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We investigate the difference in the angular distribution of Ly-�1 and K�1 photons from hydrogenlike and
heliumlike ions of uranium after radiative electron capture to the L shell. The strong anisotropy in the former
case is changed to a very small one in the latter case. Our calculations support the observation. The effect takes
place even in the limiting case of noninteracting electrons, being caused by the Pauli principle.
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I. INTRODUCTION

In connection with radiative electron capture �REC� to
excited states of heavy ions a radiative transition to the
ground state will also occur. Experiments on the angular dis-
tribution of those cascade photons in collisions of uranium
ions with light target atoms provided different results for
initially bare uranium nuclei U92+, and for one-electron ura-
nium ions U91+ in the ground state. While exhibiting a strong
angular dependence for the distribution of Ly-�1 photons in
the former case �1�, the experiment provided a nearly isotro-
pic distribution for the corresponding K�1 photons in the
latter case �2�. In both cases the active electron is a 2p3/2 one.
Both experiments were performed at the gas-jet target of the
heavy ion storage ring ESR at GSI in Darmstadt. In this
paper we present in Sec. II the details of the experimental
findings, in Secs. III and IV as well as in the Appendixes, we
present the theoretical description. The results of the calcu-
lations are in good agreement with the experimental findings.

In the rest frame of the uranium nucleus the process can
be viewed as a two-photon capture of a continuum electron
to the 1s state of the uranium nuclei �or of the single-electron
ion U91+� with an L-shell intermediate state. Thus the process
proceeds as radiative electron capture to the L shell, followed
by a radiative transition to the K shell. In the case of bare
U92+ these are the chains

i → 2p3/2 → 1s1/2;

i → 2p1/2 → 1s1/2; i → 2s1/2 → 1s1/2, �1�

with “i” denoting the incoming continuum electron. In the
case of the hydrogenlike ions U91+ the chains are

i + 1s1/2 → 2 1P1 → 1 1S0; i + 1s1/2 → 2 3P2 → 1 1S0;

i + 1s1/2 → 2 3P1 → 11S0; i + 1s1/2 → 2 3S1 → 1 1S0;

i + 1s1/2 → 2 3P0 → 1 1S0; �2�

i + 1s1/2 → 2 1S0 → 1 1S0.

The REC two-photon process is displayed schematically in
Fig. 1 for both cases. In the experiments only two x-ray lines

can be separated: for initially bare U92+ the Ly-�1 and Ly
-�2 lines where the second one comprises also the photons
from the M1 transition 2s1/2→1s1/2 �compare the first and
second lines in Eq. �1�, respectively�; for the initially one-
electron system U91+ each line comprises two transitions—
for K�1 the 2 1P1 and the 2 3P2→1 1S0 transitions and for
K�2 the 2 3P1 and 2 3S1 transitions to the ground state �cf.
the first and second lines in Eq. �2�, respectively�. In both
cases the observed lines correspond separately to transitions
involving active electrons with the total angular momentum
either j=3/2 or j=1/2. Levels including an intermediate
2p3/2 electron are the levels of concern contributing mainly
to an anisotropic photon emission �Ly-�1 and K�1, respec-
tively�.

In the single-electron case the 2p3/2 state decays to 1s1/2
mainly by an E1 transition, with a small correction coming
from the M2 mode. In the two-electron case the system of
2p3/2 and 1s1/2 electrons forms 2PJ states with J=1,2, which
provides the K�1 line. While the system of 2p1/2 and 1s1/2
electrons forms 2PJ states with J=0,1, providing the K�2
line in the case J=1. A single-photon transition 2 3P0
→1 1S0 is forbidden by the selection rules and the two-
photon decay is the main mode, which does not contribute to
the K�2 line. Additionally the 2 3S1 decay of the 2s1/2 and
1s1/2 system contributes to the K�2 line and cannot be dis-
tinguished experimentally from the 2 3P1 transition to the
ground state �and has to be considered in the calculations
separately�. The states 2 1P1 and 2 3P2 decay by the emission
of E1 and M2 photons, respectively. They are not distin-
guished in the experiment but should be treated separately in
the calculations. The E1 transition 2 1P1→1 1S0 provides the
main channel for the decay of the state 2 1P1 while the other
channels can be neglected. In the case of the decay of the
state 2 3P2 the M2 transition 2 3P2→1 1S0 gives only about
70% of the total width with the two-photon chain 2 3P2
→2 3S1→1 1S0 adding the rest. The latter channel is not
detected within the K�1 in the experiment, being transferred
to the K�2 line. Note that we are using the conventional
notation 2 3P1 and 2 1P1 for the two-electron states with J
=1 formed by 1s1/2 ,2p1/2 and 1s1/2 ,2p3/2 electrons, although
this nonrelativistic notation is somewhat misleading: the up-
per indices in the notations 2 3P1 and 2 3P1 do not have
meaning of the total spin.
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The experiments discussed in Sec. II show isotropic emis-
sion for the decay of intermediate s1/2 and p1/2 electrons both
for the bare and hydrogenlike cases. For intermediate p3/2
states a strong anisotropy is observed for initially bare ions
�1�, whereas a practically isotropic emission pattern was
found for the initially hydrogenlike case �2�.

We shall refer to the photons, emitted in the first and
second steps of the chains �1� and �2�, as the “first” and
“second” photons. In the theoretical part of the paper we
calculate the angular distribution of the second photon d�

d�2

�in the reference frame of the ion� with the solid angle

�2�t2 ,�2�, while t2=
�p·k2�

pk2
=cos �c.m., where �c.m. and �2 are

the polar and azimuthal angles of the photon momentum k2;
p and k2 denote the three-dimensional momenta of the initial
state electron and of the second photon. We present

d�

d�2
=

1

4�
�F�t2,�2� . �3�

After integration over the azimuthal angle we find

d�

dt2
=

1

2
�f�t2� . �4�

If the function F does not depend on �2, we find F�t2�
= f�t2�. For the isotropic distribution we have f�t2�=1.

The deviations of the function f�t2� from unity indicate
that the second photon “remembers” the direction of the in-
coming electron. For the dipole transitions the angular distri-
bution can be written as

f�t2� = 1 + �2P2�t2� , �5�

with P2�t2� being the second-order Legendre polynomial,
while �2 is the anisotropy parameter.

The amplitude of the process can be presented as

F = �
x

Fx; Fx =
AxBx

	 f + 
2 − �	x − i�x/2�
, �6�

with x labeling the quantum numbers �angular momentum
and parity� of the intermediate states on the L shell with the
binding energies 	x and the total width of the single-particle
state �x; 	 f and 
2 denote the energies of the final state and
of the second photon. The amplitudes

Ax = �� f�
�2���x�; Bx = ��x�
�1���i� , �7�

describe the radiation of the second and first photon, while
“i” and “f” denote the initial and final states of the electrons.
The operators 
�i� describe the interactions of the first and
second photon with the electrons.

In the case of capture by a bare nucleus, the final and
initial electronic states are just the single-particle 1s1/2 state
and the continuum state in the Coulomb field of the nucleus.
The intermediate states in the L shell can be 2s1/2, 2p1/2, and
2p3/2. For capture by a bare nucleus Eq. �6� can be presented
as

F = F2s1/2
+ F2p1/2

+ F2p3/2
; Fx = �

m

AxmBxm

	 f + 
2 − �	x − i�x/2�
;

�8�

here m denotes the projection of the total angular momentum
j.

For the capture by a single-electron ion in the ground state
the final state is 1 1S0. The intermediate states are 2PJ with
J=0,1 ,2 �2 3P0 ,2 3P1 ,2 1P1 ,2 3P2� and 2SJ with J=0,1
�2 1S0 and 2 3S1�. The states 2 1S0 and 2 3P0 cannot decay by
radiation of a single photon and thus do not contribute di-
rectly to the line emission of interest. In this case Eq. �6�
takes the form

U ekil-H 19 + U ekil-eH 09 +

1E

1E
-yL α1

1M

2s 2/1 2p 2/1

1s 2/1

e

notohp-CER

1E2

e

notohp-CER

2M

1E

1E

1M

1E

1M1E

-yL α2

2p 2/3

1[ s  2/1 1 , s  2/1 ] 1S0

1[ s  2/1 2 , s  2/1 ] 1S0

1[ s  2/1 2 , s  2/1 ] 3S1

Kα1

Kα2

1[ s  2/1 2 , p  2/3 ] 1P1

1[ s  2/1 2 , p  2/3 ] 3P2

1[ s  2/1 2 , p  2/1 ] 3P0

1[ s  2/1 2 , p  2/1 ] 3P1

FIG. 1. The L-REC two-
photon process for initially bare
and hydrogenlike U ions �left and
right side, respectively, cf. Eqs.
�1� and �2��.
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F = �
x

Fx; Fx = �
M

AxMBxM

	 f + 
2 − �	x − i�x/2�
,

with M being the projection of the total angular momentum J
of the two-electron system.

