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Elastic and inelastic collisions between NH molecules in the �N=0,J=1� state were analyzed. These analy-
ses showed that the elastic collision is caused mainly by electric dipole-induced dipole interaction, and the
inelastic collision is caused mainly by the magnetic dipole-dipole interaction. The collision cross sections
obtained by the quantum and classical methods are roughly in good agreement in the kinetic-energy region of
5–500 mK. Moreover, the ratio of the inelastic-collision rate to the elastic-collision rate is lower than 1/200.
These results show that the NH molecule is advantageous to perform evaporative cooling.
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I. INTRODUCTION

Cold polar molecules have recently become an attractive
subject for researchers �see the review in Ref. �1��, since it
can realize dilute quantum gases of fermions �2–6� or bosons
�7–12�. DeMille proposed using them as the qubits of a scal-
able quantum computer �13�. The molecular vibrational-
rotational transitions can be the basis of the frequency stan-
dard in the infrared region. This would make it possible to
observe the temporal change of the mass ratio of electron and
proton.

Cold molecules have actually been obtained by combin-
ing laser-cooled atoms, by cooling molecules through colli-
sions with cold gas, or by obtaining a slow molecular beam.
The former method has been done using photoassociation or
Feshbach resonance. Kerman et al. produced ultracold
RbCs* molecules through photoassociation �14�. Using Fes-
hbach resonance, Inouye et al. �15� produced cold KRb mol-
ecules and Stan et al. �16� produced cold LiNa molecules.
Although molecules constructed with photoassociation or
Feshbach resonance are mostly in excited states, RbCs mol-
ecules in an absolute ground state have also been produced
�17,18�.

Molecular cooling through collisions with cold gas has
also been developed since 1997. Using a static magnetic
field, a Harvard group trapped CaH molecules that were pre-
cooled through collisions with helium vapor �19,20�. It has
also been proposed to cool trapped molecules �by the meth-
ods discussed below� through collisions with laser-cooled at-
oms �21�.

Several methods have been developed to obtain slow mo-
lecular beams. To load polar molecules into a trapping area,
a deceleration method using a time-varying electric field has
been developed �22–25�. Bethlem et al. loaded decelerated
ND3 molecules into a space enclosed by quadrupole elec-
trodes �26� and Crompvoets et al. loaded them into a space
enclosed by ring electrodes �27�. Van de Meerakker et al.
trapped OH molecules in a quadrupole electrode by using the
same method �28�. Junglen et al. constructed a quadrupole
guide for selecting slow molecules from a continuous mo-
lecular beam �29�. Rieger et al. loaded ND3, CH3Cl, and
CH2O molecules selected by this quadrupole guide into an
electric trap �30�. A counter-rotating beam source �31,32� or
billiardlike collisions in crossed beams �33� can also be used
to obtain a slow molecular beam. Enomoto et al. proposed to

decelerate polar molecules by using a microwave traveling
wave �34�.

By using dc electric or magnetic fields, only molecules in
the low-field seeking states �cannot be the absolute ground
state� can be trapped. Via the Majorana transition �35� or the
inelastic collision �36–43�, trapped molecules can be trans-
formed to high-field seeking states and repelled from the
traps. It is preferable to trap molecules in an absolute ground
state, where inelastic collisions are not possible at ultralow
temperatures. Using an ac electric field inside an octopole
electrodes system, van Veldhoven et al. succeeded in trap-
ping para-ND3 molecules in the absolute ground state�44�.
DeMille proposed to trap ultracold polar molecules in the
absolute ground state by using a standing electromagnetic
field in a microwave cavity �45�.

Doyle et al. are planning to trap NH molecules in the 3�
state using the interaction between the electron spin and the
magnetic field �46�. The trap loss is caused by the change of
the electron-spin direction, induced by the spin-rotation in-
teraction or by the magnetic dipole-dipole interaction be-
tween colliding molecules. The rate of collision loss is much
lower than that for the elastic collision, caused by the electric
dipole-induced dipole interaction. Therefore, NH molecules
seem to be advantageous to perform evaporative cooling.

