e., the laser polarization
axis� and the x-ray polarization vector. Then, applying stan-
dard angular momentum algebra �70� and making explicit
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use of the one-particle quantum numbers of the hole in the
initial and final states, the following T�m� matrices are found
from Eq. �24�:

T�+3/2� = ��0 0

0
1

2
sin2 �p� , �27�

T�+1/2� = ��
1

3

2�1

2
sin2 �p −

1

3
�


2�1

2
sin2 �p −

1

3
� 2

3
−

1

2
sin2 �p

� ,

�28�

and

Tj�,j�
�m� = �− 1� j�−j�Tj�,j�

�−m�. �29�

In Eqs. �27� and �28�, the first column and row refers to j
=1/2, the second to j=3/2. The parameter

� =
1

3
��s�d�p��2 �30�

is defined in terms of the reduced dipole matrix element
�s�d�p� between the core �s� and valence �p� orbitals. �s�d�p�
refers to purely spatial one-electron wave functions.

Collecting the results obtained in Eqs. �19�, �23�, and
�25�–�29�, we find the x-ray absorption probabilities for the
two scenarios considered above �see Eqs. �25� and �26��.
Thus, in the case of scenario 1 �poor temporal control of the
pump and probe pulses on the time scale of the spin-orbit
period�, the x-ray absorption probability is

P�1� =
Ep

2

�
�����1

3
�1/2,1/2 + �2

3
−

1

2
sin2 �p��3/2,1/2

+
1

2
sin2 �p�3/2,3/2� , �31�

where, in correspondence to Eq. �12�,

� j,�m� = � j,j
�m� + � j,j

�−m�. �32�

P�1� is a periodic function of �p with a period of 180°. There-
fore, in order to characterize the polarization-dependent
x-ray absorption in terms of a quantity that is independent of
parameters such as � and ���, we form the ratio of P�1� at
�p=0° and �p=90°:

R�1� =
P�1���p = 0 ° �
P�1���p = 90 ° �

=
2�1/2,1/2 + 4�3/2,1/2

2�1/2,1/2 + �3/2,1/2 + 3�3/2,3/2
.

�33�

We draw two important conclusions from this equation.
First, if the populations � j,�m� are allowed to vary arbitrarily
�subject to the conditions that � j,�m�	0 and �1/2,1/2+�3/2,1/2
+�3/2,3/2=1�, the observable ratio R�1� in the first scenario can
assume any value between 0 ��3/2,3/2=1� and 4 ��3/2,1/2=1�.
Greater values, however, are not possible. This is in stark
contrast to what would be expected if it were possible to

neglect spin-orbit coupling. Second, using the populations
�3/2,1/2=69%, �1/2,1/2=26%, and �3/2,3/2=5% calculated in
Sec. II, R�1�=2.4. This is still a little higher than the experi-
mentally observed ratio of 2.0 at a peak intensity of 4
�1014 W/cm2 �22�, but in view of the simplicity of the
model developed in this paper, the level of agreement is
good. This signals that the inclusion of spin-orbit interaction
in the tunneling picture is crucial. Two factors not included
in our description may be particularly important in explain-
ing the small remaining discrepancy: One is that the relative
population of �1/2 , ±1/2� may be somewhat too small. This
may be the case because, as mentioned in Sec. II, it requires
the same number of photons �at 800 nm� to ionize either
4p3/2 or 4p1/2, whereas the tunneling model suppresses the
ionization of the more strongly bound 4p1/2 orbital. The sec-
ond factor is that at the relatively high peak intensity of 4
�1014 W/cm2, some 10% of the Kr+ ions are ionized and
give rise to Kr2+. The presence of Kr2+ may lead to further
reduction of R�1�.

For the second scenario, where the pump-pulse duration
and the shot-to-shot fluctuations of probe-pulse delay and
duration �fixed t1 and �� are small in comparison to T�SO�, the
exact form of the initial density matrix ��t=0� depends on
details of the pump pulse. All that can be said at this point is
that for a sufficiently short pump pulse, the density matrix is
initially not diagonal in the �j ,m� basis. One interesting pos-
sibility, which might be realized experimentally, is an initial
density matrix that is diagonal in the uncoupled �ml ,ms� ba-
sis. In this case, exploiting that strong-field ionization probes
the sign of neither ml nor ms, only one independent param-
eter characterizes ��t=0�, which we may choose as the prob-
ability W0 of generating Kr+ with ml=0 �ms= ±1/2�. Using
the inverse of Eq. �5�, the density-matrix coefficients �

j�,j�
�m� ,

which are needed for evaluating Eq. �19�, can be expressed
in terms of W0. Thus, the x-ray absorption probability as a
function of the time delay t1 is

P�2� =
Ep

2

�
���	W0�1

3
−

1

2
sin2 �p� +

1

6
sin2 �p


��1 + 2 cos�
E�SO�t1�� +
2

9
�1 − cos�
E�SO�t1��� .

�34�

Hence, the ratio of P�2���p=0° � and P�2���p=90° � is

R�2� =
6W0�1 + 2 cos�
E�SO�t1�� + 4�1 − cos�
E�SO�t1��

3�1 − W0��1 + 2 cos�
E�SO�t1�� + 4�1 − cos�
E�SO�t1��
.

