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We construct a time-dependent Ginzburg-Landau �TDGL� theory for the superfluid atomic Fermi-gases near
the Feshbach resonance from the fermion-boson model on the basis of the functional integral formalism. We
show that the GL coefficients in the TDGL equation are complex numbers except in the BEC limit. The
complex TDGL equation describes both damping and propagating dynamics, which leads to very rich super-
fluid dynamics near the Feshbach resonance. We predict multiple plane-wave modes corresponding to the
in-phase and out-of-phase like oscillations between fermionic and bosonic superfluids and a galaxylike spiral
pattern for a vortex.
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I. INTRODUCTION

The superfluidity in the ultra-cold atomic Fermi gases
�1–4� provides a useful testbed for studying high-
temperature superconductivity in strongly correlated fermi-
onic systems, since the large value of the normalized critical
temperature Tc /EF�0.2 indicates that these atomic gases
can be classified as extremely high-Tc superfluids. These
superfluid systems also exhibit a crossover from the weak-
coupling BCS state to the strong-coupling BEC one �5–7�,
depending on the strength of the pairing that is controllable
by means of the field-dependent Feshbach resonance. In
this paper we develop a Ginzburg-Landau �GL� theory for
the superfluid atomic Fermi gases showing the BCS-BEC
crossover.

The Ginzburg-Landau �GL� theory has played an impor-
tant role in the history of superconductivity research, because
it has captured almost every unique feature that the super-
fluid exhibits macroscopically �8�, though its mathematical
framework is simple. Thus, it is reasonable to expect that the
GL theory will also be a useful theoretical tool for studying
macroscopically the dynamics of the superfluid atomic Fermi
gases. To derive GL equations from a microscopic model in
these systems is, therefore, one of the important issues. In
this paper, we construct a two-component time-dependent
Ginzburg-Landau �TDGL� theory applicable to the superfluid
atomic Fermi gases in which BCS pairs and tightly bound
diatomic condensate coexist.

In the superfluid atomic Fermi gases near the Feshbach
resonance the strong attractive interaction is realized be-
tween fermion atoms, which can cause the BCS-BEC cross-
over �5–7�. To our knowledge the GL theory has not yet been
fully studied in the BCS-BEC crossover regime except for a
few pioneering works �9,10� and recent related ones �11,12�
in the single-component fermion systems �single channel
model�. In this paper, following the procedure similar to
Refs. �9,10� we construct the GL theory of the fermion-boson
model �double-channel model� �5–7�, which is regarded as
one of the microscopic models for atomic Fermi gases near
the Feshbach resonance, and derive the TDGL equations

valid near Tc. The GL effective action in the fermion-boson
model is expressed in terms of a functional of two kinds of
order parameters, namely the ones for the BCS-like Cooper
pairs and for the condensed diatomic molecules �5–7�. From
the effective action, one can derive the coupled TDGL equa-
tions. In this paper we show that the coupled TDGL equa-
tions have a remarkable feature, that is, the GL coefficients,
which are functions of the coupling constants, the chemical
potential, and the threshold energy of the Feshbach reso-
nance, are generally complex numbers in these systems. The
dynamics of the superfluid atomic Fermi gases near the Fes-
hbach resonance, then, can be described by the “coupled
complex TDGL equation” with complex coefficients.