In the rest of this paper, elastic- and inelastic-collision
cross sections are theoretically estimated by using quantum
�i.e., solutions to the Schrödinger equation, Born approxima-
tion, and distorted-wave Born approximation� and classical
methods. These estimations found that the inelastic-collision
rate is less than 1/200 of the elastic-collision rate with kinetic
energy 10−6–10 K.

II. ZEEMAN SHIFT

The rotational constant of an NH molecule B0 is so large,
i.e., 490 GHz �47� and NH molecules cooled ��1 K� by cold
buffer gas are mostly in the N=0 state, where N is the quan-
tum number of the molecular rotation. The energy state of
NH molecules in a field-free space is described by

J = N + S ,

F1 = J + IH,

F = F1 + IN ,
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where S�=1� denotes the electron spin. IH�=1/2� and IN�=1
for 14N and 1/2 for 15N� are the nuclear spins of H and N
atoms, respectively. Figure 1 shows the hyperfine structure of
the 14NH molecule in the �N=0,J=1� state �47�. When a
magnetic field is applied, energy splittings occur between
degenerated sublevels MF=−F�F, where MX denotes the
trajectories of X�X=N ,S , IH , IN ,F� parallel to the magnetic
field. When N=MN=0, each �F1 ,F ,MF� state is described by

�F1,F,MF� = � c��MS,MIH
,MIN

� ,

MF = MS + MIH
+ MIH

,

and the linear Zeeman-shift coefficients are given by

� �c��2�gSMS + gI�H�MIH
+ gI�N�MIN

��B,

where �B is the Bohr magneton, gS is the g factor of the
electron spin, and gI is the nuclear g factor. With any mag-
netic field, the following relations hold and the Zeeman shift
is strictly linear.

14NH,

�N = 0,J = 1,F1 = 3/2,F = 5/2,MF = ± 5/2�

= 	N = 0,J = 1,MS = ± 1,MIH
= ±

1

2
,MIN

= ± 1
 .

Linear Zeeman-shift coefficient,

±�B�gS +
1

2
gI�H� + gI�N�� .

15NH,

�N = 0,J = 1,F1 = 3/2,F = 2,MF = ± 2�

= 	N = 0,J = 1,MS = ± 1,MIH
= ±

1

2
,MIN

= ±
1

2

 .

Linear Zeeman-shift coefficient,

±�B�gS +
1

2
gI�H� +

1

2
gI�N�� .

Actually, gS�=2.0031745��gI�=5.4�10−4� and the influ-
ences of the nuclear spins are ignored in the following dis-
cussions. When gS�BB �B: magnetic field strength� is much
larger than the hyperfine splittings, MS becomes determinis-
tic for all hyperfine states. Figure 2 shows the Zeeman shifts
of 14NH molecules in the �N=0,J=1� states. For 14NH mol-
ecules in the �N=0,J=1� state, the following hyperfine states
converge to the MS=1,0 ,−1 states with a magnetic field
higher than 40 G.
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If dc magnetic field is used, only molecules in the
MS=1 �low-field seeking� states are trapped. In this paper,
assuming that the magnetic field is high enough so that MS is
a deterministic value, we discuss the collision between NH
molecules in the �N=0,J=1,MS=1� state. When there is a
transition to the MS=0 state, the molecule cannot be trapped
by the magnetic field further so trap loss is caused.