The amplitudes Fj�J� �this means Fj or FJ� determine the

distributions
d� j�J�

d�1d�2
with �1,2 being the solid angles of the

emitted photons. Summation over the photon polarizations
and averaging over the spin states of the initial electron�s�
should be carried out. Besides the angular distribution func-
tions f�t2� determined by Eq. �4� we introduce the partial
distribution functions determined as

d� j�J�

dt2
=

1

2
� j�J�f j�J��t2� . �9�

The anisotropy of the radiation of the second photon is due
to the dependence of the weights Bxm

2 �BxM
2 �, integrated over

the solid angle of the first photon, on the value of m�M�.
Otherwise the emission of the two photons goes on indepen-
dently and the distribution d� /dt2 is isotropic.

Besides the angular distribution in the rest frame of the
heavy projectile, which actually coincides with the center of
mass �c.m.� frame, it is instructive to provide the results in
the rest frame of the light target, which coincides with the
laboratory system. Since the experiments detect the angular
distribution of the intensity ratio of the �1 to �2 lines, we
must transform the ratios

R�t2� =
f�1

�t2�

f�2
�t2�

�10�

to the laboratory system. Thus we must find

R��2� =
f�1

„t2��2�…

f�2
„t2��2�…

, �11�

with �2=
�p·k2�

pk2
in the laboratory system �3�. One can write

t2��2� =
�2 − �

1 − �2�
�12�

with � being the electron velocity �in units of the velocity of
light� in the rest system of the nucleus of uranium—see, e.g.,
�3�.

For the dipole transitions one can write �see also Eq. �5��

f�t2� = a − bt2
2, �13�

while a and b do not depend on t2. In this case the anisotropy
can be described by the shape parameter

� =
f�t2 = 0�
f�t2 = 1�

=
f��2 = ��
f��2 = 1�

. �14�

For b�0 we can write

� =
fmax

fmin
, �15�

while for b�0 we have �=
fmin

fmax
. For transitions of the higher

multipolarity Eq. �15� can be viewed as a definition of the
anisotropy characteristics �. However, Eq. �14� may be not
true since higher powers of t2 are present in the expression
for the function f�t2�. As we shall show below, in the par-
ticular case of the M2 transition 2 3P2→1 1S0 the terms pro-
portional to t2

4 cancel in the angular distribution. Thus the
function f�t2� has the form �13� and the value of the param-
eter � defined by Eq. �15� is the same in both systems of
reference. Also, due to the cancellation of the terms t2

4 in this
particular M2 transition, all the angular distributions consid-
ered in the paper can be expressed by Eq. �5� with the aniso-
tropy parameter, expressed in terms of � being �for b�0�

�2 =
1 − �

1

2
+ �

. �16�

In the case of a capture to an electronic shell of a bare
nucleus the electrons can be described by relativistic Cou-
lomb functions. In the case of the single-electron ion U91+ we
describe the two-electron states by antisymmetric composi-
tions of products of relativistic Coulomb functions. Inclusion
of the electron interactions would provide corrections of the
order Z−1 with Z standing for the nuclear charge. This is
about 1% in the case of uranium. Thus the influence of the
second electron �“spectator”� manifests itself mainly via the
Pauli principle.

Another approximation is prompted by the specific condi-
tions of the experiment. The lowest characteristic energies of
the projectile are E	100 MeV/u. This corresponds to elec-
tron energies in the c.m. frame close to 	=50 keV. Hence in
this case the value of its three-dimensional momentum is p
=232 keV/c �the nonrelativistic value is p=226 keV/c�,
while the momentum of the first photon is k1=80 keV/c.
Thus k1

2 / p2=0.12 can be treated as a small parameter. We
shall carry out the calculations in the lowest order of expan-
sion in powers of k1

2 / p2. This approximation provides better
accuracy for the shape of the angular distribution than for the
absolute values of the cross sections due to the common
factors with stronger dependence on k1

2. In this approach the
radiation of the first photon is an E1 transition. At larger

energies of the projectiles the corrections of the order
�m�Z�2

p2

become smaller, while a relativistic treatment of the incom-
ing electron becomes increasingly important.

This approach enabled us to obtain analytical expressions
for the anisotropy effects in the Ly-�1 series and to trace
their energy dependence. The reasonable results encouraged
us to apply the approach to investigate the anisotropy in the
K�1 radiation. We show that the large difference in the asym-
metry effects for these two cases is caused by the Pauli prin-
ciple.
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II. MEASUREMENTS ON THE ANGULAR DISTRIBUTION
OF REC PHOTONS IN TWO-PHOTON PROCESS

A. Experimental arrangement

Radiative electron capture to heavy bare and heavy few-
electron ions has been extensively studied at the heavy ion
storage ring ESR over the past years �1,4–14�. Typically
50–300 MeV/u heavy ions �79�Z�93� colliding with
light targets �N2 and H2� were investigated showing good
agreement between advanced theory �see, e.g., �15�� and ex-
periments for the direct REC process. During these experi-
ments a bunch of solid state x-ray detectors monitored the
angular distribution of the emitted x rays in coincidence with
the heavy ions having captured one electron. The typical
experimental arrangement at the gas-jet target of the ESR is
shown in Fig. 2; for details see, e.g., �1,16�. For capture into
higher shells like the L shell of a heavy atom, in addition to
the REC radiation the cascading photons to the ground state
were observed as well �6,9,12,13�. Here intensity ratios like
Ly-�1 /Ly-�2 �initially bare ion case� and K�1 /K�2 �initially
hydrogenlike case� could be determined with high accuracy.

Due to normalization uncertainties the angular distribu-
tions for the intensities of the single lines provide larger
inaccuracies—quite larger than those for the intensity ratios
�1

�2
. Moreover, for the intensity ratios the solid angle transfor-

mation from the emitter frame of the moving ion �c.m. sys-
tem� to the observation frame in the laboratory system �labo-
ratory system� cancels; only the angles themselves have to be
transformed. Hence we discuss in the following the angular
dependence of the intensity ratios for the two corresponding
cases:

�1� Ly-�1 /Ly-�2 intensity ratio for the REC two-photon
process in 309.7 MeV/u U92+-N2 collisions �1�, and

�2� K�1 /K�2 intensity ratio for the REC two-photon pro-
cess in 102 MeV/u U91+-H2 collisions �2�.

The energy resolution of the solid state detectors is not
good enough to separate closely spaced transitions; in both
cases each of the two corresponding lines Ly-�1,2 and K�1,2
could be resolved and mostly two transitions contribute to

the lines, cf., Fig. 1. However, the lines can be clearly sepa-
rated into contributions from j=1/2 and j=3/2 electrons in
the L shell giving good access to the role of the �total� an-
gular momentum in the intermediate states.

B. Ly-�1 /Ly-�2 intensity ratio for REC in U92+

As discussed in detail in Ref. �1� the Ly-�2 line originat-
ing from j=1/2 L electrons shows an isotropic emission pat-
tern. Hence we can use the angular dependence of the inten-
sity ratio Ly-�1 /Ly-�2 as only caused by the anisotropy of
the Ly-�1 emission originating from the intermediate j
=3/2 state. The angular dependence of the Ly-�1 /Ly-�2 ra-
tio is shown in Fig. 3�a�, exhibiting a pronounced anisotropic
distribution. We give here—for 310 MeV/u initially bare
U92+ ions—the intensity ratio Ly-�1 /Ly-�2 in the laboratory
frame, not in the emitter frame of the ion. Hence the labora-
tory angels have to be transformed correspondingly; the
maximum of the distribution corresponds to an emitter angle
of 90° in the ion frame; in the ion frame the emission pattern
is symmetrical around 90°. A corresponding distribution is
fitted to the data.