The complex TDGL equation has so far been extensively
studied, since it can describe a large variety of nonequilib-
rium dynamics observed in physical systems �13�. For ex-
ample, the equation has solutions giving spatially extended
quasistable patterns such as sink and source solutions �spirals
in 2D and filaments in 3D� and also dynamical structures
corresponding to spatiotemporal chaos �13�. In general, the
complex TDGL equation contains two kinds of competing
dynamics, i.e., the conserved dynamics and the damped one,
and the competition leads to very rich nonequilibrium phe-
nomena. The competing dynamics in the atomic Fermi gases
near the Feshbach resonance physically arises from the dif-
ference in the dynamics of the condensed molecular bosons
and that of the BCS pairing fermions; that is, the condensed
bosons obey primarily the propagating dynamics of the
Gross-Pitaevskii type �14�, whereas the pairing fermions fol-
low the damping one like that of an electron-pair in a super-
conductor near Tc �15,16�. Thus, one can expect that the
nonequilibrium dynamics in the superfluid atomic Fermi
gases reveals a very rich variety in the quenching processes.
However, we note that such rich dynamics cannot be de-
scribed by the single-channel model since the TDGL equa-
tion derived from the single-channel model near Tc is only
the damped one, except for the BEC regime. This is a
marked difference between the single and the double-channel
models. We point out that the difference becomes more re-
markable in narrow Feshbach resonance, in which the mo-
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lecular boson population is widely non-negligible.
Though the conventional TDGL equation in weak-

coupling BCS superconductors �15,16� includes basically the
temporal parts that lead to both damping and propagating
motions of the order parameter �18�, the equation is prima-
rily the damping one with a tiny propagating fraction which
is

Tc

Ef
times less than the damped one �18�. This result comes

from the fact that the propagating component originates from
the particle-hole asymmetry in fermionic excitations, which
is usually very small in BCS superconductors �18�. Thus,
whether the propagating component exists or not in super-
conductors has been experimentally a subtle issue, though it
has been regarded as being observable by flux-flow Hall ef-
fects in type II superconductors �19,20�. On the other hand,
in the atomic Fermi gases near the Feshbach resonance, as
shown in this paper, the propagating component plays an
important role, since the condensed molecular bosons whose
dynamics is primarily the conserved one intrinsically exist.
In this paper, we clarify the dynamics of a mixture of gases
composed of BCS-like fermion pairs and condensed molecu-
lar bosons near the Feshbach resonance, and discuss how its
dynamics changes in the BCS-BEC crossover.

In neutral superfluid atomic gases the collective plane-
wave motion known as the Goldstone mode exists. In the
BCS superfluid gases this mode is located in the energy
range below twice the superfluid energy-gap 2��T�, as
shown by Ohashi and Griffin in their explicit calculations for
the fermion-boson model �17�. However, the TDGL theory
close to Tc, which describes the low-energy dynamics up to
linear in frequency �, does not include the Goldstone mode
in its solutions �15,16�. This is because the Goldstone mode
is not well-defined at temperatures near Tc since the super-
fluid gap almost vanishes. Thus, one understands that the
TDGL theory near Tc from the single-channel model de-
scribes only the dynamics of the Cooper-pair fluctuations,
i.e., the process where Cooper pairs decay into the fermionic
continuum which leads to the damped dynamics for the order
parameter. On the other hand, in the fermion-boson model
other processes, i.e., a Cooper pair changing into a diatomic
molecule and its inverse one are incorporated. These pro-
cesses take place without dissipation and their relaxation
time is roughly given by �B�� /g, g being the coupling con-
stant in the Feshbach resonance, as given in Sec. II. By not-
ing that the relaxation time of the BCS pair fluctuations de-
caying into the fermionic continuum �F becomes very long
near Tc �due to critical slowing down�, one finds that there is
a temperature region in which �F is larger than �B that always
exists. In this region the pair fluctuation changes to a BEC
molecule before decaying into two fermions. Thus, one can
expect that the dynamics of the order parameters close to Tc
is dominated by the dissipationless resonance modes. As
shown in this paper, the dynamics of the superfluid order
parameters including these processes can be described by the
coupled complex TDGL equations.

