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Universal low-energy properties are studied for three identical bosons confined in two dimensions. The
short-range pairwise interaction in the low-energy limit is described by means of the boundary condition
model. The wave function is expanded in a set of eigenfunctions on the hypersphere, and the system of
hyperradial equations is used to obtain analytical and numerical results. Within the framework of this method,
exact analytical expressions are derived for the eigenpotentials and the coupling terms of hyperradial equations.
The derivation of the coupling terms is generally applicable to a variety of three-body problems provided the
interaction is described by the boundary condition model. The asymptotic form of the total wave function at a
small and a large hyperradius � is studied, and the universal logarithmic dependence �ln3 � in the vicinity of
the triple-collision point is derived. Precise three-body binding energies and the �2+1�-scattering length are
calculated.
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I. INTRODUCTION

The dynamics of a few particles confined in two dimen-
sions �2D� is of interest in connection with numerous inves-
tigations ranging from ultracold gases �1–4� to atoms ab-
sorbed on a surface �5–7�. An additional motivation is
aroused by specific features of quantum systems in 2D
�8–10�. Experiments with ultracold gases in the 2D and
quasi-2D traps have been recently realized �1,2�.

A description of elementary processes in ultracold gases
has been attracting great interest in the last years, and many
aspects of the low-energy few-body dynamics in 3D have
been thoroughly investigated. As a particular important ex-
ample, one could mention studies of the three-body recom-
bination for spinless bosons �11–14�, two-component fermi-
ons �15�, and particles with internal degrees of freedom in
the presence of a Feshbach resonance �16,17�. The low-
energy few-body dynamics in low dimensions is less inves-
tigated despite extensive studies. Besides, new phenomena
and additional complications arise in quasi-low-dimensional
geometry if the effect of motion in the transverse directions
is taken into account �see, e.g., �3,18–21��. Among different
aspects of 2D systems, one should mention the treatment of
the three-body energy spectra �22–24�, low-energy scattering
of an atom off a dimer molecule �25�, and low-energy three-
to-three scattering �26,27�. The precise binding energy of
four bosons was calculated in �28�, and the universal law for
the N-boson ground-state energy was discussed in �29�.

Concerning other 2D and quasi-2D problems, consider-
able efforts have long been devoted to the investigation of
atoms adsorbed on a surface, including helium atoms on
graphite �30� and hydrogen atoms on a helium film �5–7�. In
this respect, one should mention the observation of a quasi-
condensate �6�, measurement of the three-body recombina-
tion rate �7�, and a vast number of theoretical papers—e.g.,
�10,31,32�.

In the low-energy limit, which is of interest both for prac-
tical applications and from a general point of view, the de-
scription of the few-body system becomes universal—i.e.,
essentially independent of the details of the two-body inter-

actions. Among different results of this sort, notice the recent
analytical derivation of the universal constants for the zero-
energy three-boson scattering in 3D �14,33�. The description
becomes parameterless if the only parameter describing the
two-body interactions—e.g., the two-body scattering length
a—is chosen as a scale �34–36�. In comparison with the
universal description in 3D, it is of importance that the solu-
tions of the three-body problem in 2D, contrary to the 3D
one, remain regular near the triple-collision point even in the
zero-range-interaction limit. This regularity implies, inter
alia, the absence of Thomas and Efimov effects, which was
noticed in �8,9�. Thus, there is no additional regularization
parameter, which was introduced in 3D, and the three-body
properties in 2D are completely determined by the two-body
input that provides a completely universal and parameterless
description in the low-energy limit. In particular, the trimer
binding energies and the 2+1 scattering length become the
universal constants, which must be determined with good
accuracy.

The universal limit corresponds to the limit of the vanish-
ing interaction range r0 so that r0 must be much smaller than
any length scale in the system; i.e., the binding energies do
not exceed the characteristic energy �2

mr0
2 . Practically, the uni-

versal limit can be realized by adjusting the parameters of
interaction to diminish the two-body binding energy—e.g.,
by tuning the position of the Feshbach resonance. To ap-
proach the universal limit, one could use the dependence on
the particle mass; e.g., an interesting way is to study the
isotopic effect for 2D helium atoms �22�. Generally, the uni-
versal limit in 2D appears for a very weak potential with a
nonpositive average as it is known that in this case the two-
body binding energy in 2D becomes exponentially small
with decreasing potential strength �37�. It is worthwhile to
mention a qualitative difference of the universal properties in
2D and 3D; namely, one expects that both three-body bound
states arise simultaneously with the two-body bound state—
i.e., at the infinite two-body scattering length. This conjec-
ture is supported by the calculations �22,38�, which consid-
ered the dependence of the three-body binding energy on the
particle mass and potential strength in the limit of the van-
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ishing two-body binding energy. Recall that in 3D an infinite
number of three-body bound states arise with increasing po-
tential strength at finite values of the scattering length before
the two-body bound state arises.

In the present paper, the universal properties of three iden-
tical 2D bosons are studied within the framework of a
method which makes use of the boundary condition model
�BCM� �9,39� for the s-wave interparticle interaction. The
two-body interaction introduced in this way is known in the
literature as the zero-range potential �40�, the Fermi pseudo-
potential �39�, and the Fermi-Huang pseudopotential �see,
e.g., Refs. �41,42�� and an equivalent approach is used also
in the momentum-space representation �28,29,36�. As pro-
posed in Ref. �43�, the wave function is expanded in a set of
eigenfunctions on the hypersphere and the resulting system
of hyperradial equations �HRE’s� is used to conveniently
treat both the boundary and scattering problem. One of the
principal advantages is that for the two-body interaction
given by the BCM the eigenpotentials of HRE’s are solutions
of a simple eigenvalue equation. The aim of the present pa-
per is to derive in analytical form all the terms of HRE’s,
thus determining the coupling terms via the eigenpotentials
and their derivatives over the hyperradius. Both the deriva-
tion and expressions found are generally applicable to a va-
riety of problems; the coupling terms can be obtained in
analytical form for three particles of arbitrary permutation
symmetry, with arbitrary masses and scattering lengths, and
for any dimension of the configuration space. In particular,
coupling terms of the same analytical form were derived for
three bosons �35� and three two-component fermions �53� in
3D. The exact expressions are used to analyze the asymptotic
behavior of the total wave function both at large and small
interparticle separations; e.g., the universal dependence of
the total wave function near the triple-collision point is
found.

Until now, numerical calculations of the universal con-
stants have included the early calculation �8� of the binding
energies of three 2D bosons by solving the momentum-space
integral equations. Much better precision was obtained by
solution of the hyperradial equations �23,44�, the results of
which were not in complete agreement with those of �8�. Up
to date, in the universal limit of zero-range interactions the
most precise binding energies have been found by solving
the momentum-space integral equations �29�. Among scarce
studies of the low-energy three-body scattering in 2D, the
only available calculation in Ref. �25� demonstrated a
smooth dependence of the 2+1 scattering length on the in-
teraction range. In the present paper, the precise universal
values of the three-body binding energies and the scattering
length for a particle collision off a bound pair are calculated.