(F1 = 1= 1/2/2, F = 1= 1/2/2)

39.2539.25 MHMHz

(F1 = 3= 3/2/2, F = 5= 5/2/2)

(F1 = 3= 3/2/2, F = 3= 3/2/2)

33.6633.66 MHMHz

(F1 = 3= 3/2/2, F = 1= 1/2/2)
18.1718.17 MHMHz

(F1 = 1= 1/2/2, F = 3= 3/2/2)

FIG. 1. Hyperfine state of 14NH molecules in the �N=0,J=1�
state.
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III. COLLISION

The collision cross sections are obtained from

� =
��L�	

k2 �
L,ML

P�L,ML� , �1�

where k is the incident wave number, L is the quantum num-
ber of the relative motion, ML is its trajectory parallel to the
magnetic field, P denotes the probability of the scattering of
each partial wave, and ��L� denotes the values shown below.

Collision between same boson isotopes,

��L� = 2 for L = even,

��L� = 0 for L = odd.

Collision between same fermion isotopes,

��L� = 2 for L = odd,

��L� = 0 for L = even.

Collision between different isotopes,

��L� = 1.

Actually, the total collision cross sections should be ob-
tained taking L=0−Lmax into account, where Lmax is the
value that satisfies P�L
Lmax�� P�L�Lmax�. With ultralow
kinetic energy �a�1/k, where a is the scale size of the in-
termolecular interaction�, the total collision cross section is
calculated by taking only a few partial waves into account.
When the kinetic energy is high �a�1/k�, however, the con-
tributions from many partial waves must be taken into ac-
count. Given this condition, P�L� P�L±1� and Eq. �1� is
rewritten using the impact parameter b�=L /k� as

� = 2	� P�b�db . �2�

A. Elastic collision

Although an NH molecule has an electric permanent-
dipole moment �0��1.6 D� �48�, the electric diagonal-dipole
matrix elements �� ��� e ��� are zero in a field-free space and
the elastic collision is not caused by the electric dipole-
dipole interaction. Also, if �� ��� e �����0

2E /hB0� is induced
by getting electric field E lower than 50 kV/cm, the electric
dipole-dipole interaction is much smaller than the electric
dipole-induced dipole interaction because of the large value
of B0��490 GHz�. As shown later, the electric dipole-dipole
interaction is significant only for the collision between the
same fermion isotopes with ultralow kinetic energy.

We consider the electric dipole-induced dipole interaction,
which is given by

HD-ID�r� = −
�

r6 ,

� =
�0

4

96	2�0
2hB0

�1 + 3 cos2 �� , �3�

where � is the angle between the relative position vector and
the dipole moment vector.

1. Ultralow kinetic energy

To discuss the collision caused by the dipole-dipole inter-
action, the Born approximation was used to obtain P�L ,ML�
in Refs. �37,38,43�. However, this method cannot be used for
the collision caused by the dipole-induced dipole interaction,
because the integrals �L=0 �HD-ID �L=0� and �L=1 �HD-ID �L
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FIG. 2. Zeeman shifts of 14NH molecules in the �N=0,J=1�
state as functions of the magnetic field: �a� shows the �F1=1/2 ,F
=3/2 ,1 /2� states, �b� shows the �F1=3/2 ,F=5/2� state, and �c�
shows the �F1=3/2 ,F=3/2 ,1 /2� states.
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=1� diverge. Here, assuming a�1/k, we consider the fol-
lowing solution to the Schrödinger equation �49�:

d2R�r�
dr2 +

2

r

dR�r�
dr

+ �k2 −
L�L + 1�

r2 +
2m

�2

�

r6�R�r� = 0,

�4�

where m is the reduced mass. The solution of Eq. �4� with
r�a is given by

RL�r� = rL� d

rdr
�Lsin�kr�

kr
− �k2L+1rL� d

rdr
�Lcos�kr�

kr
, �5�

where � is a certain parameter, determined by �. When �
=0 �without scattering�, the solution to Eq. �4� is given by

RL
nonscattering�r� = rL� d

rdr
�Lsin�kr�

�kr�
. �6�

Comparing Eqs. �5� and �6�, the scattering probability P is
given by

P =
�2k4L+2

1 + �2k4L+2 . �7�

When a�r�1/k, Eq. �5� is rewritten as

R�r� =
rL

�2L + 1� ! !
−

�2L − 1� ! ! �

rL+1 . �8�

When L
1, R�r� �see Eq. �8�� is minimum with the value of
r where

L�L + 1�
r2 −

2m

�2

�

r6

is maximum. Therefore, � is roughly estimated as

� =
L

�L + 1��2L − 1� ! ! �2L + 1� ! !
� 6m�

�2L�L + 1��2L+1/4

.