�35�

R�2� is a periodic function of t1 with period T�SO�. R�2� vs t1 is
plotted in Fig. 3 for the case W0=95% �see Sec. II�. The
figure illustrates how the time-resolved determination of R�2�

would provide a direct measure of the spin-orbit dynamics of
the laser-generated hole in the krypton valence shell.

IV. CONCLUSIONS

Pump-probe techniques are established tools in ultrafast
science, but they represent a rather novel approach in the
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x-ray physics of atoms and molecules, primarily due to the
current lack of ultrafast, high-flux x-ray sources. Future x-ray
free-electron lasers, such as the Linac Coherent Light Source
�LCLS� currently under construction at the Stanford Linear
Accelerator Center, are expected to open a new door to ul-
trafast science. One of the motivations underlying the x-ray
microprobe technology �22� is the development of the tech-
niques required for measurements at LCLS. But even with
relatively long x-ray pulses, x-ray-based pump-probe experi-
ments reveal new scientific insights.

A recent experiment at the Advanced Photon Source �22�
has, for the first time, provided information on the alignment
properties of krypton ions generated via strong-field ioniza-
tion. The degree of alignment was found to be far lower than
expected on the basis of nonrelativistic tunneling or multi-
photon models. We have shown in this paper that the spin-
orbit effect has a large impact on the Kr+ alignment and can
explain the experimental observation. It is particularly im-
portant to emphasize that at the electric-field strength at
which Kr ionizes, there is hardly any mixing of the 4p3/2 and
4p1/2 orbitals. The Kr+ density matrix is essentially diagonal
in the �4pj ,m� basis. This means that, in general, strong-field
ionization of Kr does not produce a coherent superposition of
the �4pj ,m� states.

Creating such a spin-orbit wave packet requires a laser
pulse that is shorter than the spin-orbit period. The creation
of such a wave packet- and the time-resolved measurement
of its dynamics—represents an intriguing challenge for fu-
ture studies. The formal analysis presented in this paper is
not restricted to krypton. It applies, in principle, to all noble
gas atoms �except helium�, even though the degree of p3/2,
p1/2 mixing in the laser electric field is likely to be greater in
the lighter noble gases than in krypton. In order to explore
the spin-orbit-induced wave-packet dynamics of the valence
hole in a time-resolved fashion, there are practical consider-
ations that may render other noble gas species more suitable

than krypton. In Table II, the spin-orbit period, the photon
energy for the resonant transition of an electron from the K
shell into the outer-valence hole �np�, and the photon energy
for the resonant transition of an electron from the inner-
valence shell �ns� into the outer-valence hole are shown for
Ne, Ar, Kr, and Xe. The entries in the table are based on data
taken from Refs. �79–84�.

We note that the requirements in terms of pump and probe
pulse durations are least stringent in the case of Ne. An in-
tense 800-nm, few-fs laser pulse would work well to launch
a spin-orbit wave packet in Ne+. For the heavier noble gases,
in particular Kr and Xe, the pump pulse would have to be not
only intense, but less than a femtosecond long. If the 1s-2p
transition is selected to probe the dynamics of the neon 2p
hole, then an 849-eV, few-fs pulse would have to be avail-
able. The resonant transition could be monitored by observ-
ing the Auger decay of the core hole. Such an experiment
will become feasible in a few years when the first x-ray
free-electron laser, the Linac Coherent Light Source, comes
online at Stanford. �The initial pulse duration is expected to
be of the order of a few hundred femtoseconds, but the even-
tual production of few-fs pulses is expected �85�.� An alter-
native approach is to use the 2s-2p transition at a photon
energy of 26.9 eV. This lies in the vacuum ultraviolet, so that
one might consider employing high-order harmonic genera-
tion in order to supply a 26.9-eV, few-fs probe pulse. Then it
might be most efficient to detect the resonant 2s-2p excita-
tion by measuring the vuv fluorescence from the 2s hole.
Experiments along these lines would allow one to explore
the emergence of coherence in the ion density matrix as the
laser pulse duration is shortened. They might serve as a fun-
damental testing ground for our ability to coherently control
the dynamics of atomic electrons using ultrashort laser
pulses.
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FIG. 3. R�2� �Eq. �35�� as a function of the probe delay t1 in units
of the spin-orbit period T�SO�. In the experiment suggested by the
figure, the resonant x-ray absorption by a tunnel-ionized noble gas
atom �Ne, Ar, Kr, Xe� would be measured for two different angles
�p between the �pump� laser and �probe� x-ray polarizations. R�2� is
the ratio of the absorption probabilities at �p=0° and �p=90°.

TABLE II. The table shows the spin-orbit period T�SO� for an
outer-valence hole in the noble gas atoms Ne, Ar, Kr, and Xe. The
spin-orbit period is inversely proportional to the splitting between
the p3/2 and p1/2 fine-structure components of the outer-valence
hole. Also shown is the energy EK-ov that is required to resonantly
excite a K-shell electron into the outer-valence hole. Eiv-ov is the
energy difference between inner- and outer-valence shells. Eiv-ov is
the average of the respective transition energies for the p3/2 and p1/2

outer-valence components.

T�SO� �fs� EK-ov �keV� Eiv-ov �eV�

Ne 42.7 0.85 26.9

Ar 23.3 3.19 13.4

Kr 6.2 14.3 13.2

Xe 3.2 34.5 10.7
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