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The recently introduced correlation function �M. Schulz et al., Phys. Rev. Lett. 84, 863 �2000�� for the
analysis of double ionization processes is reconsidered. We present a model based on the frozen-correlation and
continuum distorted-wave with eikonal initial-state approximations, and compare numerical results with ex-
perimental data for double ionization in 100 MeV/amu C6+-He and 3.6 MeV/amu Au53+-He collisions. Our
calculations confirm earlier conclusions about the primary and secondary roles of final-state and initial-state
correlations, respectively. However, we show that the usual definition of the correlation function on the level
of cross sections is problematic, since even a fully uncorrelated calculation gives rise to a nontrivial result. The
intended limit of a zero-valued function for an independent electron calculation is achieved only if the analysis
is performed on the level of impact-parameter dependent transition probabilities. Consequently, the workings
of initial- and final-state correlations are reflected unambiguously only on this level.
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I. INTRODUCTION

Double ionization �DI� of helium atoms or heliumlike
ions by photon and charged-particle impact is one of the
most simple and fundamental example of a correlated multi-
particle transition. Accordingly, considerable experimental
and theoretical efforts have been devoted to its detailed in-
vestigation and in-depth analysis �1,2�. In principle, a thor-
ough understanding of this two-electron emission process re-
quires consideration of the full kinematics, i.e., the
determination of the momenta of all outgoing particles. This
task continues to represent a great challenge for both experi-
mentalists and theorists.

Kinematically complete experimental studies of electron-
induced DI, the so-called �e ,3e� process, date back to the
beginning of the 1990s, and a wealth of seminal results have
been accumulated and successfully explained since then �see
Ref. �3� for a recent review�. The experiments have been
achieved in the high impact energy regime �Ee�500 eV�,
where the interpretation can be based on first- or second-
order perturbation theory. Moreover, in most cases kinematic
situations have been studied, in which the scattering angle of
the projectile is small and the momentum transferred to the
target electrons amounts only to a small fraction of its initial
momentum. Similar conditions are often realized in heavy-
particle collisions �4�, for which the cold target recoil ion
momentum spectroscopy �COLTRIMS� technique provides a
unique tool for studying multiple-ionization processes �5,6�.
Using COLTRIMS the first �nearly� fully differential
DI cross sections were recently reported for 6 MeV p-He
collisions. They were compared with �e ,3e� data obtained

for similar kinematic conditions to shed light on the
projectile-charge sign dependence of the four-particle
dynamics �7�.

Obviously, fully differential cross sections contain the
most detailed information about collisional processes. It is,
however, not always clear whether and how specific signa-
tures in the spectra can be related to specific causes, such as
electron-correlation effects, postcollisional interactions, or
the dynamics of the collision itself. In order to disentangle
these effects and to elucidate particularly electronic correla-
tions it was recently suggested to apply the concepts of in-
tensity interferometry to doubly ionizing collisions �8�. A
correlation function was defined as the ratio of the measured
intensity for two-electron emission in a given event and the
corresponding intensity for electrons from two independent
events, and was sampled as a function of the momentum
difference of both electrons for three different collision sys-
tems: 100 MeV/amu C6+-He, 3.6 MeV/amu Au53+-He, and
3.6 MeV/amu Au53+-Ne. Remarkably, the data exhibited a
very similar behavior in all three cases. It was concluded that
the kinematics and dynamics effectively cancel out in this
representation, and only “universal” characteristics of elec-
tronic correlations survive. Further analysis suggested that
the final-state repulsion of the two outgoing electrons leaves
its footprints rather directly in the correlation function and
might conceal possible traces of initial-state correlations
�8,9�.

Calculations within the Born approximation and the
shake-off model for DI supported the dominance of the final-
state interaction for the 100 MeV/amu C6+-He system �10�.
Subsequent works were concerned with the correlation
function for ionization from excited states �11�, and with
imposing certain kinematic conditions which rendered
possible the observation of a strong initial-state dependence
�12�. Very recently, it was argued that a differential version*Electronic address: tom.kirchner@tu-clausthal.de
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of the correlation function depending on the polar emission
angles revealed the operation of a dipole selection rule,
which could not be seen in the fully differential cross
sections �13�.