II. FERMION-BOSON MODEL AND TDGL ACTION

Let us begin with the fermion-boson model. The
Hamiltonian is given by �5–7�

HBF =� dr���
†�r,t��−

1

2m
�2 − �	���r,t�

− U�↑
†�r,t��↓

†�r,t��↓�r,t��↑�r,t�

+ �B
†�r,t��−

1

4m
�2 + 2	 − 2�	�B�r,t�

+ g��B
†�r,t��↓�r,t��↑�r,t� + �B�r,t��↑

†�r,t��↓
†�r,t��
 ,

�1�

where ���r , t� and �B�r , t� are the field operators of the fer-
mionic atoms with pseudospin �= ↑ ,↓ and the quasimolecu-
lar bosons, respectively, � is the chemical potential, and 2	
is the threshold energy of the Feshbach resonance. The last
term with the coupling constant g in Eq. �1� describes the
process arising from the Feshbach resonance, in which a bo-
son is created from two fermionic atoms and vice versa
�5–7�. The grand canonical partition function in this system
is expressed in terms of the imaginary-time path integral as
follows:

Z = �� D�̄�D��D�̄BD�Be−S��̄�,��,�̄B,�B�, �2�

with S��� , �̄� ,�B , �̄B� being the Euclidean action defined as

S = �
0




d�� dr��̄�

�

��
�� + �̄B

�

��
�B + HBF . �3�

By use of the Hubbard-Stratonovich transformation the
four-fermion term in Eq. �2� can be eliminated and the
effective action is rewritten in terms of the auxiliary bosonic
field, i.e., the gap function for the pairing fermions � and the
molecular boson field �B as

S��,�B� = �
0




d�� dr� 1

U
���r,���2 − Tr ln G−1 − �̄B�r,��

��− �� +
1

4m
�2 − �2� − 2	��B�r,��
 , �4�

where G−1 is the inverse Nambu propagator defined as

G−1�r�,r���� =�− �� +
1

2m
���2 + � � + g�B

�̄ + g�̄B − �� −
1

2m
���2 − ��

���r − r����� − ��� . �5�

Note that the off-diagonal component in G−1 is given by the
sum of the fermion-pair field � and the condensed boson
field �B. Near Tc the effective action can be expanded in
power of �+g�B up to the fourth order as
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Sef f�� + g�B� = Sef f�0� − �
q,i�l

�q,i�l����q,i�l�

+ g�B�q,i�l��2 +
1

2
b���q,i�l� + g�B�q,i�l��4,

�6�

where we utilized the Fourier representation, i.e., q and �l
are, respectively, the wave number and the bosonic Matsub-
ara frequency. Here, we note ��g�B for both the broad �g
�EF� and narrow �g�EF� Feshbach resonance cases as
shown in Ref. �21�. This fact guarantees the validitiy of
the expansion in powers of �+g�B and yields the fluctuation
dynamics that is different from the single-channel model
�9–12� for both the resonance cases as shown below. The
function �q , i�l� in Eq. �6� represents the correlation
function of the Cooper-pair field �7,17�,

�q,i�l� = �
k

1 − f��k+q/2� − f��k−q/2�
�k+q/2 + �k−q/2 − i�l

, �7�

with �k��k−�. Since the spatiotemporal variation of the
bosonic field �+g�B is weak near Tc, one can expand Eq. �7�
as

�q,i�l� = a +
c�q�2

4m
+ di�l + ¯ . �8�

The coefficients a, b, c, and d correspond to the GL coeffi-
cients in the present TDGL theory, though the definition a is
a little bit different from the conventional one �22�. In this
paper we focus only on the coefficients a and d �23�, which
dominate the transition temperature Tc and the temporal
dynamics of the superfluid.