�9�

Each scattering term is obtained from

	

k2 P =
	�L/�2L − 1� ! ! �2L + 1� ! ! �L + 1��2�6m�/�2L�L + 1��2L+1/2k4L

1 + �L/�2L − 1� ! ! �2L + 1� ! ! �L + 1��2�6m�/�2L�L + 1��2L+1/2k4L+2 ,

with ultralow kinetic energy

	

k2 P  	� L

�2L − 1� ! ! �2L + 1� ! ! �L + 1��2� 6m�

�2L�L + 1��2L+1/2

k4L,

with higher kinetic energy

	

k2 P 
	

k2 . �10�

When L=0 �50�,

�2 =
�0

2

96�0
� 10m

h3B0

�2�3/4�
�2�5/4�

�11�

is obtained in the case that the wave function becomes zero
at r=0. The L=0 scattering term is obtained as

	

k2 P =
	�0

2/96�0
�10m/h3B0�2�3/4�/�2�5/4�

1 + �0
2/96�0

�10m/h3B0�2�3/4�/�2�5/4�k2

with ultralow kinetic energy

	

k2 P 
	�0

2

96�0
� 10m

h3B0

�2�3/4�
�2�5/4�

,

with higher kinetic energy

	

k2 P 
	

k2 . �12�

The collision cross sections between 14NH �fermion� mol-
ecules and 15NH �boson� molecules are shown in Fig. 3. The

scattering terms L=1,3 ,5 �0,2 ,4� were taken into account
in the case of 14NH �15NH� molecules. The collision cross
section between 14NH and 15NH molecules is obtained by

��14NH − 15NH� =
��14NH − 14NH� + ��15NH − 15NH�

2
.

�13�

2. High kinetic energy

When the kinetic energy is so high that a�1/k is satis-
fied, the collision cross section is obtained using the classical
path method as shown in Eq. �4�. Assuming that the relative
motion is described as a straight path, Anderson derived the
following formula to obtain the cross section of the collision
induced by the dipole-induced dipole interaction �51�:

� =
5

4
	� 7

960�4�0h�4

�0
8

B0
2

m

kBK
�1/5

. �14�

The elastic collision cross sections obtained with Eq. �14� are
also shown in Fig. 3.

3. Intermediate kinetic energy region

The quantum treatment shown in Sec. III A 1 is based on
the assumption a�1/k, and the classical treatment shown in
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Sec. III A 2 is valid with a�1/k. When a1 nm, these as-
sumptions are satisfied with K /kB�1 mK for the quantum
method and K /kB�1 K for the classical path method. How-
ever, we use both of these methods in the case of the kinetic-
energy region between 1 mK and 1 K. Figure 3 shows that
the cross sections obtained using both methods are roughly
in good agreement within a factor of 1.5. Equation �14�
shows that the elastic collision cross section is proportional
to K−1/5, which is also obtained by the quantum treatment
with 10�K /kB�500 mK. With kinetic energy higher than
500 mK, P�L�5�1 and scattering terms L
6 become
significant. Therefore, cross sections obtained by the quan-
tum treatment considering the scattering terms L�5 are
much smaller than those obtained by the classical path
method.