The anisotropy of the Ly-�1 /Ly-�2 ratio has been inves-
tigated over a large energy region from 90 to 350 MeV/u for
U92+→N2 collisions in �14,17�. Here the Ly-�1 /Ly-�2 ratio
increases with decreasing ion energy. In �17� also a theoret-

FIG. 2. Experimental arrangement at the heavy ion storage ring
ESR at GSI Darmstadt. The central insert gives the target chamber
at the gas-jet target together with the different x-ray detectors.
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0.3

0.4
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0.4
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0.6

FIG. 3. Angular distribution of the �1 /�2 intensity ratios in the
laboratory frame for �a-top�: Ly-� at 310 MeV/u U92+→N2 colli-
sions �initially bare ion case� �1� and for �b-bottom�: K� at
102 MeV/u U91+→H2 collisions �initially H-like ion case� �2�. The
curves give the best fits to the experimental data.
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ical description was given. Good agreement over the whole
energy region was found after inclusion of retardation, i.e.,
of M2 transitions to the prevailing E1 decay of the 2p3/2
state. Neglecting the M2 transition amplitude will reduce the
predicted anisotropy by about 20% in the whole energy
range �17�. The important role of retardation effects in REC
angular distribution was first noted in �18�. In the following,
we will not consider this “E1-M2 interference” or multipole
mixing explicitly.

Here, we will concentrate on the low energy region
around 100 MeV/u and treat in our calculation below only
the dominant E1 contribution. However, for comparison we
will include the same enhancement factor into our final re-
sult. For completeness we give in Table I also the �2 values
reported in �14,17� for 90 and 220 MeV/u U92+-N2 colli-

sions. Finally we include also the 310 MeV/u data shown in
Fig. 3�a�, despite that this energy is already beyond the va-
lidity of our theoretical approach. Moreover, we give the
values � for fmax / fmin �see Eq. �15�� converted from �2 ac-
cording to Eq. �16�. All values are additionally compared to
the theory given in Ref. �17�, both for pure E1 transition and
inclusion E1-M2 interference. The results of our calculations
are close to the one with pure E1 inclusion in Ref. �17�.
Adding the coherence effects gives a corresponding accor-
dance, where our results are slightly closer to the experimen-
tal values. Below in Fig. 4 a more detailed comparison of the
different theories is given over an energy range between 80
and 230 MeV/u.

At the lowest energy of 90 MeV/u the observed aniso-
tropy is larger than all the predictions. However, we note that
this is probably caused by contributions from nonradiative
capture starting to dominate REC at low ion energies and

TABLE I. Anisotropy �2 and shape parameter � �in brackets� for 90, 220, and 310 MeV/u U92+-N2

collisions for the angular distribution of the Ly-�1 /Ly-�2 ratio. Experimental and theoretical results are
compared, see also �14,17�.

Energy
�MeV/u� Experiment

Present theory Surzhykov et al. �17�

E1 E1 � M2 E1 E1 � M2

90 −0.375 ±0.01 −0.25 −0.32 −0.23 −0.29

�1.90 ±0.1� �1.49� �1.71� �1.45� �1.61�
220 −0.225 ±0.02 −0.18 −0.23 −0.17 −0.22

�1.44 ±0.2� �1.33� �1.45� �1.31� �1.42�
310 −0.225 ±0.02 −0.14 −0.18 −0.16 −0.20

�1.44 ±0.2� �1.24� �1.33� �1.29� �1.38�
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FIG. 4. Anisotropy parameter �2 �cf., Eq. �5�� for the Ly-�1

emission as a function of ion energy �in the range between 80 and
230 MeV/u�. The curves give our theoretical result �bold lines� in
comparison to the calculations reported in the literature �15,16�. For
the dashed lines only E1 transitions are considered, whereas the full
lines comprise the enhancement factor due to the coherent inclusion
of M2 amplitudes. The data points give the experimental values
from �1� for the equivalent Ly-�1 /Ly-�2 ratio.
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FIG. 5. The angular distribution functions f1��c.m.� and f2��c.m.�
in the ion frame �c.m.� for the K�1 components, see Eqs. �76� and
�90�, associated with the 2 1P1 and 2 3P2 states, 1 and 2, respec-
tively �for initially H-like U91+ ions at 102 MeV/u�. Additionally,
the sum of both angular distributions for the composed K�1 emis-
sion, f��c.m.�, see Eq. �97�, is displayed �dashed line�.
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heavier targets. An overall good accordance between both
the theories and the experimental results can be stated.

C. K�1 /K�2 intensity ratio for REC in U91+

The KLL resonant transfer and excitation process was in-
vestigated for U91+-H2 collisions in �2�. Additionally at an
off-resonance ion energy of 102 MeV/u the REC two-
photon process was studied as a competing underlying pro-
cess. The intensity ratio K�1 /K�2 is plotted for that case in
Fig. 3�b�, showing within the experimental uncertainties
practically an isotropic behavior �cf., straight line�. More-
over, it was found that within the systematic uncertainties of
the experiment of at least 10% the K�2 line emission was
isotropic in the ion or emitter frame �cf., Fig. 5 in Ref. �2��.
Our calculations are quite comparable with this and provide
a small anisotropy for both the K�1 and K�2 line emission.
In the shown representation also laboratory angles are given.
The practically isotropic distribution displayed in this case,
initially H-like ions, is in clear contrast to the strong aniso-
tropy found for the initially bare ion case �Fig. 3�a��.

We emphasize that the direct REC process seems to a
large extent be governed by the central force of the capturing
nucleus and not by the presence of a spectator electron �12�.
This is particularly true for the cross sections, where of
course occupied levels have to be taken into account �13�.
Similar statements seem to be true for the direct REC angu-
lar distributions �5,12�. However, the presence of a spectator
electron has a crucial influence on the photon distribution.
The capture is governed by the strength of the central ion
field whereas the population of substates is governed in the
intermediate state by the Pauli principle despite that the

electron-electron interaction may be very weak in compari-
son.

This statement is also confirmed by the general consider-
ations given in the calculations below. There, also an almost
anisotropic behavior for the K�1 /K�2 emission ratio in the
considered case was found, for details see Figs. 5–8 below.
In Fig. 8 the result of this calculation is displayed addition-
ally and agrees reasonably well with the experimental find-
ing. Moreover, the angular distributions for the two contrib-
uting transitions 2 1p1→1 1S0 and 2 3P2→1 1S0 are shown
separately in Fig. 5. Both exhibit an appreciable anisotropy,
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FIG. 6. The normalized to isotropy angular distributions
F��laboratory� /F�0� in the laboratory frame are depicted for the K�1

and K�2 emission at E=102 MeV/u, see Eqs. �93� and �98�, re-
spectively. Additionally experimental data points from �2� are given
for the K�2 emission characteristics �here large systematic inaccu-
racies apply beyond the given small statistical errors�.
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FIG. 7. The energy dependence of the anisotropy parameter �2

for K�1,2 emission. For comparison, the anisotropy of the Ly-�1

emission for the initially bare ion case is shown additionally.
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102 MeV/u U91+→N2 collisions are shown for comparison �2�.
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however, with opposite signs, i.e., turned by 90° to each
other, and thus mutually compensating in the total distribu-
tion shown for the K�1 radiation. There is also reasonable
agreement with the K�1 emission characteristics can be
stated.

III. CAPTURE TO THE ELECTRONIC SHELL
OF THE BARE NUCLEUS

A. Emission of Ly-� photons

The amplitudes Ajm �Eq. �7�� can be presented as

Ajm = �4���1/2
 �K
* �r��e2 · ��� jm�r�e−i�k2·r�d3r �17�

with the electrons in 1s1/2 and jm states described by relativ-
istic Coulomb wave functions �K and � jm. Here e2 and �
stand for the photon polarization vector and for the standard
Dirac �-matrices, �=1/137 is the fine structure constant.