Let us first study the coefficient a. Setting q=0 and �l
=0 in Eq. �7�, we obtain the relation, a��0,0�
=�k�tanh�
�k /2� /2�k�. In the static case the linearized GL
equation for the uniform systems follows the effective action
containing the coefficient a alone,

Sef f�2� = � 1

U
− a���2 − a��*g�B + c.c.�

+ ��2	 − 2�� − ag2���B�2. �9�

Then, from the saddle-point condition for � and �B,
i.e., �Sef f�2� /��*=0 and �Sef f�2� /��B

* =0, we obtain the
linearized gap equation to determine Tc,

1 = �U +
g2

2	 − 2�
�

k

tanh

�k

2

2�k
. �10�

This equation indicates that the BCS coupling constant U is
renormalized as U→Uef f��U+ �g2 / �2	−2����. The gap
equation �10� is the same as the mean-field one given in
Refs. �7� and �17�. In addition, using the expansion �6� for
the action in Eq. �4�, one can integrate out � and �B in the
partition function, which yields the thermodynamic potential
� near Tc as �=�0−
−1�q,i�n

ln�1−Uef f�q , i�n��. The
thermodynamic potential � is related to the number of

fermion atoms N and the chemical potential by the relation
N=−�� /��. We note that since the thermodynamic function
also coincides with the one given in Refs. �7,10,17�, our GL
theory can reproduce the same 	 dependence of the critical
temperature in the BCS-BEC crossover region as that in
Refs. �7,10,17�. Furthermore, by using the gap equation �10�,
one can obtain the explicit expression for a close to Tc as

a�T � Tc� =
1

U +
g2

2	 − 2�

+ �
k

1

2kBTc
2 sec2 �k

2kBTc
�T − Tc� .

�11�

From this expression one may understand how a varies with
the experimentally tunable parameter 	 and the parameters �
and Tc. The coefficients b �24� and c are also functions of
these parameters �10�.

Let us next study the coefficient d. The explicit expression
for the third term on the right-hand side of Eq. �8� is given
after the analytical continuation i�l→�+ i� as

d� � ���0,i�l� − �0,0���i�l→�+i� = �
k

− �1 − 2f��k���
2�� + i� − 2�k��k

.

�12�

Note that d is generally complex, i.e.,

d = − P�
k

tanh�
�k/2�
2��k − 4�k

2 + i�
k

��� − 2�k�
tanh�
�k/2�

2�k
,

�13�

where P denotes the Cauchy principal value. Suppose �
����. In this region, Eq. �13� yields the approximate
expression as

d � �
k

tanh�
�k/2�
4�k

2 + i


2�2
N��F�

1

���F

��2� + ��1/2 tanh� �

4Tc
	��� + 2�� , �14�

where �F is the Fermi energy and ���� is the Heaviside
step function. In obtaining the imaginary part in Eq. �14� we
performed the k integral, assuming the dispersion relation
�k=k2 /2m−�. We notice that �tanh�
�k2� /4�k

2� changes
signs at �k=� and, as a result, the real part of d vanishes
if ����0. In the BCS limit, this condition is well satisfied.
In fact, the real part is estimated to be less than the imaginary
part by the factor

Tc

�F
�18�. Thus, d can be considered to be

purely imaginary in the BCS limit. In this case the conven-
tional TDGL equation becomes the damped one. Next,
consider the BEC region. In this region, since the chemical
potential is negative, ��0, the imaginary part of d vanishes
if ��2���, as seen in Eq. �14�. Then, the real part of d
dominates the time dependence of the TDGL equation,
that is, we have a conserved TDGL equation like the GP
equation �9,10�. Noting the above results, we summarize the
approximate expression of d in the two limiting cases as
follows:
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d → iN��F�/8Tc�1 − i�2Tc/�F�� �BCS�

d → N��F�/8��F��� �BEC� . �15�

In the BCS-BEC crossover region both the real and imagi-
nary parts of d have finite values, since the breaking of the
particle-hole symmetry is significant and the ratio Tc /�F is
not small �Tc /�F�0.2�. Thus, one can conclude that the GL
coefficient d for atomic Fermi gases is a complex number in
the BCS-BEC crossover region. As seen in the following, the
complex d causes peculiar dynamics in the superfluid atomic
Fermi gases.