B. Inelastic collision

The collision loss is caused by the MS=1→0,−1 transi-
tion. For the collision between molecules in the N
1 states,
this collisional transition is caused mainly by the spin-
rotation interaction. However, the spin-rotation interaction
term vanishes for molecules in the pure N=0 state. Only
when the mixture between different rotational states is sig-
nificant, the spin-rotation interaction works also for the mol-
ecules in the N=0 state. The mixture between different rota-
tional states is determined by �= ��S /B0�, where �S is the
spin-interaction constant �52�. Krems shows that the inelastic
collision cross section between molecules in the N=0 state is
almost proportional to �4 �53�. If the inelastic collision be-
tween NH molecules is dominated by the spin-rotation inter-
action, the inelastic collision is expected to be five orders
smaller than that between 17O2 molecules, because of
��NH� /��O2�=0.045. In comparison with the calculation of
the inelastic collision between 17O2 molecules in the N=0
state �54�, the inelastic collision between NH molecules is
expected to be much smaller than 10−20 cm2 when K /kB

�1 mK �when K /kB1 K, 10−19 cm2�. Krems et al. have
concluded that the direct transitions due to the magnetic-
dipole interaction dominates the inelastic collision between
the molecules in the N=0 state �52�, comparing their own
calculations �53� and the experimental measurements for
spin relaxation in the He-CaH�2�� collisions �19�.

Therefore, we consider the cross section of the MS=1
→0 transition caused by the magnetic dipole-dipole interac-
tion, which is given by

HDD =
1

4	�0c2r3��� m1 · �� m2 −
3��� m1 · r����� m2 · r��

r2 � ,

�15�

where �� m1,2 is the magnetic-dipole moment vector. The
inelastic-collision cross sections were obtained using the
magnetic-dipole matrix elements

��MS = 0��� m�MS = 1�� = ��MS = 1��� m�MS = 1�� =
gS

�2
�B.

�16�

The inelastic-collision cross sections were calculated using
the Born approximation �BA�, distorted-wave Born approxi-
mation �DWBA�, and the classical path method.

1. Born approximation

The Born approximation is the simplest method to esti-
mate the collision cross sections with ultralow kinetic en-
ergy. With the BA, it is assumed that the collision interaction
is so weak that the distortion of the wave function is negli-
gible. All scattering terms of the ��i1 ,�i2�→ �� f1 ,� f2� tran-
sition are thus given by

	

k2 P���i1,�i2� → �� f1,� f2�,�L,ML� → �L�,ML���

=
m2

4	�0
2�4GL,L�� k�

k
�

�F��MS1,�MS2,L,ML,L�,ML�� ,

GL,L�� k�

k
� =

k�

k ��0

�

QL
*�kr�

1

r
QL��k�r�dr�2

,

QL�r� = RL
non-scattering�r� = rL� d

rdr
�Lsin�kr�

�kr�
,

k�

k
=�1 +

�E

K
, �17�

where k� denotes the wave number of the scattered wave, �E
is the change of the total internal states of molecules caused
by the inelastic collision, and F is an operator. When k
�k��K��E�, the inelastic-collision cross section is propor-
tional to K1/2 and K−1/2 for the 14NH molecule �fermion� and
the 15NH molecule �boson�, respectively �38�. When kk�
�K��E�, the inelastic-collision cross section has no depen-
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FIG. 3. �Color online� Elastic-collision cross sections between
14NH �fermion� molecules and between 15NH �boson� molecules as
functions of the kinetic energy, when the magnetic field is 50 G.
Solid lines show the results obtained by solving the Schrödinger
equation taking L=1,3 ,5 for 14NH molecules �online blue� and L
=0,2 ,4 for 15NH molecules �online red�. The dotted line shows the
results obtained using the classical path method.
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dence on K. The calculation was performed taking L=1
→1 for a 14NH molecule and L=0,2→2,0 for a 15NH mol-
ecule into account. When the BA is used, the scattering terms
are independent on K at the kinetic-energy region lower than
104 K. Therefore, the contribution of higher L terms cannot
be significant at a kinetic energy lower than 10 K.