The angular dependence of the amplitudes Ajm can be
obtained without specific calculations. The lower compo-
nents of the Dirac bispinors can be presented in terms of the
upper components and the Pauli �-matrices. Thus the ampli-
tudes Ajm can be presented in terms of the upper components
of the bispinors with the operator of the photon-electron in-
teraction


�r� =
�4���1/2

m
�− i�e2 · �r� +

1

2
���e2�r��� . �18�

It is instructive to present the amplitudes Ajm in terms of
the Fourier transformed functions �F

Ajm =
 �K
F�f − k2�
�f�� jm

F �f�
d3f

�2��3 �19�

with


�f� =
�4���1/2

m
��e2f� +

i

2
�e2��k2��� . �20�

We shall omit the upper index F in further presentation.
We start with the emission of photons in 2pj→1s decay:

In our approach we include only E1 photons. The wave func-
tions of p states have the form

� jm�f� = � j�f�� jm�n f� �21�

with the function � j�f� depending only on f = �f�, n f = f / f ,
while

� jm�n f� = C1m−1/2,1/2,1/2
jm Y1m−1/2�n f��1/2

+ C1m+1/2,1/2,−1/2
jm Y1m+1/2�n f��−1/2. �22�

Here C1a,1/2b
jm are the Clebsh-Gordan coefficients. The spheri-

cal harmonics Y1a can be presented as

Y1a�n� = � 3

4�
�1/2

��an�, a = 0, ± 1, �23�

where the unit vectors

�0 = �z; �±1 �
1

2

��x ± i�y� �24�

determine the reference frame, while �+1/2= � 1
0

� and �−1/2

= � 0
1

� are the Pauli spinors with the definite values of the spin
projection. In this notation

�K�f� = �K�f�� �25�

with � standing for the spinor of the final state 1s electron.
Introducing

� jm =
 3

4�
�C1m−1/2,1/1/2,1/2

jm �m−1/2�1/2

+ C1m+1/2,1/2,−1/2
jm �m+1/2�−1/2� �26�

we can present

� jm�n f� = �� jmn f� �27�

and thus � jm�f�=� j�f��� jmn f�. The leading contribution to
the amplitude Ajm comes from the first term on the right-
hand side �rhs� of Eq. �18�

Ajm =
�4���1/2

m

 �*�K��f − k2��� j�f��e2 · f��� jm · n f�

d3f

�2��3 ,

�28�

corresponding to E1 transitions. Due to the transverse polar-
ization of photons �e2 ·k2�=0 we find

Ajm = �*�e2 · � jm�Qj�
2� . �29�

The particular form of the function Qj�
2� is not important in
our approach. Note also that in the lowest orders of expan-
sion in powers of � �Z

2
�2 the radial part of the wave function,

i.e., the function � j on the rhs of Eq. �21� is the same for
both j=1/2 and j=3/2. We employ this approximation.
Hence the functions Qj on the rhs of Eq. �29� do not depend
on j, and we put

Qj�
2� = Q�
2� .

In the case of j=3/2 there are also M2 transitions caused by
the second term of the expression �20� for the electron-
photon interaction. Strictly speaking, it should be included
together with the k1

2 / p2 corrections to the E1 decay.
Emission of M1 photons in 2s1/2→1s1/2 electron transi-

tions can be treated in a similar way. The wave function for
the 2s1/2 state is

�sm�f� = �s�f��m �30�

with �m being the spinor of the 2s state. The amplitude of the
radiation can be presented as

Asm = −
i

2
�*�� · h��mQs�
2� �31�

with

h = �e2 · n2� , �32�

while n2=k2 /k2.
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B. Emission of the first photon

The angular structure of the corresponding amplitude

Bjm = �4���1/2
 � jm
* �f − k1��e1 · ���i�f�

d3f

�2��3 �33�

is more complicated since there is one more vector, i.e., the
momentum of the initial electron p.

Here we start with the intermediate p state: except the
contribution proportional to �e1 ·� jm� there are those con-
taining the factors �e1 ·np��np ·� jm� and �e1 ·np��k1 ·� jm�
with np=p / p. The latter one can be neglected in our ap-
proach, contributing values of the order k1

2 / p2 after integra-
tion over the solid angle. Assuming that the axis z runs along
momentum p, we shall find the amplitude Bjm as the sum of
the contributions proportional to �e1z ·� jm� and �e1t ·� jm�
with the lower index “t” denoting the vector in the xy plane.
Thus the amplitude can be presented as

Bjm = �4���1/2
4�

3
T�p���e1t · � jm

* � + ��p��e1z · � jm
* ���i,

�34�

with �i being the Pauli spinor of the incoming electron while
T�p� and ��p� are certain functions of the incoming con-
tinuum electron momentum p—see Appendix A.

For the calculation of the angular distributions we shall
need only the function ��p�. We shall use the relativistic
Coulomb functions in the form suggested in �19�, where they

are presented in terms of a certain operator �̂ acting on the
nonrelativistic wave functions �nr�f�

��f� = �̂�nr�f� �35�

with

�̂ = 1 +
�� · f�

2m
+ �̂r. �36�

If the operator �̂r is neglected, the functions �35� are the
Darwin �20� and Furry-Sommerfeld-Maue functions �21,22�
for the bound and continuum electron states correspondingly,
see, e.g., �23�. The second term on the rhs of Eq. �36� gen-
erates the nonzero values of the lower components of the
Dirac bispinors, while the operator of the electromagnetic
interaction �e ·�� contracts the lower and upper components

of the two-electron states. The operator �̂r generates the
higher order relativistic corrections to each of them. For the
2p states they are of the order 1

2
� �Z

2
�2, while for the con-

tinuum electrons they are of the order 	 /m �24,25�. In both
cases they do not exceed 10%, and will be neglected. Note
that in this approximation the function T�p� does not depend
on j.

The straightforward calculation, with the details presented
in Appendix A, provides

��p� = −
p − 3i�2

p − i�2
�37�

with �2=m�Z /2. The differential cross sections will actually
contain the value

���p��2 = 1 +
8�2

4 + �2 �38�

with

� =
m�Z

p
. �39�

We shall denote �2= ���p��2. It will be convenient also to
present the results in terms of the parameter

� = �2 − 1 =
8�1

2

4p2 + �1
2 , �40�

with �1=m�Z. While �2 describes the relative weights of the
longitudinal and transverse polarizations of the photon with
respect to the direction of the electron momenta in capture to
a p state; � describes the excess of the longitudinal polariza-
tion over the transversely polarized contribution in the same
process. As one can see from Eq. �40�, the anisotropy effects
die away with the energy growth.

In the case of intermediate s states the structure of the
amplitude is simpler, since the angular dependence is con-
tained in the factor �e1 ·np�. The amplitude can be presented
as

Bsm = Ts�p�e1z�m
* � , �41�

with the explicit form of Ts�p� being given in Appendix A.

C. Angular distribution

1. Shape of t2
2 dependence

The shape of the t2 dependence for the angular distribu-
tion of the Ly-�1 /Ly-�2 ratio can be obtained by the analysis
of the dependence of the angular part of the amplitude, with-
out particular calculations of the radial part. This can be done
by using the properties of the spherical spinors, which are
contained in the factors Ajm and Bjm on the rhs of Eq. �6�.
The spherical spinors enter this equation in terms of the sums
�26�

�
m

� jm�a�� jm
* �b� = �a · b� + i���a · b�� �42�

for j=1/2, and

�
m

� jm�a�� jm
* �b� = 2�a · b� − i���a · b�� �43�

for j=3/2. These equations are true for any three-
dimensional vectors a and b.

In the case of the intermediate state 2p1/2 we expect an
isotropic distribution for the second photon, since the prob-
abilities to occupy the intermediate states with m= ±1/2 are
the same, while the interference is killed by integration over
�1. With the technique developed above we find
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d�

dt1dt2
= ��e2 · e1t� + i���e2 · e1t���2 + �2��e2 · e1z�

+ i���e2 · e1z���2C1�p� . �44�

The explicit form of the function C1�p� will not be important
for the shape of the distribution. Since ��a ·b�+ i���a ·b���2
= �a ·b�2+ ��a ·b��2=a2b2, Eq. �44� can be presented as

d�

dt1dt2
= �e1t

2 + �2e1z
2 �C1�p�2. �45�

The rhs does not depend on t2 indeed for any value of the
energy of the captured electron. Also, for the transition via
the 2s1/2 state the angular distribution of the second M1 pho-
ton is isotropic. Thus the angular distribution of the total
Ly-�2 line is isotropic, what was always assumed.

For the intermediate 2p3/2 state the angular distribution
can be presented as

d�

dt1d�2
= �e1t

2 + 3�e1t · e2�2 + �2�e1z
2 + 3�e1z · e2�2��

C2�p�
2�

.