One may summarize these developments in the following
way: �i� the correlation function appears to be a promising
tool for extracting rather universal symmetry and electron-
electron interaction effects from otherwise complicated col-
lisions; �ii� theoretical support for this idea is so far limited
to relatively simple first-order calculations. Accordingly, fur-
ther theoretical analysis and calculations on the basis of a
higher-order approximation seem appropriate and are the
subject of this paper.

Based on the frozen-correlation �14� and the continuum
distorted-wave with eikonal initial-state approximations
�15,16� we have developed a model for the investigation of
correlation effects in DI of helium. Our present numerical
results for the correlation function do indeed confirm some
of the reported trends, but our analysis leads also to an im-
portant caveat: the usual definition of the correlation function
on the basis of cross sections is not completely satisfactory,
since even a fully uncorrelated calculation gives rise to a
nontrivial result. This contradicts the idea that structures in
the correlation function can be unambiguously related to
electron-correlation effects, and must therefore be kept in
mind when conclusions are to be drawn.

We summarize the salient points of our theoretical model
in Sec. II, present a detailed discussion of our results for the
correlation function in Sec. III, and draw some conclusions
in Sec. IV. A more detailed account of our model will be
presented together with �multidifferential� cross section re-
sults in a forthcoming paper. Atomic units ��=me=e=1� are
used throughout.

II. THEORY

As mentioned above our present calculations are based on
the frozen-correlation approximation �FCA� of the two-
electron dynamics within the impact parameter picture of the
collisional interaction �14�. The basic idea of the FCA is to
separate electronic correlations in the asymptotic initial and
final states from those which might operate during the colli-
sion. It was argued that the latter can be neglected when the
collision time is short compared to a suitably defined corre-
lation time of the system �14�. This condition is met for the
energetic collision systems 100 MeV/amu C6+-He and
3.6 MeV/amu Au53+-He that we consider in this work, i.e.,
we can restrict the incorporation of correlation effects to the
initial and final states.

Accordingly, we assume the ground state of the He atom
to be of the configuration interaction �CI� form

�o�x1,x2� = �
j1j2

Cj1j2
� j1�x1�� j2�x2� , �1�

and use the �approximate� ansatz

�k1k2
�x1,x2� =

1
�2

���k1
�x1��k2

�x2� + �k1
�x2��k2

�x1����k12�

�2�

for the two-electron continuum states. x1, x2, k1, and k2
denote the positions and momenta of the electrons,
respectively, and k12= �k1−k2� is their momentum difference.
In the case of Eq. �1� we use the ground-state wave function
of Ref. �17� that includes both radial and angular correlations
and yields 80% of the total correlation energy of the He
atom. According to this model, the � ji�xi� are normalized
hydrogenlike orbitals for optimized effective charges. The
continuum orbitals in Eq. �2� are also assumed to be hydro-
genlike, but here we choose the single effective charge
Zeff=1.67. We have found that in so doing a somewhat more
realistic description of free electrons in the field of the He2+

nucleus was obtained than by using continuum orbitals that
correspond to the optimized charges of the ground-state CI
wave function.

Within the FCA the transition amplitude for DI at a given
impact-parameter vector b takes the form

ai→k1,k2

2e �b� =
��k12�

�2
�
j1j2

Cj1j2
�aj1→k1

1e �b�aj2→k2

1e �b�

+ aj1→k2

1e �b�aj2→k1

1e �b�� , �3�

where aji→ki

1e are single-ionization amplitudes obtained from
effective one-electron calculations that do not account for
dynamic correlation effects. In the present work the aji→kj

1e

were calculated in the continuum distorted-wave with eikonal
initial-state �CDW-EIS� approximation �15,16� built upon
the bound and continuum orbitals of Eqs. �2� and �3�. We
note that they were further multiplied by an appropriate over-
lap integral to correct for the nonorthogonality of bound and
continuum orbitals constructed with respect to different
effective charges.