It has been known for a long time �see, e.g., �45,46�� that
the one-dimensional problem of N identical particles with
zero-range interactions �in this case, Dirac’s � function� is
exactly soluble. On the other hand, the method of the present
paper, including the derivation of the exact expressions for
the coefficients of HRE’s, is equally applicable to the three-
body problem in 1D. Note that the approach based on solu-
tion of HRE’s was used in Ref. �47� to discuss low-energy
2+1 scattering in 1D. The calculation of the 1D three-body
problem provides a good opportunity to test the approach, to

check the numerical procedure, and to compare the 1D and
2D calculations. For these reasons, the main discussion of
the 2D three-body problem is complemented by a brief treat-
ment of the corresponding 1D problem.

The paper is organized in the following manner. The next
section contains information on the low-energy two-body
scattering in 2D, introduces the boundary condition model,
and describes the expansion of the wave function in a set of
eigenfunctions on the hypersphere. Analytical results are col-
lected in Sec. III, starting with the eigenvalue equation which
determines the eigenpotentials for HRE’s. Furthermore, ana-
lytical expressions for the coupling terms in HRE’s are de-
rived. On the ground of these results, the asymptotic form of
the eigenpotentials and coupling terms is obtained and ap-
plied to derive implications of the asymptotic behavior of the
solution of HRE’s. The numerical procedure and the results
of the numerical calculations are described in Sec. IV, and
the last section contains a summary and a final conclusion.
The results for three identical bosons in 1D are briefly dis-
cussed in the Appendix.

II. METHOD

The present study is aimed at the description of the low-
energy properties of three identical 2D bosons with short-
range pairwise interaction in the limit of the zero interaction
range. The description turns out to be universal—i.e., essen-
tially independent of the details of the two-body interaction.
In the low-energy limit under consideration, only the zero
total angular momentum L=0 should be considered and only
the s-wave two-body interaction should be taken into ac-
count. The two-body input for the three-body problem is set
as the universal low-energy description of the two-body in-
teraction by a single parameter, for which the two-body scat-
tering length a can be suitably chosen. The scattering length
in 2D is defined by the asymptotic form of the zero-energy
wave function at large interparticle separation r beyond the
interaction range, �� ln�r /a� �9,10�. This is analogous to
the definition of the scattering length in 3D as the distance at
which the asymptotic expression of the wave function
crosses zero. Clearly, with this definition the 2D low-energy
scattering is the same as the scattering on the hard disk with
radius rd=a. The s-wave scattering amplitude, in accordance
with the effective-range expansion �10,25,48,49�, in the low-
energy limit k→0 is completely determined by the 2D scat-
tering length a,

f0�k� =
�2i/�k

cot �0�k� − i
���i

2k
�ln

ka

2
+ � − i

�

2
	−1

, �1�

where k is the wave number, �0�k� is the s-wave scattering
phase shift, and ��0.5772 is the Euler constant. The three-
body 2+1 scattering—i.e., the collision of the bound dimer
off the third particle—below the three-body threshold is de-
scribed in the same way as the two-body scattering. At low
kinetic energy of colliding particles, the s-wave
�2+1�-scattering amplitude is described by the effective-
range expansion of the form �1�, where the two-body scatter-
ing length a is replaced by the �2+1�-scattering length A and

O. I. KARTAVTSEV AND A. V. MALYKH PHYSICAL REVIEW A 74, 042506 �2006�

042506-2



k denotes the wave number for the relative motion of a dimer
and the third particle.

A. Boundary condition model

In the low-energy limit under consideration, a convenient
one-parameter description of the two-body interactions is ob-
tained within the framework of the BCM corresponding to
the vanishing range of interaction. In this approach, the exact
scattering amplitude f0�k� is determined by the low-energy
expression �1� for an arbitrary k and the two-body binding
energy equals 4�2

ma2 e−2�, which corresponds to the pure imagi-
nary pole of f0�k� at ka= i2e−�. Explicitly, the s-wave bound-
ary condition which provides the above-discussed low-
energy behavior can be written �9� as

lim
r→0

� d

dr
−

1

r ln�r/a�	� = 0. �2�

The total interaction of three particles is a sum of two-body
potentials, which are replaced in the BCM by the two-body
boundary condition of the form �2� for each pair of particles.
As the only parameter describing the two-body interactions
is the scattering length a, the units �=m=a=1 will be used
throughout the paper; thereby, the three-body problem be-
comes parameterless. The total wave function � satisfies the
boundary conditions and the Helmholtz equation

�	x + 	y + E�� = 0, �3�

where x and y are an arbitrary pair of the scaled Jacobi
coordinates defined via the particles’ radius vectors ri as xi

=r j −rk and yi=
1
�3

�2ri−r j −rk�. Different sets of the Jacobi
coordinates are related by xi=−cx j +sy j and yi=−sx j −cy j,
where c=1/2, s= ±�3/2, and the 
 sign is chosen if 
ijk� is
an even or odd permutation of 
123�. The wave function �
of three identical particles is symmetrical under any permu-
tation of the particles; therefore, it is sufficient to impose just
one boundary condition

lim
x→0

� �

�x
−

1

x ln x
	� = 0, �4�

where x is any of three interparticle distances.

B. Hyperradial expansion

Solution of a system of HRE’s provides an efficient ap-
proach to treat both the eigenvalue and scattering problem
for the three-body system. This approach is particularly ad-
vantageous due to the use of the BCM since all the terms of
HRE’s are expressed in the analytical form �23,35�, which
allows one to obtain the exact asymptotic form of the wave
function and to improve the accuracy of the numerical cal-
culations. The system of HRE’s is obtained by expanding the
total wave function in a set of eigenfunctions on the hyper-
sphere �n�� , ,R�,

� = e−R�
n=1

�

fn�R��n��,,R� , �5�

where the hyperspherical variables � �0�����, �i �0��i

�� /2�, and i �0�i��� are introduced by the relations

xi=� sin �i, yi=� cos �i, and cos i= �xiyi� /xiyi and R=ln � is
a convenient variable in 2D. Different sets of hyperspherical
variables are related by cos 2�i=−c cos 2� j +s sin 2� j cos  j
and sin 2�i cos i= ±s cos 2� j −c sin 2� j cos  j. By defini-
tion, �n�� , ,R� are regular solutions of the eigenvalue prob-
lem on the hypersphere—i.e., at fixed R—deduced from Eqs.
�3� and �4�:

��2 + �n
2�R� − 1��n��,,R� = 0, �6�

lim
�→0

� �

��
−

1

��R + ln ��	�n��,,R� = 0, �7�

where

�2 =
�2

��2 + 2 cot 2�
�

��
+

4

sin2 2�

�2

�2 . �8�

Like the total wave function, the functions �n�� , ,R� are
symmetrical under any permutation of particles; i.e.,
�n�� , ,R� are independent of the index enumerating the
Jacobi coordinates.