�46�

As above, the explicit form of the function C2�p� will not be
important for the shape of the distribution. Summing over
the photon polarizations � by using the well-known formula

���e�i
*��e� j

� = �ij − ninj

with n being the unit vector directed along the momentum of
the corresponding photon, and carrying out the integration
over t1, we find

R�t2� = �4 +
5�

3
− �t2

2�C�p� . �47�

Recall that in this section we do not determine the function
C�p�, but find only the shape of the distribution curve. For
the shape parameter � defined by Eq. �15� we find

� =
12 + 5�

12 + 2�
. �48�

For the specific conditions of the experiment with an en-
ergy of the captured electron of about 	=50 keV, we obtain

�2 = 3.92, �49�

and thus the functions f j�t� introduced by Eq. �9� are

f1/2�t2� = 1; f3/2�t2� = 1.11 − 0.33t2
2; � =

f3/2�0�
f3/2�1�

= 1.49,

see also Table I.
The anisotropy parameter is

�2 =
− �

2�� + 3�
. �50�

Using Eq. �40� we can find its energy dependence �2�E�. In
Fig. 4 we compare our results for the anisotropy parameter
�2�E� with the calculations presented in Ref. �17�—both in-
cluding and excluding M2 transitions; the two available ex-

perimental data points are also shown for comparison. Our
result coincides with the pure E1 result of �17�, giving evi-
dence for the validity of both the approaches.

For the high energy 	=170 keV �corresponding to projec-
tile energy E=310 MeV/u, cf. Fig. 3�a�� we find �2=2.16.
This leads to �=1.24. Note, however, that in the framework
of our approach this is rather an estimation. More sophisti-
cated analysis at such high energies requires a consistent
inclusion of relativistic effects.

It is instructive to present the square of the amplitude �8�
as

�Fj�2 =

�
m

�Ajm�2�Bjm�2

�	 f + 
2 − 	 j�2 + � j
2/4

. �51�

We omit the modulus sign through the paper. Summation
over the photon polarizations is assumed to be carried out.
The interference terms containing the products AjmBjm� with
m�m� vanish either due to orthogonality of the spin func-
tions or after integration over the azimuthal angle of the first
photon. Using the equations presented in Appendix A we
find

B3/21/2
2 = C1

2�p�
1 + t1

2

2
; �52�

B3/23/2
2 = C1

2�p��2�1 − t1
2��2

3
+

1 + t1
2

6
� .

We define

Dm =
 dt1Bjm
2 �53�

omitting the index, labeling the angular momentum j. The
angular dependence of the square of the amplitude, presented
by Eq. �51�, is thus determined by the sum

y�t2� = �
m

Ajm
2 �t2�Dm.

If all the coefficients Dm have the same value Dm=D, the
function y�t2� does not depend on t2, since �Ajm

2 �t2� does not
depend on t2. Hence the deviation between the values of Dm
leads to the actual dependence on t2 �anisotropy�. Defining
also

dm =
Dm

�
m

Dm

�54�

we find

d1/2 =

�2 +
1

2

2�2 + �2�
; d3/2 =

3

4�2 + �2�
, �55�

while the alignment parameter A2= �d3/2−d1/2� / �d3/2+d1/2� is

A2 =
− �

� + 3
. �56�
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Hence we have A2=2�2, in agreement with �17,27�, and
the energy dependence of the alignment parameter can also
be read from Fig. 4.

2. Ly-�1 /Ly-�2 intensity ratio

Now we calculate the angular distributions d�
dt2

for both
Ly-�1 and Ly-�2 emission. Using Eq. �51� for the square of
the amplitude we obtain

d�x

dt1dt2
= �

m


1Axm
2 �t2�

4�

 
2Bxm

2 �t1�
4� · 2

d
2

�
2 − 	x + 	 f + i�x/2�2
,

�57�

with x standing for 2p1/2 and 2s1/2 states �Ly-�2 line� or the
2p3/2 state �Ly-�1 line�.

Using the formulas, presented in Appendix A, we obtain

d�2p3/2

dt2
= X�p��4 +

5�

3
− �t2

2� ;
d�2p1/2

dt2
= 2X�p��1 +

�

3
�;

d�2s1/2

dt2
= 8X�p��1 + �−2� �58�

with � defined by Eq. �39�, while

X�p� =
��2��Z�2

3a�p�2 �1
5
1�V�p�2, �59�

with V�p� defined by Eq. �A8�.
For the angular distribution of the Ly-�1 /Ly-�2 ratio we

find

R�t2� =
12 + 5� − 3�t2

2

2�15 + � + 12�−2�
. �60�

It was shown in �17� that interference between E1 and M2
transitions provides noticeable contribution to the anisotropy
effects in the Ly-�1 line. The energy dependence of the an-
isotropy parameter �2�E� is not altered, but the transition is
described by the effective parameter

�2
ef f�E� = a�2�E� ,

while the coefficient a does not depend on the energy E of
the colliding particles. The calculations �17� provided
a=1.28. This factor for multipole mixing has to be taken into
account on top of our result.

Including this factor, our final result at low energy �E
=90 MeV/u� fits the experimental data even better than the
previous calculations. For the energy E=310 MeV/u our re-
sults are less accurate since the relativistic effects in the dy-
namics of the incoming electron become important. Inclu-
sion of E1-M2 interference shifts the value of � from 1.24 to
1.33, i.e., closer to the experimental value �=1.44. However,
the absolute values of the ratio still make only 2/3 of the
experimental value. This is in agreement with the estimation
of errors of our approach for these energies.

For the particular Ly-� lines our results also agree with
the previous ones. The Ly-�2 line is isotropic, as well as in
the previous experimental and theoretical results. The energy

dependence of the anisotropy parameter for the Ly-�1 line is
shown in Fig. 4.

IV. CAPTURE BY THE SINGLE-ELECTRON ION

A. Emission of K�1 photons

In the following we turn to the case when the electron is
captured to the K shell of the ion U91+ which already has one
electron in the 1s1/2 state. The final state is described by the
function

�K�r1,r2� = �K�r1��K�r2���0,0� �61�

with ��s ,sz� denoting the two-electron spin function with the
total spin s and its projection sz. The intermediate state elec-
tron wave functions are built according to the j-j coupling
scheme

�JM�r1,r2� = �3/2�r1��K�r2�

��C3/2M−1/2,1/2,1/2
JM �3/2,M−1/2�n1��1/2,1/2

+ C3/2M+1/2,1/2,−1/2
JM �3/2,M+1/2�n1��1/2,−1/2�

− �r1,�1 � r2,�2� �62�

with n1=r1 /r1, � is the Pauli spinor of the 1s1/2 electron,
while �1,2 stands for the spin variables.

Being expressed in terms of the spin functions ��s ,sz� the
wave functions for J=1 are

�10�r1,r2� =
1

3

��3/2�r1��K�r2�Y10�n1� + �r1 � r2����0,0�

+
1

2
3
��3/2�r1��K�r2�Y11�n1�

− �r1 � r2����1,− 1�

−
1

2
3
��3/2�r1��K�r2�Y1,−1�n1�

− �r1 � r2����1,1� �63�

for M =0, and

�1M�r1,r2� =
1

3

��3/2�r1��K�r2�Y1M�n1�

+ �r1 � r2����0,0�

+
M

2
3
��3/2�r1��K�r2�Y1M�n1�

− �r1 � r2����1,0�

−
M

2
3
��3/2�r1��K�r2�Y10�n1�

− �r1 � r2����1,M� �64�

for the values of the projection M = ±1.
For J=2 the total spin of the two-electron system has a

definite value s=1. The wave functions are
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�20�r1,r2� =
1

3

��3/2�r1��K�r2�Y10�n1� − �r1 � r2��

���1,0� +
1

2
3
��3/2�r1��K�r2�Y11�n1�

− �r1 � r2��

���1,− 1� +
1

2
3
��3/2�r1��K�r2�Y1−1�n1�

− �r1 � r2����1,1� �65�

for M =0, while

�2M�r1,r2� =
1

2
��3/2�r1��K�r2�Y1M�n1� − �r1 � r2��

���1,0� +
1

2
��3/2�r1��K�r2�Y10�n1�

− �r1 � r2��

���1,M� �66�

for M = ±1, and

�2M�r1,r2� =
1

2

��3/2�r1��K�r2�Y1M��n
1�

− �r1 � r2����1,M�� �67�

for M = ±2, with M�=M /2
The amplitudes AJM are determined by Eq. �7� with the

operator 
�2�=
�r1�+
�r2� with 
�ri� determined by Eq. �20�.

B. Summation over M

Following the procedure developed in the previous sec-
tion we present the amplitudes AJM in terms of the functions
Y10�e2�= � 3

4�
�1/2e2z and Y1±1�e2�= � 3

4�
�1/2�e2�±1. In a similar

way the amplitudes BJM are presented in terms of the com-
ponents e1z and e1t with the relative weights determined by
the function ��p� introduced by Eq. �34�.