III. TDGL EQUATIONS AND DYNAMICAL SOLUTIONS

Having the coefficients a and d derived in the above and
b �24� and c, whose explicit expressions are not shown here,
we can derive the coupled TDGL equations for � and �B,
using the saddle-point approximation, i.e., �Sef f /��*=0 and
�Sef f /��B

* =0, as follows:

− id
��

�t
= �−

dg2 + 1

U
+ a� + g�a + d�2	 − 2����B

+
c

4m
�2� +

g

4m
�c − d��2�B

− b�� + g�B�2�� + g�B� �16�

i
��B

�t
= −

g

U
� + �2	 − 2���B −

1

4m
�2�B. �17�

We find that the coefficients of the first, second, and fourth
terms on the right-hand side of Eq. �16� are generally com-
plex numbers except in the BEC limit, in which d is real. In
the case of g=0 Eqs. �16� and �17� are decoupled and re-
duced to the conventional TDGL equation and the linearized
GP equation as follows:

− id
��

�t
= − � 1

U
− a� +

c

4m
�2� − b���2� �18�

i
��B

�t
= �2	 − 2���B −

1

4m
�2�B. �19�

In the BCS limit in which d can be regarded as pure imagi-
nary, Eq. �18� describes only the diffusive motion of �, since
the coefficients on the right-hand side of Eq. �18� are all real
numbers. However, we note that in the presence of the cou-
pling between the two condensates, i.e., g�0, the GL coef-
ficients becomes complex even in the BCS limit, as seen in
Eq. �16�. This result indicates that the dynamics of the su-
perfluid Fermi gases is dramatically changed by the coupling
with the bosonic condensate even in the BCS limit. This is a
drastic difference between the single channel and the present
model, which should be confirmed by experiments.

Let us now briefly discuss the dynamics brought about by
Eqs. �16� and �17�. Detail numerical studies based on these
equations will be published elsewhere. First, we point out
that Eqs. �16� and �17� have a plane-wave solution, ��r , t�

=Akei�k·r−�kt� and �B�r , t�=Bkei�k·r−�kt�, with the frequencies

�k � �k�Ek
b, f��r��

=

Ek
b + f��r� ±��Ek

b + f��r��2 − 4� f��r�Ek
b −

g2

U2�r
2

,

�20�

where f��r�=�r� 1
U −a�+

c�r

4m �k�2, Ek
b = g2

U + �2	−2��+ k2

4m , and

�r=
dr

dr
2+dI

2 , with dr and di being, respectively, the real and
imaginary parts of d. In the case of g�U, we reach two
simple solutions with �k

in= f��r� and �k
out=Ek

b, where �k
in

��k
out� corresponds to the eigenfrequency of the in-phase

�out-of-phase� motion of the mixture. In the BCS region,
where d is pure imaginary, i.e., �r=0, we obtain more simple
solutions with �k

in=0 and �k
out=Ek

b from Eq. �20�. The eigen-
vector with the finite eigenfrequency �k=Ek

b satisfies the re-
lation, Ak=−gBk, which describes the damping-free out-of-
phase mode in a mixture of the diatomic molecule and BCS-
like fermion-pair condensates. Microscopically, such an
oscillation arises from the decay process without energy loss
in which fermion Cooper-pair fluctuations converts into di-
atomic molecules, and vice versa. Close to Tc, since the re-
laxation time of the BCS-pair fluctuations becomes very
long, the pair fluctuation can change to a BEC molecule in
addition to the simple decay into two fermions. This is in
contrast to the consequence of the mode analysis for the
TDGL equation �Eq. �18�� derived from the single-channel
model, in which the channel between the pair fluctuation and
the BEC molecule does not exit and only the simple decay
process dominates the dynamics in the BCS regime. The
existence of the mode described above is a crucial difference
between the single channel and the present models. Also, we
note that the eigenfrequency �k lowers as the threshold en-
ergy 2	 decreases, which indicates that the conserved dy-
namics is easier to see when one approaches the BCS-BEC
crossover region. This is also an important consequence from
a viewpoint of the experimental observation.