For each value of the variable R, the problem �6� and �7�
determines an infinite number of discrete eigenvalues �n

2�R�
and corresponding eigenfunctions �n normalized by the con-
dition �n ��m�=�nm. Henceforth the notation ·�·� means in-
tegration over the invariant volume on the hypersphere, d�
= 1

12 sin 2�d�d cos , where the arbitrarily chosen factor
1 /12 is suitable for the derivation of the coupling terms in
Sec. III B. The expansion �5� of the total wave function leads
to a system of HRE’s which can be written in two equivalent
forms

�−
d2

dR2 − Q�R�
d

dR
−

d

dR
Q�R� + U�R� + P�R� − Ee2R	f�R�

= 0, �9�

�− � d

dR
+ Q�R��2

+ U�R� − Ee2R	f�R� = 0, �10�

where f�R� is the vector function composed of the hyperra-
dial channel functions fn�R� and the matrices of eigenpoten-
tials U�R� and coupling terms Q�R� and P�R� are defined by
their matrix elements

Unm�R� = �n
2�R��nm, �11�

Qnm�R� = �n��m� � , �12�

Pnm�R� = �n���m� � , �13�

with the prime denoting the derivative over R. The identity

Pnm = �
k=1

�

QnkQmk �14�

provides the equivalence of the infinite systems of equations
in the forms �9� and �10�.

Although two infinite systems of HRE’s �9� and �10� are
equivalent, the truncated ones give rise to different results,
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which allows one to estimate convergence with increasing
number of HRE’s, N, in practical calculations. Notice that N
HRE’s of the form �9� reduce to the form �10� if the
N-dimensional matrix P�N� is replaced by a product of
N-dimensional matrices Q�N�, P�N�→−Q�N�Q�N�. It is impor-
tant that the solution of the truncated system of N HRE’s
taken in the form �9� gives the upper bound Ei

�N� for the exact
energy of the ith state Ei and the upper bound A�N� for the
exact �2+1�-scattering length A—i.e., Ei

�N��Ei and A�N�

�A �50,51�. The proof can be obtained by observing that the
truncated system of HRE’s in the form �9� can be obtained
by application of the variational principle with the trial func-
tion containing a finite sum of the form �5�. On the other
hand, the solution of HRE’s �10�, at least in the one-channel
approximation, gives the lower bound for the ground-state
energy �50�. Solution of the system �9� generally provides
faster convergence with increasing number of equations,
while solution of the system �10� does not require elaborate
calculation of Pnm�R�. Notice that the scattering length can
be calculated by solving only the truncated system �9� be-
cause the first-channel effective potential U1

ef f��� decreases
as 1/�4 �see Sec. III C�. In contrast to that, the first-channel
effective potential in the truncated system �10� is of the form
U1

ef f���= ��1
2���+�n=1

N Q1n
2 ���� /�2 and contains a long-range

term �−1/3�2 for any finite N, which prevents calculation of
the scattering length.

III. ANALYTICAL RESULTS

A. Eigenvalue problem on the hypersphere

It is convenient to take account of the permutation sym-
metry and to satisfy the boundary condition �7� by means of
the Faddeev-like decomposition

���,,R� = �
i=1

3

���i,R� , �15�

provided the function ���i ,R� is symmetrical under the per-
mutation of the particles j and k and satisfies the same equa-
tion on a hypersphere �6� as the eigenfunction ��� , ,R�.
The representation �15� is advantageous due to the simple
structure of the function ��� ,R�, which is singular only at
one point �=0 and does not depend on  because of the
s-wave boundary condition. Following Eq. �7�, the boundary
condition for the function ���i ,R� takes the form

lim
�i→0

� ����i,R�
��i

−
1

�i�R + ln �i�
�
j=1

3

��� j,R�	 = 0, �16�

where the sum contains two functions ��� j ,R� �for j� i�,
which are regular in the limit �i→0. The solution to the
eigenvalue problem on the hypersphere is straightforward in
terms of the Legendre function P��x� regular at x=1 �52�,

���,R� = A�R�P���R�−1�/2�− cos 2�� , �17�

where A�R� is the normalization constant. Substituting Eq.
�17� into the boundary condition �16�, using the asymptotic
form of the Legendre function as �→0, P��−cos 2��

→ 2
� sin ���ln �+�+���+1��+cos �� �52�, and calculating

the limit cos 2� j,k→−1/2 as �i→0, one comes to the eigen-
value equation

R − � − �� � + 1

2
� +

�

2
tan

�

2
� + � sec

�

2
�P��−1�/2�1

2
� = 0,

�18�

where ��x� is the digamma function. The same eigenvalue
equation, in slightly different notation, was derived in Ref.
�44� in the limit of the zero interaction range.

Considering the solution of Eq. �18�, it is worthwhile to
note that the left-hand side is an even function of �; i.e., R is
a function of �2. Similar to the corresponding eigenvalue
equation in 3D �34,35�, the transcendental equation �18� de-
termines the infinitely multivalued function �2�R� for an ar-
bitrary complex-valued variable R. In particular, different
branches of this unique function for the real-valued R form a
set of real-valued �n

2�R� which play the role of eigenpoten-
tials in the HRE’s. Hereafter it is convenient to enumerate
�n

2�R� by an index n=1,2 ,3 , . . . in ascending order. As R
increases from −� to �, all the terms �n

2�R� decrease mono-
tonically in the intervals −���1

2�R��1, 1��2
2�R��25, and

�2n−1�2��n
2�R�� �2n+1�2 for n�2. Note that at the excep-

tional point �=3 the solution of the eigenvalue equation �18�
gives a finite limit R0�1.64; nevertheless, calculation of the
function �2

2�R� and its derivatives in the vicinity of this point
requires special care to take into account exact cancellation
of divergent terms.

B. Derivation of the coupling terms

An important advantage of the BCM is the analytical ex-
pression �18� for the eigenpotentials �n

2�R� in HRE’s that al-
lows one to study the asymptotic properties of the solution
and to simplify the numerical calculation thus improving its
accuracy. Evidently, the analytical expressions are strongly
desirable for the coupling terms Qnm�R� and Pnm�R�.
Whereas direct evaluation of Qnm�R� and Pnm�R� by means
of the definitions �12� and �13� is quite involved, fortunately
one can circumvent this obstacle by using the explicit depen-
dence on the parameter R in the eigenvalue problem �6� and
�7�. Thus, within the framework of the BCM one derives the
analytical expression for Q��� and P��� via eigenpotentials
�n

2�R� and their derivatives over R.
To simplify the notation, the eigenvalue problem of the

hypersphere �6� and �7� is written as

��2 − �n��n = 0, �19�

lim
�i→0

� ��n

��i
−

�n

�i
� = 0, �20�

where �n=−�n
2+1 and the function

�n��,R� =
�n��,R�
ln � + R

�21�

tends, as �→0, to a finite limit which does not depend on
the index enumerating the different sets of the Jacobi coor-

O. I. KARTAVTSEV AND A. V. MALYKH PHYSICAL REVIEW A 74, 042506 �2006�

042506-4



dinates. Taking the derivatives of Eqs. �19� and �20� with
respect to R, one obtains that �n� satisfy the inhomogeneous
equation

��2 − �n��n� = �n��n �22�

and the boundary condition

lim
�i→0

� ��n�

��i
−

�n�

�i
� = 0. �23�

For derivation of Qnm�R�, one starts with the Hellmann-
Feynman-type relation

�m��2��n�� − �n���
2��m� = �n��nm + ��m − �n�Qnm,

�24�

which is obtained by projecting Eqs. �19� and �22� onto the
functions �m� and �m, respectively. On the other hand, the
integrals over the hypersphere on the left-hand side of Eq.
�24� reduce to contour integrals around three points �i=0 in
which the functions �n and �n� have singularities. Allowing
the length of the contours to shrink to zero and taking into
account that all three singular points �i=0 make equal con-
tributions for the symmetry reason, one obtains

�m��2��n�� − �n���
2��m� = lim

�→0
���n�

��m

��
− �m

��n�

��
	 .