For the calculation of the angular distribution of the sec-
ond photon d� /dt2 we can put

�FJ�2 =
�M

AJM
2 BJM

2

�	 f + 
2 − 	J�2 + �J
2/4

. �68�

The interference terms containing the products AJMBJM� with
M �M� vanish either due to orthogonality of the spin func-
tions or after the integration over the solid angle of the first
photon.

C. Intermediate state †1s1/2 ,2p3/2‡1: 2 1P1

In this case the K�1 photon is emitted by an E1 transition.
Hence the spin variables are not touched, and only the first
terms on the rhs of Eqs. �38� and �39� contribute to the am-
plitudes A1M. The latter can be presented as

A1M = e2MS�
2� . �69�

The specific form of the function S�
2� is not important for
us here. The angular distribution of the photons emitted in
the decay of the state 1M is thus

dWM

dt2
= e2M

2 S�
2�2
2

4�
�70�

with the sum over the photon polarizations being carried out.
Introducing

qM = �
�

e2M
�* e2M

� ,

with � standing for the photon polarizations, we obtain q0

=1− t2
2, q1=q−1=

1+t2
2

2 . Of course, the probabilities WM do not
depend on M, being

WM =
1

3

S�
2�2
2

�
. �71�

In the two-photon decay the weights of the contributions A1M
2

are determined by the values B1M
2 —Eq. �33�. The angular

distribution of the two photons is

d�

dt1dt2
= �

M

B1M
2 e2M

2 
1

4 � �2��3 
 S�
2�2
2d
2

�
2 − 	
�2 + �1
2/4

, �72�

with 	
 standing for the difference of the binding energy of
2 1P1 and 1 1S0 states. Since we neglect all the other chan-
nels of the decay of the 2 1P1 state we put �1=WM in the
standard Breit-Wigner integral on the rhs of Eq. �47�. Thus

d�

dt1dt2
=

3
1

16�
�
M

B1M
2 gM . �73�

The weights of the contributions gM

B10
2 =

2

3
�1 − t1

2��2T�p�;

B1±1
2 =

1

3
�1 + t1

2�T�p� �74�

can be obtained by using Eqs. �63� and �64�. The specific
form of the function T�p� is not important for the calculation
of the shape of the angular distributions.

Averaging over the polarizations of the initial two-
electron state we find

d�

dt2

�2
1T�p�2

3
�1 + �2 − t2

2��2 − 1�� . �75�

At �2=3.92—see Eq. �49�—this leads for the 2 1P1 decay to

f1�t2� = 1.24 − 0.72t2
2;

f1�0�
f1�1�

= 2.4. �76�

One can see the anisotropy to be larger than in the decay of
the single-electron 2p3/2 state.

For a more detailed analysis we introduce
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DJM =
 dt1BJM
2 . �77�

The anisotropy is due to the dependence of DJM on M. We
introduce also

dJM =
DJM

�
M

DJM

�78�

and find

d10 =
�2

2 + �2 ; d1±1 =
1

�2 + 2
. �79�

D. Intermediate state †1s1/2 ,2p3/2‡2: 2 3P2

In this case the K�1 photon is emitted as M2 transition. It
takes place due to the spin-dependent term of the operator 

presented by Eq. �20�. The amplitudes A2M of the radiation of
the second photon can be presented as

A2M = a2MS̃�
2� �80�

with

a20 = 
3nkzhz; a2±1 = �nkzh±1 + hznk±1�; a2±2 = 
2nk±1h±1,

�81�

while the vector h is determined by Eq. �32�.
The angular distribution of the photon emitted in the de-

cay of the state with the projection M of the angular momen-
tum is

dWM

dt2
= a2M

2 S̃�
2�2
2

4�
, �82�

see Eq. �80�. Summing over the polarizations of the photon
we obtain

a20
2 = 3t2

2�1 − t2
2�; a2−1

2 + a21
2 = 4t2

4 − 3t2
2 + 1; �83�

a2−2
2 + a22

2 = 1 − t2
4.

As well as in the previous case

d�

dt1dt2
= �

M

B2M
2 a2M

2 
1

4 · �2��3 
 S̃�
2�2
2d
2

�
2 − 	
�2 + �2
2/4

. �84�

Except for the transition to the ground state 1 1S0, the level
2 3P2 can also decay to the state 2 3S1. Thus the probability
W1S of the transition to the 1S state is smaller than the total
width �T of the level

W1S

�T
= c � 1. �85�

We shall determine the value of c at the end of this section.
Thus

d�

dt1dt2
=

� · 5
1

4 �
M

B2M
2 a2M

2 c �86�

with

B20
2 =

1

3
�2�1 − t1

2��2 +
1

2
�1 + t1

2��T�p�2;

B2±1
2 =

1

2
��1 − t1

2��2 +
1

2
�1 + t1

2��T�p�2;

B2±2
2 =

1

2
�1 + t1

2�T�p�2. �87�

The function T�p� is the same as in Eq. �74�.
After the integration over t1 we obtain

d�

dt2
=

� · 5
1

2
T�p�2c�1 +

�2

3
+ t2

2�2 − 1

3
� . �88�

It is amusing that the terms containing t2
4 cancel out. Due to

this cancellation the distribution obtains its smallest value at
t2=0, corresponding to the angle �c.m.=90°. Parameters d2M
defined by Eq. �78� are

d20 =
1

5

1 + 2�2

2 + �2 ; d2±1 =
3

10

1 + �2

2 + �2 ; d2±2 =
3

5

1

2 + �2 .

�89�

At �2=3.92, Eq. �49�, we find for the asymmetry function
�9� for the 2 3P2 decay

f2�t2� = 0.88 + 0.36t2
2;

f2�0�
f2�1�

= 0.71. �90�

In order to find the angular distribution of the K�1 tran-
sition, we must determine the value of

c =
W1S

W1S + W2S
, �91�

with W1S and W2S being the probabilities of decays to 1 1S0
and 2 3S1 states, respectively. Considering transitions to 2S
states it is sufficient to include only the E1 one to 2 3S1, since
the M2 transition to the state 2 1S0 is suppressed. The prob-
ability of a transition to the 2 3S1 state contains an additional
factor � �Z

2
�2, compared to the probability of a transition to the

1 1S0 state. Hence the former transition should be included
together with higher relativistic corrections to the latter one.
Strictly speaking, in our approximation we must neglect the
transition to the state 2 3S1, just putting c=1. However, using
the functions �35� we obtain

W1S =
�

5
�8

9
�5 
1S

5

�1
2m2 ; W2S =

12�
2S
3

�1
2 , �92�

with �1=m�Z. Here 
1S,2S are the differences between the
energies of these states and that of the 2 3P2 state. Assuming
the nonrelativistic Coulomb value for the energy 
1S and the
LS Coulomb splitting value for 
2S �
2S=0 in nonrelativistic
approximation�, we find c=0.83. A more rigorous GRASP

�28� calculation leads to c=0.70. The noticeable magnitude
of 1−c can be viewed as the result of multiplying the small
parameter � �Z

2
�2 by a numerically large factor. In order to be

consistent we shall present the basic results for c=0.83.
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The angular distribution functions f1�t2� and f2�t2� in the
c.m. frame for the �1 transitions from 2 1P1 and 2 3P2, re-
spectively, at E=102 MeV/u are shown in Fig. 5. Both the
components show a strong anisotropy, however, rotated by
90° to each other.

E. K�1 transitions

Thus both 2 1P1 and 2 3P2 decays exhibit a rather large
angular asymmetry. However, in the former case the distri-
bution f1�t2� reaches its largest values at t2=0 �in the rest
frame of the uranium ion�, obtaining the minimum at t2

2=1.
In the latter case we face the opposite situation with the
smallest value of the distribution reached at t2=0. Now let us
consider the observable superposition of these transitions.