Final-state correlations are incorporated in our model via
the function ��k12� that appears in Eq. �2�. We compare dif-
ferent explicit forms, all of which are based on the sugges-
tion of Ref. �10� to approximate the widely used 3-Coulomb
�3C� wave function �18� by setting

��k12� = e−�Z12/�2k12���1 − iZ12/k12�1F1�iZ12/k12;1;− ik12	/2�
�4�

in Eq. �2�. The parameter 	 in the argument of the confluent
hypergeometric function 1F1 can be interpreted as the aver-
age distance between both electrons. Its introduction re-
moves spatial dependences in ��k12� and facilitates the cal-
culations tremendously. The extreme choice 	=0 yields

1F1=1 such that the factor

���k12��2 =
Z12

k12

2�

e2�Z12/k12 − 1
�5�

appears in the transition probabilities and cross sections. This
is the well-known Coulomb density of states �CDS� factor
used in numerous previous investigations of DI by electron
�19� and ion �20–23� impact. The CDS factor suppresses
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exponentially the probability to find both emitted electrons
with close momenta, but it ensures that electrons with very
different final momenta move independently. Finite values
for 	 in Eq. �4� relax the strong suppression at small momen-
tum differences, but give the same limiting values for
k12→0 and k12→
 �24�. An obvious choice, which—among
others—will be considered below is the average distance of
the two electrons in the He ground state 	�1.4 a .u. We will
refer to the final-state model with finite 	 parameters as
3Cav.

In the 3C model the interaction strength between the two
continuum electrons is Z12=1. This choice yields too strong a
repulsion between two low-energy electrons so that cross
sections near threshold are typically much too small. This
failure was corrected by introducing effective charges that
depend on the momenta of both electrons �25�. Different
explicit forms of such dynamic screening �DS3C� models
have been proposed �see, e.g., Ref. �26�, and references
therein� and applied mainly to electron-induced single-
ionization �e ,2e� processes. Very recently, a somewhat sim-
plified derivation of a DS3C model has been given and ap-
plied to �e ,3e� reactions �27�. We exploit that work by using
the proposed effective charge

Z12 = 1 −
k12

�k1 + k2�2 �6�

in Eq. �4� and refer to this model as DS3Cav.
Furthermore, we note that final-state correlations can be

switched off by setting ��k12�=1 in Eq. �3�. The independent
electron model �IEM� is recovered if in addition the He
ground state is described by a single 1s2 configuration �i.e.,
by setting j1= j2=1s and C1s2 =1 in Eq. �1��. For the sake of
comparison we have performed such calculations. The cor-
responding results reported below rely on bound and con-
tinuum orbitals obtained from the exchange-only version of
the optimized potential model �OPM� �28�, which can be
viewed as an appropriate definition of the no-correlation
limit within density functional theory �29�.

The correlation function under investigation was defined
in Ref. �8� according to

R�k12� =
Icor�k12�
Iunc�k12�

− 1, �7�

where Icor is the measured intensity for DI with a certain
momentum difference k12, while Iunc is the corresponding
intensity for two electrons from independent events, i.e.,
from two data sets recorded at different times. A natural
translation of this experimental ratio is a ratio of cross
sections �10�

R�k12� =

�tot	 dk d�k12
��k,k + k12�

	 dk d�k12
��k���k + k12�

− 1, �8�

in which

��k1,k2� =	 db�ai→k1,k2

2e �b��2 �9�

is differential in the momenta of both emitted electrons,

��k1� =	 dk2��k1,k2� �10�

is differential in the momentum of one electron, and

�tot =	 dk1��k1� �11�

is the total DI cross section. Note that in both the numerator
and denominator of Eq. �8� integrations over the solid angle
between the electrons are performed such that R depends on
the magnitude of the momentum difference k12= �k1−k2�
only.