�25�

Combining the boundary conditions �20� and �23� with Eq.
�21�, one finds

lim
�→0

���m

��n�

��
− �n�

��m

��
	 = �n�0,R��m�0,R� , �26�

which eventually leads to the basic relation

�n��nm + ��m − �n�Qnm − �n�0,R��m�0,R� = 0. �27�

The diagonal part of Eq. �27� provides a simple relation be-
tween �n�0,R� and �n�,

�n� − �n
2�0,R� = 0, �28�

while the nondiagonal part of Eq. �27� combined with Eq.
�28� gives finally the desired result

Qnm =
��n��m�

�m − �n
. �29�

In a similar way, to derive Pnm�R� for n�m, one calcu-
lates the difference �m� ��2��n��− �n���

2��m� � by projecting
Eq. �22� onto the functions ��n,m and integrating on the hy-
persphere, which gives

��n − �m�Pnm + ��n� + �m� �Qnm = − lim
�→0

���m�
��n�

��
− �n�

��m�

��
	 .

�30�

In view of Eqs. �20� and �23�, the limit on the right-hand side
of Eq. �30� equals �m�0,R��n��0,R�−�n�0,R��m� �0,R�,
which allows one to obtain, by expressing �n�0,R�, �n��0,R�
via �n�, �n� from Eq. �28�,

Pnm = Qnm��n� + �m�

�m − �n
+

1

2
��n�

�n�
−

�m�

�m�
�	 . �31�

For derivation of the diagonal terms Pnn�R�, one requires
functions �n�, which satisfy the inhomogeneous equation

��2 − �n��n� = 2�n��n� + �n��n �32�

and the boundary condition

lim
�i→0

� ��n�

��i
−

�n�

�i
� = 0. �33�

Repeating the above procedure to calculate the difference
�n���

2��n��− �n���
2��n�� and taking into account the identity

Pnn=−�n� ��n� one obtains

3�n�Pnn = lim
�→0

���n�
��n�

��
− �n�

��n�

��
	

= 2��n��0,R��2 − �n�0,R��n��0,R� , �34�

which after simple algebra in combination with Eq. �28�
gives rise to

Pnn = −
1

6

�n�

�n�
+

1

4
��n�

�n�
�2

. �35�

The derivation of all the terms in HRE’s is accomplished
with the exact expressions �29�, �31�, and �35� for the cou-
pling terms Qnm�R� and Pnm�R� and the eigenvalue equation
�18� for �2�R�. Whereas the explicit value of �n�0,R� is of no
interest for determination of Qnm�R� and Pnm�R�, it is easy to
calculate the limit �→0 in Eq. �21�,

�n�0,R� =
2

�
An cos

�

2
�n, �36�

which, in view of Eq. �28�, allows the normalization constant
to be additionally determined,

An =
�

2
�− 2�n�n� sec

�

2
�n. �37�

One should emphasize the generality of the derived ana-
lytical expressions �29�, �31�, and �35�. The derivation is
based essentially on the BCM used to describe the pairwise
interaction. Within the framework of the BCM the described
procedure is applicable to the derivation of the coupling
terms for a variety of three-body systems in the configuration
space of an arbitrary dimension including particles of differ-
ent masses and scattering lengths and particles with internal
degrees of freedom. In particular, analytical expressions of
the same form are valid for three identical bosons in 3D �35�
and 1D �discussed in the Appendix� and for three two-
species fermions in 3D �53�.

C. Asymptotic expansions and boundary conditions for HRE’s

Asymptotic expansions for all the terms of HRE’s are of
interest for a qualitative study of the described three-body
system. In addition, the explicit asymptotic form allows one
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to formulate the boundary conditions and to improve the
accuracy of the numerical calculations. The analytical ex-
pressions derived in the preceding sections provide a
straightforward determination of the eigenpotentials and the
coupling terms in the asymptotic region �R�→�.

The expansion of eigenpotentials �n
2�R� at �R�→� follows

from the expansion of the eigenvalue equation �18� at the
singular points—i.e., near the odd integer � �except �=3� and
at infinite �. In particular, the expansion at �→ i� provides
the lowest eigenpotential at R→�

�1
2�R� = − 4e2�R−�� −

1

3
−

2

45
e−2�R−�� + O�e−4R� . �38�

The neighboring branches of the multivalued function ��R�
are continuously connected at infinity so that �n�R� at R
→� is continuation of �n−1�R� at R→−�. Thus, the same
asymptotic expansion at R→� for �n�R� and �n−1�−R�
is obtained by using the expansion of R��� near the odd
integer �,

�n�R� = �n−1�− R� =�1 +
3

R + ln�4/3�
+ O��R�−3� , n = 2,

2n − 1 +
1 − 2�− 1�nPn−1�1/2�

R − � − ��n� + �− 1�n�dP��1/2�
d�

�
�=n−1

+ O��R�−3� ,
n � 2.� �39�

As �n�R� �n�2� are of the smoothed-step form with the
steepest descent at R� ln n, the asymptotic expansion �39� is
not uniform in n—viz., it is valid only if R� ln n—which
hinders any consideration of the infinite-n limit. Therefore,
one needs the asymptotic expansion at R→� which repro-
duces the steplike dependence of �n�R� at least in the large-n
limit, thus being applicable for both large R and n. The ex-
pansion is constructed by using the requirement that both
the �n�R� and their derivatives over R for n�2 coincide

with the exact result at the point R̄n=�+��n+1/2�
− �−1�n�Pn−1/2�1/2�—viz., one requires �n�R̄n�=2n and

�n��R̄n�=−4��2−2���n+1/2�+ �−1�n�2�
�P��1/2�

�� ��=n−1/2
�−1

—which leads to the result

�n�R� � 2n +
2

�
�arctan xn + �− 1�n arcsin

�
��n��R̄n�Pn−1/2�1/2�

�xn
2 + 1

	 , �40�

where xn= �
2 �n��R̄n��R−�−��n+1/2��. As follows from Eq.