Equations �16� and �17� have also a plane-wave solution
corresponding to the damping-free small oscillation mode
around the static solution in T�Tc, which has the form �
=A1+A2�k�ei�k·r−�kt� and �B=B1+B2�k�ei�k·r−�kt�, where A1

and B1 are the real static solutions of Eqs. �16� and �17� and
satisfy the relation �A2 � , �B2 � �A1 ,B1. The eigen frequencies
of this plane-wave mode coincide with the expression given
in Eq. �20�, in which f��r� is replaced with f��r�+�rb�A1

+B1�2. Then, in the BCS region with �r=0, the same out-of-
phase oscillation as shown above appears. Furthermore, we
can show that vortices, which are stable in conventional su-
perconductors or superfluids, are changed to the rotating spi-
ral ones by the mixing effect of the damping-free oscillatory
motion. The single spiral vortex solution �13� in the present
system has the general form

��r,�,t� = A�r�ei��+SA�r�+�t� �21�
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�B�r,�,t� = B�r�ei��+SB�r�+�t�. �22�

This solution can connect asymptotically to the plane-wave
solution given above in the limit r→�. The spiral structure
is found to arise from the asymptotic property. It should be
noted that the spiral structure does not emerge in the diffu-
sive TDGL and the GP equations whose solution is the
well-known closed vortex �13�.

Very recently, vortices and their lattices have been ob-
served by Zwierlein et al., �25� in atomic Fermi gases. The
pictures displayed in their paper �25� are images of not the
order parameter but the matter density. In such a measure-
ment, it should be noted that the experimental confirmation
of the spiral structure is not easy since a profile of the matter
density does not directly reflect that of the order parameter.
Thus, we suggest that the confirmation should be performed
in not the weak-coupling BCS but the strong-coupling re-
gime, since the matter density profile starts to follow that of
the order parameter when going with the strong coupling
one. In addition, the narrow Feshbach resonance is found to
be clearly more favorable than the broad one for the spiral
observation. Furthermore, we can comment on the lifetime
of vortices reported in Ref. �25� based on the present theo-
retical result. The observed reduction of the lifetime in BCS
regime can be clearly ascribed to the dependence of the re-
laxation time in the TDGL theory on the Feshbach-resonance
threshold parameter. As one goes to the BCS side, the
loosely bound Cooper pairs easily decay close to Tc and the
damped feature becomes remarkable. In this case, both the
single and the double-channel models can explain this
observation result.

Finally, we point out that, since the real part of d acquires
a sufficiently large value near the BCS-BEC crossover re-
gion, its dynamics is expected to be quite complicated in this
region. We mention that the complex TDGL equation

describes various types of extended spatial structures with
sinks, sources, and unusual core structures, and also shows
dynamical complexity, such as various types of spatiotempo-
ral chaos and glassy states. In the superfluid atomic Fermi
gases, one can, therefore, expect unusual spatiotemporal
structures in the quenching process especially in the BCS-
BEC crossover region, unlike in the single component BECs
and BCS superfluids.

IV. SUMMARY AND CONCLUSION

In summary, we have derived the coupled TDGL equa-
tions for a mixture of the fermion-pair and the diatomic mol-
ecule condensates from the fermion-boson model. The ob-
tained TDGL equations contain complex coefficients except
in the BEC limit. The complex TDGL equation describes two
competing dynamics, i.e., the conserved and nonconserved
one. We have explicitly shown that the equations have a
plane-wave solution even in the BCS limit. This result mark-
edly contrasts to the fact that only the diffusive motion is
possible in conventional BCS superconductors near Tc. We
have also discussed that the dynamics of the superfluid
atomic Fermi gases is very rich in the BCS-BEC crossover
region.
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