III. RESULTS AND DISCUSSION

Let us now analyze the correlation function R by compar-
ing the performance of different approximations to the initial
and final two-electron states. We begin by showing in Fig. 1
CDW-EIS results obtained from the 3Cav final-state model
with different 	 parameters and the CI initial-state wave
function. The main characteristics of the experimental R for
both 3.6 MeV/amu Au53+-He and 100 MeV/amu C6+-He
collisions are positive maxima at around k12=2 a .u. and
steep declines toward lower momentum differences. They
are roughly reproduced by all 3Cav calculations. Only when
the final-state repulsion is switched off does the shape of R
change qualitatively. In this case, R increases and assumes
positive values for k12→0. One can thus conclude that the
experimentally observed negative correlation at low momen-
tum differences is caused by the final-state repulsion of the
two electrons. This is, of course, no surprise and was dis-
cussed earlier in Refs. �8,10�: the primary effect of correla-
tions in the final state is a strong suppression of two-electron
emission with close momenta such that Icorr� Iunc for small
k12.

Apart from these general features we observe that the po-
sitions and heights of the peaks as well as the behavior in the
large k12 region are rather sensitive to 	, and are different for
both collision systems. Furthermore, despite the qualitative
similarity with the experimental data none of our 3Cav cal-
culations agrees particularly well with them. For 	=0, i.e.,
the CDS model the disagreement is most pronounced: the
peaks appear at too large k12, and the curves decrease too
rapidly toward k12→0 in both cases. This implies that the
final-state repulsion is too strong in this model. Increasing 	,
i.e., weakening the repulsion by assuming finite average dis-
tances between the electrons in their approximate relative
wave function �4� improves the situation and shifts the peaks
gradually toward smaller momentum differences. At the
same time their heights increase, but only in the case of the
3.6 MeV/amu Au53+-He system is this tendency significant.
As a consequence, the correlation functions of both systems
differ for finite 	. Interestingly, the average distance of the
electrons in the He ground state, 	=1.4 a .u., is not the op-
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timal choice, but only for a value as large as 	=4 a.u. are
the experimental peak positions perfectly matched in both
cases. The declines toward k12→0 are still too rapid, and this
deficiency persists for even larger 	 values, which we have
not included in the figure for the sake of clarity.

A better account of the low k12 region is achieved
in the DS3Cav model �Fig. 2�, in which the strong repulsive
character of the 3C wave function is alleviated. Let us exem-
plify this by considering back-to-back emission �i.e.,
cos�k1 ,k2�=−1�. The effective charge �6� in the DS3Cav

model is zero in this case, such that DI is not suppressed by
final-state repulsion ���k12�=1 in Eq. �2��. As a consequence,

there are non-negligible contributions to the numerator in the
correlation function �8� even for low relative momenta. This
is different in the 3Cav model, in which DI events at low k12
are erroneously suppressed for all relative electron angles.
For example, the CDS factor is as small as 0.012 for
k12=1 a .u., such that the numerator in Eq. �8� is small and
the correlation function is rather close to its minimum value
R=−1 �cf. Fig. 1�.

One can therefore conclude that the DS3Cav model is su-
perior. However, Fig. 2 signals also some problems: First,
higher values for 	 are needed to reproduce the experimental
peak position, in particular, in the case of 3.6 MeV/amu
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FIG. 1. �Color online� Correlation function R
as a function of the momentum difference k12 of
the ejected electrons for �a� 3.6 MeV/amu
Au53+-He and �b� 100 MeV/amu C6+-He colli-
sions calculated in the CDW-EIS approximation
with CI initial-state wave function. Full lines
��=1�, no correlation in final states; dashed lines
�CDS�, 3Cav final-state model with 	=0; dot-
dashed lines, 3Cav final-state model with
	=1 a.u.; dotted lines, 3Cav final-state model
with 	=1.4 a .u.; dot-dot-dashed lines, 3Cav

final-state model with 	=2.8 a .u.; dot-dash-
dashed lines, 3Cav final-state model with 	
=4 a.u.; �•�, experimental results from �8�.
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FIG. 2. �Color online� Correlation function R
as a function of the momentum difference k12 of
the ejected electrons for �a� 3.6 MeV/amu
Au53+-He and �b� 100 MeV/amu C6+-He colli-
sions calculated with CI initial-state wave func-
tion. Full lines ��=1�, CDW-EIS calculations
without correlation in final states; long-dashed
lines �CDS�, CDW-EIS calculations with DS3Cav