�40�, �n�R� �properly shifted along both coordinate axes� at
large n converge to the function �n�R��2n− 2

� arctan 2
� �R

−ln n−��. The quite slow �as n−1/2� large-n convergence is
entirely determined by the asymptotic behavior of the Leg-
endre function as �→�, P�−1/2�1/2���−1/2 cos ��� /3
−1/4� �52�. Actually, the terms of order �n−1/2 contain the
dependence on n via the expressions �−1�n cos ��n /3−1/4�
and �−1�n sin ��n /3−1/4�, which are periodic functions of n
with period 3. Thus, one concludes that �n�R� up to leading-
order terms in n belong to three families for different n mod
3. Convergence to the unique function is illustrated in Fig. 1
for two families of �n�R�.

Substituting the above expansions for �n�R� in the analyti-
cal expressions derived in Sec. III B, one obtains asymptotic
expansions of the coupling terms. A separate expression for
the first-channel diagonal coupling term at R→� follows
from Eq. �38�,

P11�R� = 1/3 + 2/45e−4�R−�� + O�e−6R� . �41�

Furthermore, using the expansions �39� one finds that Qnm�R�
decrease as �R�−2 and Pnm�R� decrease as �R�−4 except the
terms Qn1�R� and Pn1�R� at positive R, which decrease as
Qn1�R�� Pn1�R��e−RR−1 at R→� provided R� ln n. As dis-
cussed above, this asymptotic dependence is not uniform in n
and one would use the expression �40� to obtain the uniform
expansion which is valid for large n. For example, the de-
sired expansion for Qnm�R� at R→� takes the form

Qn1�R� �
��n��R̄n�

4n � �n�R�
xn

2 + 1�1 −
�− 1�n2xnPn−1/2�1/2�

�xn
2 + 1

�	1/2

��cosh� 2xn

��n��R̄n�
�	−1

. �42�

Similar to �n�R�, both Qnm�R� and Pnm�R� �properly scaled
and shifted along the coordinate axis� converge at large n
to the universal limiting functions so that Qn1�R�
→ �2n�−1/2Q̃1�R−ln n−��, Pn1�R�→ �2n�−1/2P̃1�R−ln n−��,
Pnn�R�→ P̃�R−ln n−��, and Qnm�R�→ Q̃�n /m ,R−ln n−��
for n�m, where

Q̃1�y� = �y2 + �2/4�−1/2�cosh y�−1, �43�

P̃1�y� = Q̃1�y��tanh y −
y

y2 + �2/4
� , �44�
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P̃�y� =
�2

12�y2 + �2/4�2 , �45�

Q̃�z,y� = z1/2
�z2 − 1��y2 + �2/4���y + ln z�2 + �2/4��−1/2.

�46�

Splitting of eigenpotentials into three families depending on
n mod 3 entails a corresponding splitting of the coupling
terms. The splitting and convergence to the universal limiting
functions for Qn1�R� and Pn1�R� are illustrated in Fig. 2.

At infinite separation of particles—i.e., when R→�—the
leading term of the asymptotic expansion for the first eigen-
potential is related to the dimensionless energy of the two-
body bound state so that �1

2e−2R=�1
2 /�2→−4e−2��−1.261,

while for other eigenpotentials the leading terms in the upper
channels are related to the kinematic barriers, �2

2e−2R

→1/�2 and �n
2e−2R→ �2n−1�2 /�2 for n�2. Thus, in the

asymptotic region, the first-channel component of the total
wave function describes the two-cluster 2+1 configuration,
whereas the upper-channel components describe the three-
cluster configuration.

Using the expansion of �1�R� at R→−�, Eq. �39�, one
obtains the asymptotic form of the first-channel radial func-
tion at a small hyperradius:

f1�R� � eR�R + ln
4

3
�2�R + ln

4

3
−

3

2
� . �47�

Given the expansion of �1�R�, Eqs. �15�, �17�, and �37�, and
the expansion of the Legendre function at �→0,
P��−cos 2���1+2� ln sin � �52�, the asymptotic form of
the first eigenfunction on the hypersphere at R→−� is

�1��,R� � �R + ln
4

3
�−2�R + ln

4

3
+

3

2
��R + ln

4

3

+ �
i

ln sin �i� . �48�

As the first-channel contribution dominates in the series �5�,
the expressions �47� and �48� entail the asymptotic form of

the total wave function at R→−�—i.e., near the triple-
collision point,

� � �R + ln
4

3
�2��

i

ln sin �i + R + ln
4

3�
= ln2 4

3
� ln

4x1x2x3

3�2 . �49�

In addition, the nonsingularity of the lowest eigenpotential in

-1
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ξ n
- 

2n

R - ln(n) - γ

FIG. 1. Convergence of eigenvalues �n�R� to the limiting func-
tion �bold line�. Two families of �n�R� are plotted by solid lines for
n=3m and by dashed lines for n=3m+1, m=1,5 ,9 ,15,25.

-0.2

0

0.2

-2 0 2

(2
n)

1/
2  P

n1

R - ln(n) - γ 

(b)

0

0.1

0.2

0 2 4 6

Q
n1

R

(c)

0

0.2

0.4

0.6

-2 0 2

(2
n)

1/
2  Q

n1

R - ln(n) - γ

(a)

FIG. 2. Two families of Qn1�R� �a� and Pn1�R� �b� are plotted by
solid lines for n=3m and by dashed lines for n=3m+1, m

=1,5 ,9 ,15,25. The corresponding limiting functions Q̃1�R−ln n

−�� and P̃1�R−ln n−�� are plotted by a bold line. In panel �c� the
exact result �solid lines� and the asymptotic expression �42� �dashed
lines� are compared for the third family of Qn1�R� �n=3m+2, m
=1,5 ,9 ,15,25�.
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the limit of a small hyperradius R→−� leads to the well-
known conclusion that neither the Efimov nor Thomas effect
exists in 2D �8,9,23�.

For the eigenvalue problem—i.e., for calculation of the
bound-state energies—the solutions satisfy the requirement
of the square integrability of the total wave function,
�n�−�

� fn
2�R�e2RdR=1, and in practice one can use boundary

conditions for the channel functions of the form fn�R�→0 at
R→ ±�. For 2+1 scattering below the three-body threshold,
the wave function in the asymptotic region tends to a product
of the two-body bound-state wave function ��x� and the
function F�r�, which depends on the intercluster distance r
=�3y /2 and describes relative motion of two clusters. The
�2+1�-scattering length A enters in the asymptotic expres-
sion for F�r� at the zero kinetic energy of two colliding clus-
ters, F�r�� ln�r /A�, which corresponds to the asymptotic
form of the total wave function, ��x ,y�→��x�ln

�3y
2A as y

→�. Taking into account that the first-channel eigenfunction
�1�� , ,R� at a large hyperradius reduces to ��x�eR and y
��=eR for x�y, one finds the asymptotic form of the chan-
nel function f1�R�,

f1�R� � ln
2A
�3

− R, R → � . �50�

In addition to the asymptotic expression �50� at R→�, the
first-channel function f1�R�→0 at R→−�, while all other
channel functions fn�R�→0, n�2, at both limits R→ ±�.