The sum of the distributions �72� and �86� provides

d�

dt2
=

�
1

8
T�p�2F�t2� �93�

with

F�t2� =
4

3
+ 5c +

�2

3
�4 + 5c� − t2

2�2 − 1

3
�4 − 5c� . �94�

The distribution d�
dt2

is symmetric with respect to t2=0 ��CM

=� /2�. The anisotropy can be described by the parameter

� =
F�0�
F�1�

=
4�1 + �2� + 5c�3 + �2�

8 + 10c�1 + �2�
. �95�

At �2=3.92, c=0.83 we find

� = 0.99, �96�

while �=1.03 for c=0.70. The function f�t2� defined by Eq.
�4� is

f�t2� = 1.01 − 0.03t2
2, �97�

with an appreciable smaller anisotropy than in the transitions
2 1P1 and 2 3P2 to 1 1S0 considered separately. The angular
distribution of the K�1 line for E=102 MeV/u in the labo-
ratory frame is also shown in Fig. 5. Moreover, the angular
distributions for both K�1,2 lines are depicted in Fig. 6, see
below.

Note also that putting c=1 �see discussion at the end of
the previous section� we find �=0.95, also corresponding to
a pretty small anisotropy. Note further that the value of �
exhibits a very weak dependence on �2 and thus on the elec-
tron energy �in the limits of applicability of the nonrelativis-
tic treatment of the incoming electron�.

As we emphasized above, the K�1 line is a composition
of E1 and M2 transitions. However, in this particular M2
transition the cancellation of the terms t2

4 takes place at any
value of the energy of the incoming electron. Thus the total
function f�t2� can be presented by Eq. �5�.

F. K�2 transitions

The K�2 line is due to the transitions via the two-particle
states formed by 1s1/2, 2s1/2 and 1s1/2, 2p1/2 electrons. In the

former case the intermediate state is 2 3S1, decaying to the
ground state by M1 transition. In the latter case the interme-
diate state is 2 3P1, with an E1 decay to the ground state.

In the case of the 2 3S1 intermediate state all the depen-
dence of the coefficients D1M defined by Eq. �77� is con-
tained in the spin functions �2�1,M� introduced in Sec.
IV A. Due to the normalization condition �2�1,M�=1, the
terms D1M do not depend on M. Thus the contribution of the
2 3S1 state to the K�2 line is isotropic.

The case of the 2 3P1 state can be considered in the way
similar to the treatment of the K�1 transition in the previous
sections. We find

B10
2 =

1 − t1
2

3
�2T�p�2; B1,±1

2 =
1 + t1

2

6
T�p�2

for the coefficients B1M which enter the rhs of Eq. �68�. Thus
the parameters D1M do depend on M in this case, leading to
a nonvanishing anisotropy.

Recall that the intermediate state 2 3P2 can decay to the
ground state via the intermediate state 2 3S1. In the experi-
ments such events are counted as contributions to the K�2
line. This transition can be shown to be isotropic �see Ap-
pendix B�.

Superposition of these three contributions provides the
angular distribution of the K�2 line

d�

dt2
=

�
1

8
T�p�2�16�1 +

p2

�1
2� +

2

3
�1 + �2 − t2

2��2 − 1��

+
80

9
�1 − c���2 + 2�� , �98�

with �1=m�Z, T�p� is obtained in Appendix A. The first and
second terms in the external brackets on the rhs of Eq. �98�
correspond to intermediate states 2 3S1 and 2 3P1, while the
third one describes the decay of the 2 3P2 state via the 2 3S1
state.

Using Eq. �98� we find

� = 1 +
�

2

1

1 + 12�1 + p2/�1
2� + 20

3 �1 − c��� + 3�
. �99�

At 	=50 keV we obtain �=1.05. The deviation in the angu-
lar distributions from an isotropic one is shown in Fig. 6 for
both the K�1,2 lines for E=102 MeV/u; for convenience
laboratory angles are given. For the K�2 emission addition-
ally the experimental data for the corresponding normalized
anisotropy are shown. As these data refer to absolute line
intensities huge systematic errors �of at least 10%� apply to
the individual data points on top of the small statistical un-
certainties. Within these large systematic errors a reasonable
agreement can be stated. We emphasize that for line intensity
ratios these systematic errors cancel and only statistical un-
certainties have to be considered. The energy dependence of
the anisotropy parameters both the for K�1,2 lines is pre-
sented in Fig. 7. The negligible positive anisotropy of the
K�1 emission stays constant over the whole range; whereas
the small negative anisotropy for the K�2 emission gets even
smaller with increasing ion energy. For comparison, the large
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anisotropy for the Ly-�1 emission for the initially bare ion
case is shown too.

G. Observable K�1 /K�2 intensity ratio

Now we can calculate the K�1 /K�2 intensity ratio which
is observed in the experiment. Combining Eqs. �93�, �94�,
and �98� we find

R�t2� =

2�� + 2 + 5c�1 +
�

4
� − t2

2��1 −
5c

4
��

24�1 +
p2

�1
2� + � + 2 + 40

3 �1 − c��� + 3� − �t2
2

.

�100�

Using Eq. �12� we can obtain also the laboratory system ratio
R(t2��2�). The ratio of Eq. �100� for E=102MeV/u in the
laboratory frame is shown in Fig. 8. One can see that our
calculations are in good agreement with the experimental
data. Our averaged value R=0.45 is also very close to the
experimental value R=0.43.

Note that while the anisotropy is not sensitive to the ac-
tual value of c, the absolute values of the function R�t2� are.
This is mainly due to the terms proportional to 1−c in the
denominator of Eq. �100�, corresponding to the effective K�2
line. For c=0.70 we would find the averaged value R=0.54.

To trace the energy dependence of the shape of the ratio
R�t2� we normalize this ratio to the values at 90° and 0° �c.m.
angles�

� =
R�0�
R�1�

. �101�

The energy dependence of the parameter � is presented in
Fig. 9. As expected, the almost negligible anisotropy of the
K�1 /K�12 ratio gets even smaller with increasing energy.
Comparing the theoretical results for the angular distribu-
tions �1 /�2 for initially bare and H-like ions—see also Figs.
3�a� and 3�b�—we see that the anisotropy becomes almost
negligible in the latter case. Since we neglected the interac-
tions between the electrons, the strong change is due to the
Pauli principle.

V. SUMMARY

Radiative electron capture of quasifree target electrons
into highly charged, very heavy ions can populate excited
projectile states cascading down to the ground state by x-ray
emission. The L-REC-cascade decay was studied at the
heavy ion storage ring ESR for initially bare and hydrogen-
like U ions typically around 100MeV/u. For intermediate
2p3/2 electrons the cascade radiation to the ground state �the
Ly-�1 and K�1 radiation, respectively� experimentally shows
emission patterns at strong variance: For initially bare ions a
pronounced anisotropy of the Ly-�1 line was found, whereas
for the case of initially hydrogenlike ions the K�1 line dis-
plays almost isotropy. In both cases the Ly-�2 and K�2 emis-
sion displays an isotropic emission within the experimental
accuracies.

For both initially bare and initially H-like ions, the inter-
mediate levels involving the captured 2p3/2 electron are
strongly aligned. The alignment of the 2p3/2 electron is de-
termined by the capture process avoiding an angular momen-
tum transfer towards the collision direction and preferring an
angular momentum in the intermediate state perpendicular to
the ion direction. In the case of the initially bare ion this
leads to the large negative �2 values deduced from the strong
Ly-�1 anisotropy and visa versa �cf. Figs. 3�a� and 4�. In the
case of initially H-like ions, the captured and strongly
aligned 2p3/2 electron will couple with the available 1s1/2
electron which itself shows no initial directional preference.
The m substate population of the 2p3/2 electron will be redis-
tributed according to the coupling rules to the m substates of
the relevant two-electron states. Consequently, the 1P1 and
the 3P2 states are corresponding to the 2p3/2 state strongly
aligned. This leads in the end to the large anisotropy in the
corresponding individual ground state transitions contribut-
ing to the K�1 emission �cf. Fig. 5�. However, one transition
is E1 and the other one M2, respectively; and as the E and H
fields are perpendicular the equivalent alignment in both the
states yields to emission patterns perpendicular to each other
with the consequence of a cancellation of the anisotropy for
the total K�1 emission �see Fig. 8�. As was pointed out al-
ready in Refs. �17,29�, it is interesting to note that in the case
of the Ly-�1 emission the small M2 contribution which has
to be added coherently to the E1 transition amplitudes en-
hances the anisotropy, whereas the incoherent addition of the
E1 and M2 components yields to an almost isotropic emis-
sion of the total K�1 emission.
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FIG. 9. The energy dependence for the shape parameter � de-
fined by the K�1 /K�2 intensity ratio normalized to the emission at
0° see Eq. �101�. For comparison the corresponding ratio
Ly-�1 /Ly-�2 is also represented.
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In order to elucidate this phenomenon, we carried out
analytical calculations for the angular distribution both of
Ly-�1 photons in radiative electron capture to the L shell by
the bare nucleus U92+ and of K�1 photons in capture by the
single-electron ion U91+ �with a bound electron in the 1s
state�. We used the presentation of relativistic Coulomb func-
tions as fast converging series in the parameter ��Z�2. We
included only the lowest terms of the expansion, and took
into account pure E1 type emission for the first photon.