final-state model and 	=0, dot-dashed lines,
CDW-EIS calculations with DS3Cav final-state
model and 	=4 a.u.; short-dashed lines, CDW-
EIS calculations with DS3Cav final-state model
and 	=5.6 a .u.; dot-dot-dashed lines, CDW-EIS
calculations with DS3Cav final-state model and
	=8 a.u.; dot-dash-dashed-lines, B1 calculations
with DS3Cav final-state model and 	=4 a.u.; �•�,
experimental results from �8�.
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Au53+-He collisions. The CDS results �	=0� exhibit no peak
at all in the momentum range shown and appear much more
unrealistic than their 3Cav counterparts. Second, the DS3Cav

calculations turned out to be rather sensitive to numerical
inaccuracies in the transition amplitudes. This is due to the
oscillating character of the confluent hypergeometric func-
tion in Eq. �4� in conjunction with the momentum depen-
dence of Z12 �Eq. �6��. At large relative momenta, where DI
is unlikely and the amplitudes are very small we have not
succeeded in obtaining reliable results. Therefore, we restrict
the presentation of R to the k126 a .u. region in Fig. 2.
Third, we have found that other variants of DS3Cav models,
e.g., relying on the effective charge Z12 of Ref. �26� yield
results, which are somewhat different from those shown in
Fig. 2. At first sight this was surprising since the models
seem to be rather similar. A closer inspection of our numeri-
cal results showed, however, that small differences in the
doubly differential cross sections �9� can accumulate to
rather significant values in the process of the numerous inte-
grations involved in the calculation of R.

In addition to using the CDW-EIS method we have per-
formed some test calculations in the first Born �B1� approxi-
mation. They are included in Fig. 2 for the parameter
	=4 a.u., which gives the best description of R in the case
of the 100 MeV/amu C6+-He collision system. At high im-
pact velocity vP the B1 correlation function is independent of
the perturbation strength defined as the ratio of projectile
charge ZP and vP due to the scaling properties of the B1
transition amplitudes �4�. Hence, we have obtained the same
results for both collision systems. In the case of
100 MeV/amu C6+-He collisions, for which the perturbation
is small �ZP /vP�0.1� we observe that the B1 result
practically coincides with that obtained from the CDW-EIS
approximation. This is different for the 3.6 MeV/amu
Au53+-He system �ZP /vP�4.4�. In this case, the B1 correla-

tion function has the same shape and peak position as its
CDW-EIS counterpart, but the peak height is considerably
reduced and clearly below the experimental value. This sug-
gests that the maximum of R increases with increasing inter-
action strength, i.e., its dependence on the collision dynamics
cannot be ignored completely, although it is certainly weaker
than that of the DI cross section itself. We note that the
experimental data support this trend, but the error bars are
too large to state this with certainty.

From Figs. 1 and 2 one is tempted to conclude that only
final-state correlations are visible in the correlation function,
and an accurate final-state model might yield perfect agree-
ment with the experimental data. Apparently, our “	-models”
are too crude to achieve this goal, but they show that refine-
ments should be built upon the idea of dynamically screened
effective charges. It would be interesting to see whether a
full DS3C calculation would give completely satisfactory
agreement with the experimental R. This cannot be taken for
granted since some problems have been observed in this
model for fully differential �e ,3e� cross sections when elec-
tron energies were of the order of or greater than their initial
binding energies �27�. In any case, a full DS3C calculation
would be much more demanding than the present one, since
the two-electron transition amplitude would no longer be
given as a sum of products of single-electron amplitudes �cf.
Eq. �3��.

The dominance of the final-state repulsion raises also the
question whether initial-state correlations play any role in
determining the shape of R. In order to shed light on this
issue results obtained with an uncorrelated 1s2 initial state
within the OPM central-field model are shown in Fig. 3. In
fact, one can hardly observe any difference to the results of
Fig. 2, for which the CI wave function of Ref. �17� was used.
Remarkably, this remains true when the final-state repulsion
is also switched off. We thus observe that a completely
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FIG. 3. �Color online� Correlation function R
as a function of the momentum difference k12 of
the ejected electrons for �a� 3.6 MeV/amu
Au53+-He and �b� 100 MeV/amu C6+-He colli-
sions calculated in the CDW-EIS approximation
with �uncorrelated� OPM initial-state wave func-
tion. Full lines �IEM�, no correlation in final
states; dashed lines �CDS�, DS3Cav final-state
model and 	=0; dot-dashed lines, DS3Cav final-
state model and 	=4 a.u.; dotted lines, DS3Cav