The asymptotic form of �1
2�R� and P11�R� at R→� are of

fundamental importance in the analysis of the low-energy 2
+1 scattering. In the lowest channel of HRE’s, the leading
term of �1

2�R�, Eq. �38�, cancels the term Ee2R for the thresh-
old energy E=−4e−2� and the next-order constant 1 /3 terms
of �1

2�R�, Eq. �38�, and P11�R�, Eq. �41�, cancel each other;
therefore, the effective interaction takes the form 2

45e−2�R−��,
which corresponds to the polarization interaction Vp=
−� / �2r4�, where r is the distance between a dimer and the
third particle and �=e2� /20�0.1586. This long-range polar-
ization tail of the effective interaction is a specific 2D feature
�compare, e.g., the exponential falloff of the lowest effective
interaction at large distances for three bosons in 3D �35��.
The �2+1�-scattering length in 2D exists even if the effective
interaction contains the polarization tail �48,49� �in fact, for
the potentials decreasing faster than 1/�2+��. This can be
seen from the asymptotic solution of the first-channel HRE
of the system �9� at the threshold energy, E=−4e−2�. Up to
terms of order O�e−2R�, the first-channel HRE takes the form

� d2

dR2 +
2

45
e−2�R−��	 f1�R� = 0. �51�

The general solution of Eq. �51� is the linear combination of
the Bessel functions

f1�R� � C1J0��2/45e−R+�� + C2Y0��2/45e−R+�� . �52�

The asymptotic expansion of the solution �52� at R→�,
f1�R�� �

2
C1

C2
+2�− 1

2 ln 90−R, is of the form �50�, which
proves the existence of the scattering length A. As a conse-
quence, the leading-order terms of the effective-range expan-

sion for 2+1 scattering are of the usual form �1� for two-
body scattering in 2D—viz., �

2 cot ��k�� ln�kA /2�+�, where
k is the wave number for the relative motion of a dimer and
the third particle. Nevertheless, the higher terms of the
effective-range expansion are modified by the polarization
tail of the effective interaction as is known to be the case in
3D scattering �54�.

The role of the long-range term �e−2R or ��−4 in the
first-channel HRE requires a careful treatment because there
is no clear reason for appearance of the polarization potential
between a particle and a bound pair. In this respect, it is
necessary to study a contribution of the upper channels to the
effective dimer-particle interactions at long distances. Cou-
pling with the upper channels produces in the first channel
the nonlocal effective potential Uc�R ,R�� which can be
estimated in the lowest order of perturbation
theory as Uc�R ,R��=�n

�Fn�R�gn�R−R��Fn�R��, where
Fn�R�=Qn1�R� d

dR + d
dRQn1�R�+ Pn1�R� and gn�R−R�� is

Green’s function in the nth channel. Taking into account that

�n
2�R��4n2, Qn1�R�= �2n�−1/2Q̃1�R−ln n−��, and Pn1�R�

= �2n�−1/2P̃1�R−ln n−�� for large n, one can estimate gn�x�
��4n�−1e−2n�x� and Fn�R��n−1/2F̃�R−ln n�, where F̃�x� is ex-

pressed via Q̃1�x� and P̃1�x�. As gn�x�→ �2n�−2��x� for n
→�, these estimates entail the following local limit of

Uc�R ,R��: viz., Uc�R���n
�n−3F̃2�R−ln n�. Summing over n,

one finds that the leading term of the effective potential is
Uc�R��e−2R; in other words, coupling with the upper chan-
nels produces in the first channel the long-range term of the
same order �e−2R or ��−4 as the above-discussed polariza-
tion tail. Thus, any conclusion on the long-range behavior of
the wave function or, equivalently, on the next-to-leading
terms of the effective-range expansion for 2+1 scattering
must be based on the study of a large number of HRE’s.

IV. NUMERICAL CALCULATIONS

The eigenpotentials �n
2�R� and the coupling terms Pnm�R�

and Qnm�R� in HRE’s were calculated by solving the tran-
scendental eigenvalue equation �18� and by using Eqs. �29�,
�31�, and �35�. The derivatives with respect to R ��n�, �n�, and
�n�� were replaced by the derivatives of the inverse function
�dR /d�, d2R /d�2, and d3R /d�3� which are easily calculable
from the eigenvalue equation �18�. The most involved nu-
merical problem is to calculate the Legendre function and its
derivatives with respect to the index entering into Eqs. �18�,
�29�, �31�, and �35�. This is done for both real and imaginary
� by using the Mehler-Dirichlet integral representation �52�

P��−1�/2�1

2
� =

�2

�
�

0

�/3 dt cos
�

2
t

�cos t − 1/2
�53�

for the Legendre function and using for its derivatives the
corresponding integral representations obtained by differen-
tiating Eq. �53� with respect to �. The terms containing an
integrable square-root singularity are subtracted from the in-
tegrand and calculated exactly to improve the accuracy. As a
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result, the Legendre function was calculated with a relative
accuracy about 10−11 whereas the accuracy degraded about
one order for each of the subsequent derivatives. As men-
tioned in Sec. III C, accuracy of the numerical calculation
suffers from the subtraction of divergent terms in the vicinity
of the exceptional point �=3. For this reason, �2�R�, Q2n�R�,
and P2n�R� in a narrow region around the point R0�1.64
�which corresponds to �2�R0�=3� were obtained by the inter-
polation procedure. Under the described approximations, the
overall relative accuracy was not worse than 10−11 for the
eigenpotentials and 10−8 for the coupling terms. It is worth-
while to mention that a less accurate calculation of the cou-
pling terms is in accordance with a smaller contribution of
these terms to the final values. The sum rule �14� for the
coupling terms was numerically checked, and it was found
that the difference �k=1

N QnkQmk− Pnm decreases as N−2 with
increasing N. The eigenpotentials and all the coupling terms
for the four lowest channels of HRE’s are shown in Figs. 3
and 4.

For a numerical solution, the truncated system of N
HRE’s is reduced to the form without the first derivatives by

the transformation f�R�=T�R�f̃�R�, where the orthogonal ma-
trix T�R� satisfies the equation

dT

dR
+ QT = 0. �54�

Furthermore, one introduces the antisymmetric matrix B by
the Cayley transform, B= �T−1��T+1�−1, and solves the
equation

2
dB

dR
= �B − 1�Q�B + 1� . �55�

This form is preferable because one can use only the upper
triangle of the matrices B and Q in the numerical calcula-
tions, which gives the antisymmetric matrix B and the or-
thogonal matrix T= �1−B��1+B�−1 independently of the
round-off error. Note that in the two-channel approximation
the nonzero matrix elements of B are explicitly expressed via
the quadrature, B21=−B12=tan 1

2 �Q12�R�dR.
Following the described procedure, the truncated system

of N HRE’s in two forms �9� and �10� was numerically
solved on the finite interval �Rmin, Rmax�. At the first step, Eq.
�55� was integrated and the matrix T= �1−B�−1�1+B� was
determined at the mesh points on �Rmin ,Rmax�. An arbitrary
antisymmetric matrix B0 serves as the initial condition for
the matrix equation �55� imposed at Rmin. The consistency of
the numerical procedure was additionally shown by checking
the stability of the calculated values for different choices of
the initial matrix T�Rmin�. Given the calculated transforma-
tion matrix T�R�, two eigenenergies and the scattering length
were calculated by solving the eigenvalue problem and the
scattering problem at the threshold energy E=−4e−2� for the
transformed HRE’s. The zero-boundary conditions are im-
posed in the upper channels—i.e., fn�Rmin�= fn�Rmax�=0 for
n�2—whereas the left-end boundary condition in the first
channel was determined from the asymptotic form of the
f1�R� at R→−�, Eq. �47�. At the right boundary, one uses

f1�Rmax�=0 for the eigenvalue problem and the asymptotic
form �52� for the scattering problem. In the latter case, the
scattering length is determined via the coefficients C1,2 cal-
culated at Rmax—viz., ln A= �

2
C1

C2
+2�− 1

2 ln 120—thus taking
into account the polarization tail of the effective interaction
beyond the integration region. The boundary conditions for

the vector function f̃�R� were obtained by applying the trans-
formation T�R� at the points Rmin and Rmax.