2. Distorted-wave Born approximation

The wave function is distorted by the intermolecular in-
teraction. The distorted-wave Born approximation takes the
distortion of wave functions caused by the electric dipole-
induced dipole interaction into account. The calculation is
performed using Eq. �17�, taking

QL�r� = RL�r� = rL� d

rdr
�Lsin�kr�

�kr�

− �k2L+1rL� d

rdr
�Lcos�kr�

�kr�
, r 
 d

QL�kr� = 0, r � d , �18�

where d denotes the area where the intermolecular exchange
�repulsive force� is significant. If we do not take a nonzero
value of d, G�k� /k� diverges.

Figure 4 shows the inelastic-collision cross sections be-
tween 14NH �fermion� and between 15NH �boson� molecules,
obtained using the BA and the DWBA with B=50 G and d
=0.35 nm. Given K /kB�100 �K, the proportionality be-
tween the inelastic-collision cross sections and K1/2 �K−1/2�
was also obtained from the DWBA for the collision between
14NH�15NH� molecules. The value of the inelastic-collision
cross sections obtained by the DWBA is larger than that
obtained by the BA with a factor of 10 �Eq. �6�� for the

collision between 14NH�15NH� molecules. This result is de-
rived in Appendix A. References �41,42� show that the
inelastic-collision cross sections between polar molecules in
the 1�and 2� states obtained by the close-coupling method
is almost one order larger than those obtained by the BA.

When the kinetic energy becomes higher than 1 mK, the
inelastic-collision cross section obtained by the DWBA in-
creases significantly. This is because the distortion of the
wave function becomes significant ��k2L+1
0.1�. This phe-
nomenon has not been obtained before with electric dipole-
dipole interaction, because P converges to 1 when the kinetic
energy is so high that the distortion of the wave function is
significant.

Figure 5 shows the inelastic-collision cross sections ob-
tained by the DWBA as a function of the magnetic field
when K /kB=1 and 50 �K. If the BA is valid, the inelastic
collision should be proportional to �E−1/2 and B−1/2��E1/2

and B1/2� for 14NH�15NH� molecules. As shown in Appendix
A, this proportionality is not valid when the DWBA is used
with �k�2L�+1
1 �distortion of the scattering wave is signifi-
cant�.

3. Classical path method

When the kinetic energy is so high that a�1/k is satis-
fied, the collision cross section is obtained by using the clas-
sical path method as shown in Eq. �2�. For dipole-dipole
interaction, P�b� is obtained by �55�

P�b� = min�1,S�d�,S�b�� ,

S�b� =
2	2mgS

4�B
4

9h2kBKb4 exp�− �b2� ,

� =
16

3

m

2kBK
��E

h
�2

. �19�

Taking d=0.35 nm, S�d��1. Under the assumption that
�E /kB�1 K and K /kB�0.2 K, �b2�1 with b=d and the
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difference of the collision cross sections when �E /kB=0 and
1 K is less than 1%. With the two collision channels �MS

=1,MS=1�→ �MS=1,MS=0� and �MS=0,MS=0� taken into
consideration, the inelastic-collision cross section is given by

� = 2 � 2	d2S�d� =
8	3mgS

4�B
4

9h2kBKd2 . �20�

Figure 4 also shows the inelastic-collision cross sections ob-
tained by the classical path method with K /kB�1 mK.

4. Intermediate kinetic-energy region

In the kinetic-energy region between 5–500 mK, the in-
elastic collision cross sections obtained by the BA are 3–4
orders smaller than those obtained by the DWBA or the clas-
sical path method. This result shows that the BA cannot be
used to discuss the collision in this kinetic-energy region.
When �k2L+1�1, the inelastic-collision cross sections ob-
tained using DWBA are proportional to �Kd2�−1 �see Appen-
dix B�, because the distorted wave functions must be local-
ized at rd. The same tendency is also derived from the
classical path method �see Eq. �20��. Both DWBA and the
classical path method can therefore be used to describe the
characteristics of the inelastic collision in the intermediates
kinetic-energy region.