final-state model and 	=5.6 a .u.; dot-dot-dashed
lines, DS3Cav final-state model and 	=8 a.u.;
�•�, experimental results from �8�.
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uncorrelated IEM calculation yields a nonzero correlation
function—a behavior that contradicts the very idea of
its definition. This happens because R is defined on the level
of cross sections in Eq. �8� instead of impact-parameter
dependent transition probabilities. With the definitions

ps�k,b� = �a1s→k
1e �b��2 �12�

and

Ps�b� =	 dk ps�k,b� �13�

the correlation function �8� for uncorrelated states can be cast
into the form

RIEM�k12� =

�tot	 dk d�k12	 db ps�k,b�ps�k + k12,b�

	 dk d�k12	 db Ps�b�ps�k,b� 	 db�Ps�b��ps�k + k12,b��
− 1, �14�

where the total DI cross section is given by

�tot =	 db Ps
2�b� . �15�

The symmetrization of the final state �2� can be ignored in
the IEM. Obviously, the different integrations over the
impact-parameter vector b in the numerator and denominator
prevent R from collapsing to the expected trivial result
RIEM�k12�=0. We note that the integration over b is also im-
plicit in the experimental correlation function, since events
for all momentum transfers have been collected in the yields
Icor and Iunc.

According to Fig. 3 RIEM exhibits the following general
characteristics: at intermediate and larger momentum differ-
ences its dependence on k12 is rather weak and its value close
to zero, while it increases and assumes positive values for
k12→0. We have spent some efforts to analyze and interpret
this behavior, but found that one can provide at best qualita-
tive arguments because of the many integrations involved.

Low k12 values correspond to situations where the mo-
menta of both electrons are similar. This region is dominated
by soft electrons, whose single-ionization probabilities
ps�k ,b� are broadly distributed over the impact parameter. In
Icor one integrates the product of two very similar single-
particle transition probabilities over b, while in Iunc two in-
dependent integrals over products of k-dependent and
k-integrated probabilities are calculated and multiplied
afterwards. We have checked for a few specific examples
with fixed momenta and ejection angles that the integrated
product is indeed in almost all cases larger than the
product of integrals, such that even after the multiplication
with the total DI cross section �which is smaller than one in
atomic units� does the numerator remain larger than the
denominator, i.e., Icor� Iunc.

At large k12 electron pairs, in which one has a small mo-
mentum and the other a large one contribute strongly to Icor
and Iunc. Fast electrons occur dominantly at small impact
parameters. If one assumes that in some limit the corre-

sponding single-ionization probabilities are constant for
0�b�bmax, zero for b�bmax, and furthermore independent
of the �large� momentum one can show that Icor= Iunc. The
details of our numerical calculations show, however, that this
limit—if existing—is not yet reached at the largest k12 that
we could consider. For instance, we found that also electron
pairs with two fast partners play a non-negligible role in this
region, and the single-ionization probabilities tend to de-
crease with increasing momentum instead of being constant.
Thus, we cannot even say with certainty that the limit RIEM

=0 is reached for DI at large momentum differences.
Returning to the question whether the initial state influ-

ences the correlation function let us compare the CI and
OPM results obtained with uncorrelated final states. The cor-
responding full curves in Figs. 2 and 3 are almost indistin-
guishable in the case of the 3.6 MeV/amu Au53+-He colli-
sion system, while slight deviations can be observed for
100 MeV/amu C6+-He collisions. In the language of many-
body perturbation theory �1,30� this can be interpreted in the
following way: in the strongly perturbing 3.6 MeV/amu
Au53+-He case DI occurs predominantly by two independent
projectile-electron interactions, i.e., by a second-order
�‘TS1’� process, which is not very sensitive to electronic
correlations. In the case of the weakly perturbing carbon pro-
jectiles the first-order transition amplitude, which is nonzero
only if initial and/or final states are correlated gains impor-
tance. Hence, the similarities in R in the former, and the
slight differences in the latter case when calculated with or
without correlated initial-state wave functions might reflect
the role of the first-order amplitude. We note that one can
view this amplitude as an analog to the widely discussed
shake-off process, which is understood as one direct
projectile-electron interaction leading to single ionization
followed by the “shake-off” of the second electron as a con-
sequence of the unscreening of the nucleus �1�.