The overall accuracy of the numerical procedure is esti-
mated to provide the calculation of the binding energies and
the scattering length with the relative error about 3�10−8

and 1�10−6, respectively. In particular, a sufficient accuracy
of numerical integration of HRE’s was obtained by taking
Rmin=−14 and Rmax=1.5, 3.5, and 6.0 for the ground-state,
the excited-state, and the scattering-length calculations, re-
spectively. The structure of the calculated wave function is
illustrated in Fig. 5, where the four lowest channel functions
fn�R� for the ground state, excited state, and the scattering
state are shown. For convenience, the solution of the scatter-
ing problem is normalized to match the first-channel func-
tions of the excited and scattering states at the point R�
−3.1 corresponding to the first maximum. The numerical so-
lution of the truncated system of N HRE’s provides a set of
binding energies and scattering lengths, which are presented
in Table I in comparison with the calculations �8,29,44�. It is
clearly seen that highly accurate results can be obtained by
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FIG. 3. The lowest scaled eigenpotentials �n
2�R�e−2R. Notice dif-

ferent scales for the positive and negative R. The arrow marks the
two-body bound-state energy −4e−2�.
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means of the few-channel calculation of the form �9�. The
contribution to the binding energies from the upper channels
�for N�16� turns out to be comparable with the numerical
accuracy. The role of the upper channels can be estimated by
fitting to the simple power dependence on N, which is rou-
tinely used in the variational calculations. In the present cal-
culations, it is reasonable to fit separately each of three
families—i.e., to take into account the periodic dependence
on N for N=3m ,3m+1,3m+2. The calculated binding ener-
gies are fairly well fitted to the a+b /Nc dependence for each
family with the fitted value of power c�4. The logarithm of
the scattering length ln A converges slower than the binding
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FIG. 4. Coupling terms Qmn�R� �a�, Pnn�R� �b�, and Pnm�R� for
n�m �c�. The arrow marks the large hyperradius limit 1 /3 of
P11�R�.
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FIG. 5. Radial functions of the four lowest channels f1�R� �a�,
f2�R� �b�, f3�R� �c�, and f4�R� �d� for the ground state �solid lines�,
the excited state �dashed lines�, and the scattering state calculated at
the two-body threshold energy �dotted lines�. For convenience, the
radial functions for the excited state are multiplied by a factor of 5,
while those for the scattering state are scaled to match at the first
maximum the first-channel functions of the excited state and scat-
tering state. Linear asymptotic dependence of the first-channel scat-
tering solution is shown by a thin straight line in panel �a�.
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energies, which is manifested by the smaller fitted power c
within the range �1.0, 1.3�. The fitted binding energies and
the scattering length corresponding to N=� are presented in
Table I with the overall fitting error in the last digit. As
expected, the solution of the truncated system �10� provides
slower convergence with increasing number of channels N
than those of the form �9�. The calculation based on the
solution of the truncated system �10� gives a set of binding
energies converging as N−2, which is connected with the cor-
responding convergence rate of �k=1

N QnkQmk to Pnm.
The calculated binding energies coincide within the de-

clared accuracy with the solution of the momentum-space
integral equations �29�, which underlines equivalence of
quite different approaches. The binding energies of a limited
accuracy obtained by solving the system of HRE’s Ref. �44�
are in agreement with the one-channel calculation of the
present paper. The older results of �8� obtained by solving
the integral equations are of low accuracy; in addition, the
ground-state energy of �8� is above the upper bound found in
the present paper. Calculations of the �2+1�-scattering length
are rarely available in the literature. The present calculation
of the �2+1�-scattering length in the universal limit could be
compared with the results of Ref. �25� by analyzing the de-
pendence of ā3 on ā2 shown in Fig. 1 of that paper. The
three-boson scattering length ā3 is related to the scattering
length A defined in the present paper as ā3
= �2/��ln�2A /�3�, whereas the two-body scattering length ā2

is defined in �25� so that the universal limit corresponds to
ā2→0. Considering the smallest ā2�10−3 presented as the
leftmost point in Fig. 1 of Ref. �25�, one obtains

ā3�0.8—i.e., ln A�1.1—which is well above the upper
bound ln A�0.8451 calculated in the present paper. The dis-
crepancy is presumably because the result of Ref. �25� is not
close enough to the universal limit, and this points to the
strong dependence ā3�ā2� at ā2→0.

V. SUMMARY AND DISCUSSION

Description of three identical spinless bosons in 2D at low
energy is expected to be universal �irrespective of a particu-
lar shape of the short-range potential� and parameterless if
the only significant parameter—e.g., the two-body scattering
length a—is chosen as a scale. In the limit of the zero-range
interactions, the two-body input completely determines the
solution near the triple-collision point; therefore, contrary to
the corresponding problem in 3D, an additional regulariza-
tion parameter is not necessary and there are neither Thomas
nor Efimov effects in 2D. Both three-body binding energies
and the �2+1�-scattering length are the universal constants,
which are determined with high precision by the numerical
solution of hyperradial equations. The calculated binding en-
ergies are in excellent agreement �within the declared accu-
racy� with those obtained in the momentum-space calcula-
tions �29�, which underlines equivalence of two distinct
approaches.

All the terms of HRE’s are given by the exact analytical
expressions, which derivation is based on application of the
BCM and the Hellmann-Feynman-type relations, the latter
are known to be useful in the calculation of the coupling
terms �55�. These analytical expressions are used to obtain

TABLE I. The three-body binding energies �0 and �1 �in units of the two-body binding energy� and the
logarithm of the �2+1�-scattering length A for identical bosons in 2D. The number of HRE’s is denoted by
N and the superscripts U and L mark the results obtained by solving HRE’s of the form �9� and �10�,
respectively. Shown are also the results of fitting the dependence on N for the calculated binding energies and
scattering length and those of other calculations.