We show that in the case of capture by a bare nucleus the
intermediate state 2p1/2 �and 2s1/2� provides an isotropic an-
gular distribution for the Ly-�2 photons, where for the inter-
mediate state 2p3/2 the differential Ly-�1 emission cross sec-
tion d�

dt2
at t2

2=0 �i.e., �c.m.=
�
2 � is at 90 MeV/u about 1.5

times larger than at t2
2=1 �i.e., �c.m.=0�; including the weak

M2 decay, this factor increases to about 1.7. This agrees
reasonably well with the experimental data �1,12� and with
the result of the calculations carried out in the framework of
other approaches �14,17�.

We show that in the case of capture by a hydrogenlike ion
the angular distribution for the total K�1 emission d�

dt2
varies

by less than 3% in the whole interval 0� t2
2�1. The effect is

caused by the Pauli principle with the electron interactions
being of minor importance. The results agree reasonably well
with the experimental data. Moreover, we traced the energy
dependence of the angular distributions and of the anisotropy
parameters. The general tendency is that the anisotropy ef-
fects fade away with increasing energy. We like to point to
quite recent numerical calculations applying a density matrix
approach and using multiconfiguration Dirac-Fock wave
functions yielding closely comparable results �30�.

Our results are stable with respect to uncertainties of the
experimental parameters and to the approximations made in
the calculations. Going beyond these approximations would
alter the theoretical results by about 10%. Moreover, cas-
cades from capture to higher shells �M ,N , . . . �, which have
not been treated in our approach, may also contribute to a
minor modification of the emission characteristics. We em-
phasize, however, that in contrast to the total K�1 emission
the separated ground state transitions from the intermediate
2 1P1 and 2 3P2 states show both an appreciable anisotropy
but rotated by 90° to each other and, hence, compensate to
near isotropy in the total emission.

Now we can discuss the role of various interactions in-
volved in the process. The single-particle wave functions are
determined by the central field strength. The interelectron
interactions play the crucial role in the structure of the two-
particle levels. For example, the splitting of 2 3P2 and 2 1P1
levels formed by 2p3/2 and 1s1/2 electrons is due to electron
interactions. However, the magnitude of the anisotropy ef-
fects is determined mainly by the Pauli principle.

After integration of the angular distribution we find that
the total cross section of two-photon capture to the ground
state via a certain intermediate state x is equal just to the
cross section of the single-photon capture to the state x. This
is because the sum of probabilities of the further decay of the
state x to the ground state over all possible channels is equal
to unity.

In the present paper we carried out calculations in the
lowest order of all the parameters which can be treated per-

turbatively. This enabled us to clarify the main mechanism of
the difference of anisotropy effects in the cases of the hydro-
genlike and heliumlike ions. The Pauli principle appeared to
play the major role. The strong anisotropy of Ly-�1 emission
in the hydrogenlike case contrasted to the negligible aniso-
tropy of about 3% in the K�1 line in the heliumlike case. We
obtained our results in analytical form, which enables us to
trace the energy dependence of the characteristics of the pro-
cesses investigated in the paper.

The powerful computer methods employed nowadays en-
able one to obtain more precise results by inclusion of higher
order corrections and the subtle QED effects �see, e.g., �29��.
This becomes increasingly important since the anisotropy ef-
fects in K� lines are small. However, the main mechanism is
clarified in the present paper. The analytical and accurate
numerical approaches to the problem would be complimen-
tary to each other.
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APPENDIX A

We start with calculation of the matrix element Bjm pre-
sented by Eq. �33�. Following Sec. III A it can be presented
in the form

Bjm = �4���1/2
 d3f

�2��3� jm
* �f�

�� �e · f�
m

+
i

2

�e��k1��
m

��i�f + k1� , �A1�

where the relativistic functions � jm and �i can be presented
as ��Z�2 series. The integral �A1� is saturated by f � p. The
spin-dependent term of the electron-photon interaction �the
second term in the brackets of the integrand� provides the
contribution to the values Bjm

2 which is �
1 / p�4�10−2 times
smaller than that of the first term and thus can be neglected.
Hence we put

Bjm = �4���1/2
 d3f

�2��3� jm
* �f�

�e · f�
m

�i�f + k1� , �A2�

which we calculate by using the nonrelativistic functions,
i.e., the lowest order terms of ��Z�2 series. As we have seen
in Sec. III C the higher order terms provide the corrections of
the order 10% in our case.

We employ the presentation of the Coulomb functions in
the form suggested in �26�

� jm�f� = �4�

3
�1/2

N2�2�� jm · �q��−
�

��2
��f�Vi�2

�q�

�A3�

with q=0, while �2= m�Z
2 , N2= ��2

3 /��1/2, and
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�f�Vi��q� =
4�

�f − q�2 + �2 �A4�

for any vectors f and q.
The continuum wave function with asymptotic momen-

tum p is �19�

�i�f� = N����−
�

��
�Jx�p�1 − x��Vpx+i��f� �A5�

with N���=� 2��
1−exp�−2��� �1/2, �= m�Z

p , �=0, and

Jx =
1

2�i
� dx

x
� − x

1 − x
�i�

.

Presenting

�−
�

��2
�f�f�Vi�2

�k� = ��2�k − k
�

��2
��f�Vi�2

�q� ,

and carrying out the integration over f by using


 d3f

�2��3 �f��f� = 1; �−
�

��
�Vi�Vi� = Vi�+i�,

we obtain

Bjm =
�4���1/2

m
�4�

3
�1/2

N���N2a2

���2�� jm
* · �k��e1 · �k� − �� jm

* · e1��U�p,k�
�A6�

with

U�p,k� =
4�

�p − k�2 + �2
2� �p − k�2 + �2

2

k2 − �p + i�2�2�i�

�A7�

and k=k1.
After the calculation of the derivatives on the rhs of Eq.

�A6� we must put k=0. The amplitude Bjm is thus expressed
in the terms of the function

V�p� =
1

a�p�
�a�p�

b�p�
�i�

�A8�

with

a�p� = p2 + �2
2, b�p� = − �p + i�2�2. �A9�

This leads to

Bjm = �4���1/2�4�

3
�1/2

�K� �� jm
* · e1�
b�p�

+
�� jm

* · p��p · e1�
a�p�2 �i� − 1��i� − 2��V�p�

�A10�

with

K =
4�

m
N2N����1

2. �A11�

Thus the function T�p� introduced in Sec. III B can be
presented as

T�p� = K
V�p�
b�p�

�A12�

with K, V�p�, and b�p� defined by Eqs. �A11�, �A8�, and
�A9�.

Calculation of the function Ts�p�—Eq. �41�—can be done
in a similar way. It is

Ts�p� = 8��1N2N����1 − i��
pV�p�
ma�p�

. �A13�

APPENDIX B

The dependence of the square of the amplitude F2 on the
angular variable t2 of the last step photon in the three-photon
transition from the continuum to 2 3P2 state with further
2 3P2→2 3S1→1 1S0 decay is determined by the function

y�t2� = �
M

A1M
2 �t2�aM �B1�

with

aM = �
M�

 dtidt1X1M,2M�

2 �ti�B2M�
2 �t1� . �B2�

Here B2M�, X1M,2M�, and A1M are the amplitudes of the emis-
sion of the first photon in REC to the 2 3P2 state, of radiation
of “intermediate” photon in the transition of the state 2 3P2 to
2 3S1, and of the “second” photon of the transition 2 3S1
→1 1S0. The corresponding angular variables are t1, ti, and
t2, M and M� are the projections of the angular momenta.
Summation over the polarizations of the photons is carried
out.

Note that


 dtiX1M,2M�
2 �ti� = x �B3�

does not depend on M and M�. Hence

aM = x�
M�

 dt1B2M�

2 �t1� �B4�

does not depend on M. Thus

y�t2� = a�
M

A1M
2 �t2� �B5�

does, indeed, not depend on t2, since the sum on the rhs of
Eq. �B5� does not depend on t2. Thus this transition is iso-
tropic.
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