Some further remarks are in order at this point. First, the
given explanation is at best of a qualitative nature, since our
frozen-correlation CDW-EIS approach cannot be linked di-
rectly to specific amplitudes of many-body perturbation
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theory. Second, from Figs. 2 and 3 it is apparent that the
traces of initial-state correlations are covered by the final-
state repulsion as soon as the latter is switched on. One
promising way to circumvent this dominance of the final
state is to restrict the events collected in R to back-to-back
electron emission, which should not be affected by electron-
electron repulsion �12�. Third, we note that the above-
metioned R calculations of Ref. �10� were based on a direct
modeling of the shake-off mechanism, which is a correlated
electron-emission process, in conjunction with the 3Cav

final-state model. It was found that the competition of inter-
ferences between direct and exchange amplitudes and the
final-state repulsion were crucial for forming the character-
istic shape of R. The dependence of the results on the 	
values used was much weaker than in our study, which
can probably be attributed to the simplifying assumptions
used in Ref. �10�. From the qualitative agreement with the
experimental data for 100 MeV/amu C6+-He collisions it
was concluded that DI processes other than shake-off were
unimportant.

Our refined higher-order calculations give a somewhat
different picture. Namely, the characteristic shape of R is
obtained without resorting to the shake-off or any other spe-
cific DI mechanism and interferences between corresponding
amplitudes. According to our analysis the shape originates
from the interplay between the final-state repulsion and a
rather general behavior of ionization probabilities when inte-
grated over the impact parameter. The latter effect has noth-
ing to do with electronic correlations, which is why we think
that the definition of the correlation function on the level of
cross sections is not completely satisfactory.

It is thus of interest to avoid the integration over the im-
pact parameter and to study the correlation function for fixed
�scalar� b values. Corresponding results are shown in Fig. 4.
Reinspecting Eq. �14� we first note that in this case Rb

IEM

=0 for all k12 such that any structure in the curves is indeed
related to electronic correlations. In order to elucidate their

role we have included two sets of calculations in Fig. 4 for
three different impact parameters: in the first set only initial-
state correlations are included via the CI wave function of
Ref. �17�, while in the second one also final-state correlations
are considered in terms of the 3Cav model with 	=4 a.u. We
note that the DS3Cav final-state model yields comparable
results.

We observe that the shapes of Rb�k12� exhibit the same
general trends as the b-integrated correlation functions when
correlations are included in both the initial and final states: a
maximum at intermediate k12 and a steep decline for
k12→0. However, the details are different and depend
strongly on b. With increasing b the positions of the maxima
shift toward smaller momentum differences and the peak
heights decrease. For the 100 MeV/amu C6+-He system they
become even negative. On the right sides of the main
maxima further structures appear, particularly for the
3.6 MeV/amu Au53+-He system. We note that qualitatively
similar results are obtained when initial-state correlations are
neglected. This implies that the b-dependent correlation
function mirrors the properties of the final-state model used
rather directly.

The structures change, but do not vanish when the final-
state correlations are switched off, i.e., also initial-state cor-
relations do play a role. The low k12 region is most signifi-
cantly altered by the omission of electron-electron repulsion
in the final state: with the exception of the result for
3.6 MeV/amu Au53+-He at b=1 a.u. the curves increase and
assume positive values for k12→0. Overall and in line with
the interpretation from the viewpoint of many-body pertur-
bation theory given above one observes the tendency that the
effects of initial-state correlations on R increase with de-
creasing perturbation strength: they gain importance with in-
creasing impact parameters, and—as already observed for
the b-integrated case �cf. Figs. 2 and 3�—they are more pro-
nounced for 100 MeV/amu C6+-He than for 3.6 MeV/amu
Au53+-He collisions. Thus, the b-differential level would of-
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k12 [a.u.]