N �0
U �0

L �1
U �1

L ln A

1 16.5194096 16.5788727 1.26667318 1.29214773 0.891305

2 16.5219444 16.5482471 1.26998847 1.27658964 0.858228

3 16.5226064 16.5302069 1.27033831 1.27263368 0.853238

4 16.5226348 16.5287316 1.27036317 1.27217992 0.851835

5 16.5226618 16.5267981 1.27039042 1.27147416 0.849801

6 16.5226787 16.5249848 1.27040205 1.27101864 0.848804

7 16.5226811 16.5246296 1.27040405 1.27091797 0.848343

8 16.5226835 16.5241930 1.27040625 1.27077981 0.847726

9 16.5226854 16.5237285 1.27040762 1.27066543 0.847341

10 16.5226859 16.5235979 1.27040796 1.27063093 0.847125

12 16.5226867 16.5232644 1.27040864 1.27054373 0.846651

14 16.5226870 16.5231314 1.27040883 1.27050912 0.846376

16 16.5226871 16.5230155 1.27040895 1.27048209 0.846186

� 16.5226874 1.27040911 0.8451

Ref. �8� 16.1±0.2 1.25±0.05

Ref. �44� 16.52 1.267

Ref. �29� 16.522688 1.2704091

Ref. �25� �1.1
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the asymptotic form of the total wave function both for large
and small interparticle separation; in particular, the universal
dependence �49� in the vicinity of the triple-collision point
with the leading term �ln3 � and the interparticle correla-
tions given by ln�x1x2x3� is deduced. Furthermore, the large-
hyperradius asymptotic expansions are not uniform in chan-
nel number n; therefore, the explicit dependence on n is
deduced, which reveals convergence of the eigenpotentials
and coupling terms to the limiting functions of R−ln n
=ln�� /n� at large n. The convergence is rather slow and the
next-order term ��n−1/2� in the large-n expansion is periodic
in n with period 3; this is displayed by observing three fami-
lies of eigenpotentials and coupling terms—namely, for dif-
ferent n mod 3. One of the reasons for slow convergence is
the long-range polarization tail �e−2R��−4 of the first-
channel effective potential and the same order long-range
term which arises due to coupling with the upper channels.
As a result, one needs to take into account a large number of
HRE’s to study the long-range behavior of the wave function
and the next-to-leading terms of the low-energy effective-
range expansion for 2+1 scattering.

In summary, universal low-energy properties of three
identical two-dimensional bosons are considered within the
framework of the BCM used to describe two-body interac-
tions. The approach used is based on the solution of a system
of HRE’s, all the terms of which are derived in the analytical
form. The derivation is quite general and can be applied to a
number of problems—e.g., for three identical bosons �35�
and three two-component fermions �53� in 3D. The
asymptotic form of the wave function is obtained both at
large and small interparticle separations. The universal val-
ues of the binding energies and the �2+1�-scattering length
are found with a high precision.

APPENDIX: THREE ONE-DIMENSIONAL PARTICLES

In this Appendix, the three-body problem in 1D is consid-
ered to demonstrate general applicability of the approach
used, to check the numerical accuracy, and to compare con-
vergence of the 1D and 2D calculations. The choice is based
on the well-known exact solubility of the one-dimensional
N-body problem with the zero-range interactions �45,46��. As
usual, the problem becomes parameterless by introducing the
natural units �=m=1 and by choosing the potential strength
to fix at unit values both the two-body binding energy, �2
=1, and the two-body scattering length, a=1. The exact re-
sult for the binding energy of n identical particles in 1D
�45,46� is �n= 1

6n�n2−1�. One should also mention that the
ground-state wave function of three identical particles is of a
simple form �gs=C exp�−�k�xk��, where the scaled Jacobi
coordinates xi and yi are introduced similar to the above-
discussed 2D case. The solution at the threshold energy
E=−1 determines the wave function of three particles
�sc=�k exp�−�xk��−4 exp�− 1

2�k�xk��, which entails infinite-
ness of the �2+1�-scattering length or existence of the zero-
energy virtual state �47�.

Thereafter, the approach described in the paper is applied
to calculate the three-body binding energy �3 and the �2

+1�-scattering length A of three identical particles in 1D. The
wave function satisfies either the equation

� �2

�x2 +
�2

�y2 + 2�
i=1

3

��xi� + E	� = 0, �A1�

where the zero-range interaction is a sum of the Dirac �
functions, or the free equation complemented by the bound-
ary condition that can be written for the each pair of the
identical particles as

lim
x→±0

� d

dx
± 1	� = 0. �A2�

Similar to Sec. II B, one introduces the variables � and �i
and expands the wave function

� = �−1/2�
n=1

�

fn����n��,�� �A3�

in a set of eigenfunctions �n�� ,�� on a circle of constant �,
which leads to the systems of ordinary differential equations
for the functions fn��� which are analogous to Eqs. �9� and
�10�. Eigenpotentials in these systems are defined by the so-
lution of the eigenvalue problem on a circle, and the cou-
pling terms are defined by the analytical expressions of the
same form �29�, �31�, and �35� as in 2D, provided the deriva-
tives are taken over �. Recall that the derivation of the ana-
lytical expressions for the coupling terms in Sec. III B is
equally applicable in 1D.

For the symmetry reasons, the eigenvalue problem on a
circle can be solved in the interval 0��i�� /6 by imposing
the zero boundary condition ��

�� =0 at �=� /6 and the bound-
ary condition at �=0,

lim
�→0

� d

d�
+ �	� = 0, �A4�

which follows from Eq. �A2�. The solutions of the eigen-
value problem on a circle satisfying the equation � �2

��2

+�n
2��n�� ,��=0 take a simple form �n�� ,��=Bn cos��

−� /6��n, where the eigenvalues �n��� are defined by the
transcendental equation

� + � cot
�

6
� = 0. �A5�

Due to simple dependence ����, Eq. �A5�, one can derive
simple analytical expressions for the coupling terms—for
example,

Pnn =
cos4�x/2��x�x2 − 3��x − 2 sin x� − 6x2 cos x + 3 sin2 x�

3x2�x + sin x�4 ,

�A6�

where x= �
3 �n���, as follows from Eq. �35�.

Similar to the 2D case, the numerical solution of the
HRE’s in the form �9� and �10� with zero-boundary condi-
tions gives the three-body binding energy, whereas the solu-
tion at the threshold energy E=−1 gives the �2+1�-scattering
length. In the latter case the asymptotic form of the wave
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function is a product of the two-body bound-state wave func-
tion �2�x�=exp�−�x�� and the function F=1−

�3
2

y
A , which de-

termines the asymptotic form of the first-channel function
f1���=�−1/2�1−

�3
2

�
A

�. As shown in Table II, the calculated
binding energy rapidly converges to the exact value �3=4
with increasing N, whereas the calculated scattering length
rapidly grows with N, which manifests infiniteness of the
exact scattering length. Both �3

U and �3
L are fairly well fitted

to the a+b /Nc dependence with the fitted values of power
c�6 and c�4, respectively. The fitting of the scattering-
length dependence on N shows that the calculated A grows as
N3. A better precision of the 1D calculation in comparison
with the 2D one is basically due to a simple form �A4� of the
eigenvalue equation that provides a better accuracy of the
eigenpotentials. For both 1D and 2D calculations, the second
type of truncation of the HRE’s provides energies converging
to the exact values from below.
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