The inelastic-collision cross sections obtained by the
DWBA are almost one order larger than those obtained by
the classical path method. This discrepancy is caused by us-
ing the formula for the distorted wave, which is valid only
when a�1/k. The collisions caused by the magnetic inter-
action are much more sensitive to the distortion of the wave
function than those induced by electric interactions, where P
converges to 1 when the distortion of the wave function is
significant. To obtain accurate values of inelastic-collision
cross sections with high kinetic energy, the DWBA calcula-
tion should be performed with a more accurate formula for
distorted wave functions. The couplings between different
hyperfine states are weak because the magnetic interaction is
so weak that P is less than 10−4 also with K /kB=10 K.

The inelastic-collision cross section in Fig. 4 decreases
rapidly when the kinetic energy becomes higher than 0.5 K,
which is not possible �as explained in Appendix B�. This
discrepancy is caused because R�d� given by Eq. �18� be-
comes significantly lower when kd�1, although the actual
wave function has high density at rd.

C. Possibility of evaporative cooling

Figures 3 and 4 show that the elastic-collision cross sec-
tions between 14NH �fermion� and between 15NH �boson�
molecules are more than two orders larger than the inelastic-
collision cross sections when the kinetic energy is higher
than 10 �K and 10 nK, respectively. 14NH molecules are
less capable of performing evaporative cooling than 15NH
molecules, because the elastic cross section decreases as the
kinetic energy decreases �K2�.

However, evaporative cooling of 14NH molecules be-
comes possible also when kinetic energy is lower than
10 �K by applying an electric field, which induces the elec-

tric dipole-dipole interaction. For simplicity, we assume that
the electric-field direction is parallel to the magnetic-field
direction �the treatment is very complicated when the direc-
tions of electric and magnetic fields are not parallel �56��.
Figure 6 shows the elastic-collision cross sections between
14NH molecules with or without the electric field
�50 kV/cm�. The electric dipole-dipole interaction is calcu-
lated using the DWBA. The influence of the electric dipole-
dipole interaction is significant when K /kB�10 �K and the
electric-field strength is 50 kV/cm. When the electric field is
applied, evaporative cooling of 14NH molecules is possible
also when the temperature is lower than 10 �K, because the
electric dipole-dipole interaction cannot induce collision
loss.

The electric field gives the mixture between N=0 and 1
states. Then the spin-rotation interaction becomes significant
and the inelastic-collision cross section is increased. There-
fore, the electric field should be given only after the molecu-
lar temperature becomes low enough, so that the spin-
rotation interaction between fermion molecules is very small.

IV. CONCLUSION

We have estimated the elastic- and inelastic-collision
cross sections of NH molecules in the �N=0,J=1� state. The
elastic collision is caused by the electric dipole-induced di-
pole interaction, while the inelastic collision is caused by the
magnetic dipole-dipole interaction �because of N=0 and the
large value of B0�. Quantum treatment was used for the ul-
tralow kinetic-energy region and the classical path method
was used for the high kinetic-energy region. Although both
calculations were performed using rather simplified formu-
las, the elastic-collision cross sections obtained by the quan-
tum and classical methods are in good agreement �within a
factor of 1.5� at the intermediate kinetic-energy region
�5–500 mK�. Moreover, for the inelastic collision, the
distorted-wave Born approximation and the classical path
method give the same dependence on the kinetic energy.

Elastic-collision cross sections are much larger �more than
two orders� than the inelastic-collision cross sections for
both 14NH �fermion� and 15NH �boson� molecules at tem-
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FIG. 6. Elastic-collision cross sections between 14NH �fermion�
molecules as a function of kinetic energy with and without electric
field �50 kV/cm�.
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peratures higher than 10 �K. Therefore, evaporative cooling
is easy when the temperature is higher than 10 �K. In the
lower kinetic-energy region, evaporative cooling is possible
only for 15NH molecules, because the elastic-collision cross
section between 14NH molecules becomes very small. This
problem is solved by applying an electric field, which in-
duces the electric dipole-dipole interaction.