(a) (b) α =4.0α =4.0

FIG. 4. �Color online� Correlation functions
Rb for fixed impact parameters b as functions of
the momentum difference k12 of the ejected elec-
trons for �a� 3.6 MeV/amu Au53+-He and �b�
100 MeV/amu C6+-He collisions calculated in
the CDW-EIS approximation with CI initial-state
wave functions. The lines referred to as �=1 cor-
respond to calculations without correlation in the
final states, those referred to as 3C correspond to
the 3Cav final-state model with 	=4 a.u.
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fer the chance to study seperate collision mechanisms and
the associated initial-state correlations in closer detail, if they
were not overwhelmed by the effects of the final-state
repulsion.

Of course, the b-differential level cannot be realized in an
experiment directly, but it is well known that at projectile
scattering angles � larger than 1/ ��vP� �where � denotes the
reduced mass of the heavy-particle motion� one can assume a
classical relation between b and � �31�. Together with the
above-mentioned disappearance of final-state repulsion for
back-to-back emission one can infer that a scattering-angle
specific sampling of back-to-back DI events would allow a
direct and unambiguous view on the workings of initial-state
correlations.

IV. CONCLUDING REMARKS

In this work we have investigated the correlation function
R for double ionization from the viewpoint of the frozen-
correlation approximation. Dynamic correlation effects are
neglected in this framework, but initial- and final-state cor-
relations were taken into account on the basis of different
models. The single-particle ionization amplitudes were cal-
culated in the continuum distorted-wave with eikonal initial-
state approximation, which allows not only consideration of
weak, but also rather strong perturbations.

The comparisons of the calculated correlation functions
with experimental data for 3.6 MeV/amu Au53+-He and
100 MeV/amu C6+-He collisions support earlier conclusions
about the dominance of the final-state repulsion in shaping R
as a function of the momentum difference of both emitted
electrons. However, our study shows that the popular Cou-
lomb density of states factor and also a simplified 3C final-
state wave function are too crude to explain the data quanti-
tatively. The introduction of dynamic screening improves the
situation, but quantitative agreement with the measurements
has not been achieved, yet. This might be due to our simpli-
fied final-state model that allows the calculation of the two-
electron ionization amplitude from an appropriate combina-
tion of one-electron amplitudes, but it is not clear whether a
full DS3C calculation would resolve the discrepancies.

We have pointed out that the interpretation of R is biased
by the fact that integrations over the impact parameter �or,

alternatively, the momentum transfer� are implicit in its defi-
nition. As a consequence of this integration, even an inde-
pendent electron calculation gives a nontrivial result with
generally increasing values for R toward zero momentum
difference. Our calculations suggest that the interplay of this
tendency and the final-state repulsion is largely responsible
for the characteristic shape of R, while initial-state correla-
tions play at most a marginal role.

Only on the impact-parameter-differential level is the cor-
relation function an unambiguous probe of electron-
correlation effects, since here an independent electron calcu-
lation must give R=0. Similar to the integrated case, the
final-state repulsion dominates possible effects of the initial
state, and the details are rather sensitive to the final-state
model used. Initial-state effects should become more appar-
ent if one would restrict the events collected in R to back-to-
back double ionization, where the target nucleus shields the
electron-electron repulsion. Earlier work demonstrated that
the statistics of the experimental data were sufficient to im-
pose this restriction on the integrated level �12�. Keeping in
mind that for not too low momentum transfer the impact
parameter can be related classically to the measurable scat-
tering angle even the b-differential level can, in principle, be
considered, although very small counting rates would make
the analysis tedious and challenging. We believe that such an
attempt would be worthwhile, since it is only on this level
that structures in R can be related to electron-correlation ef-
fects unambiguously. Back-to-back impact-parameter-
differential data probably provide a very sensitive probe for
initial-state correlations.

Finally, let us mention that despite the usefulness of the
correlation function it appears also important to continue
with tracing effects of initial- and final-state correlations di-
rectly in multi- and possibly fully differential electron-
emission patterns. We have embarked on this task in the
framework of the two-electron models presented here and
will report results in a forthcoming paper.
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