NH molecules trapped by a magnetic field can be electri-
cally polarized in one direction by applying a homogenous
electric field. This makes it easy to study the characteristics
of polar dilute quantum gases. Also note that the linear Zee-
man coefficients of 14NH molecules in the �N=0,J=1,F1
=3/2 ,F=5/2 ,MF=5/2� state and 15NH molecules in the
�N=0,J=1,F1=3/2 ,F=2,MF=2� state do not depend on
the vibrational state and the vibrational transition can be
measured without the influence of the Zeeman shift. There-
fore, the vibrational spectrum of cold NH molecules
�3489 cm−1 �48�� can form the basis of a molecular clock
�57�. The clock laser is applicable for the optical network,
after doubling its frequency.

The estimation method of elastic-collision cross sections
shown in this paper is applicable also for other molecules in
the 3� N=0 state. The spin-rotation interaction should be
taken into account for inelastic collisions between molecules
with a small rotational constant �the mixture between differ-
ent rotational states is significant�.
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APPENDIX A

When the BA is valid, each scattering term �	P�L
→L�� /k2� is proportional to �K /�E�L−1/2 �38�, under the as-
sumption that k��k ��E�K�. This appendix discusses the
validity of this relation when the distorted-wave Born ap-
proximation �DWBA� is used. At an ultralow kinetic-energy
region, �k2L+1�1 is valid. However, k� is determined mainly
by �E and �k�2L�+1
1 is also possible. With kr�	, RL�kr�
converges to

RL�kr� →
sin�kr + L	/2 + ��

kr
,

� = tan−1��k2L+1� .

When k��k, GL,L��k� /k� is actually determined by

GL,L�� k�

k
� =

k�

k ��d

�

RL
*�kr�

1

r
RL��k�r�dr�2

=
k�

k ��d

	/k�
RL

*�kr�
1

r
RL��k�r�dr�2

.

When �k2L+1�1 and kr�	, RL
*�kr� is proportional to �kr�L

and

�
d

	/k�
RL

*�kr�
1

r
RL��k�r�dr  kL�

d

	/k�
rL−1RL��k�r�dr

and

GL,L�� k�

k
�  k2L−1  KL−1/2

is also derived when the DWBA is used. Therefore, the
inelastic-collision cross sections between fermion �boson�
molecules are proportional to K1/2�K−1/2�. With the BA, the
distribution of the wave function RL��k�r� becomes maxi-
mum at k�rL�. However, it becomes a maximum with r
d��L� /k�� when �k�2L�+1
1. Therefore, the inelastic-
collision cross section obtained by the DWBA is larger than
that obtained by the BA. Only when �k�2L�+1�1, the scat-
tering terms are proportional also to �1/�E�L−1/2.

APPENDIX B

This appendix discusses the dependence of the cross sec-
tion of the collision induced by the magnetic dipole-dipole
interaction on the kinetic energy under the assumption that
kk��K��E�. We discuss using the DWBA. GL,L��k� /k� is
given by

GL,L��k� = ��
d

�

RL
*�kr�

1

r
RL��kr�dr�2

= ��
kd

�

RL
*�kr�

1

�kr�
RL��kr�d�kr��2

= 	� 1

�kr�
av
	2

.

When �k2L+1�1, the distribution of �RL�kr�� is maximum
with �kr�L and GL,L��k� is independent with k and K.
When �k2L+1�1, however, the distribution of the wave func-
tion becomes maximum at rd and GL,L��k�1/ �kd�2

 �Kd2�−1. Therefore, the inelastic-collision cross section ob-
tained by the DWBA is proportional to K−1 when the kinetic
energy is higher than 10 mK.
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