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Analytical solutions for the dynamics of two trapped interacting ultracold atoms
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We discuss exact solutions of the Schrodinger equation for the system of two ultracold atoms confined in an
axially symmetric harmonic potential. We investigate different geometries of the trapping potential, in particu-
lar we study the properties of eigenenergies and eigenfunctions for quasi-one-dimensional and quasi-two-
dimensional traps. We show that the quasi-one-dimensional and the quasi-two-dimensional regimes for two
atoms can be already realized in the traps with moderately large (or small) ratios of the trapping frequencies in
the axial and the transverse directions. Finally, we apply our theory to Feshbach resonances for trapped atoms.
Introducing in our description an energy-dependent scattering length we calculate analytically the eigenener-
gies for two trapped atoms in the presence of a Feshbach resonance.
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I. INTRODUCTION

Atomic interactions represent one of the major ingredients
for the schemes implementing quantum information process-
ing in systems of neutral trapped atoms. Development of
optical lattice technology [1], atom chips [2], and dipole
traps [3] allows to create tight external confinement for neu-
tral atoms. Feshbach resonances, widely used in recent
experiments on ultracold atoms, permit for tuning of atomic
interactions, which was the key ingredient to accomplish mo-
lecular Bose-Einstein condensates and the superfluidity of
fermionic atoms in ultracold gases [4]. In addition, realiza-
tion of Mott insulators [5] gives the possibility to precisely
control a number of atoms confined in a single well. All
these achievements make systems of ultracold neutral atoms
very attractive in the context of quantum information
processing or quantum control at the atomic level. Moreover,
they also open a way for experimental studies of few-body
interacting systems in the presence of tight external
potentials.

On the theoretical level, the system of two interacting
atoms in a harmonic trap can be solved analytically for
spherically symmetric [6] or axially symmetric harmonic po-
tentials [7]. Both these approaches model the interaction in
terms of an s-wave & pseudopotential [8,9]. Generalization of
the pseudopotential to higher partial waves [10,11] allows to
solve the problem for generic types of (central) interactions,
in the presence of spherically symmetric [10] or axially sym-
metric [11] harmonic traps. Moreover, supplementing the
pseudopotential with an energy-dependent scattering length
[12,13] extends the validity of the analytic results to the case
of very tight traps or large scattering lengths, and accounts
properly for the whole molecular spectrum [10]. Such model
provides for a very accurate description, which has been
verified, for instance, in the recent experiment on the cre-
ation of molecules of fermionic atoms in an optical lattice

[14].
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In this paper we discuss in detail the exact solutions for
two interacting atoms confined in axially symmetric har-
monic traps [7]. We present derivations of the analytical re-
sults discussing different geometries of the trapping poten-
tial. In the limiting cases of the quasi-one-dimensional and
quasi-two-dimensional traps the system can be effectively
described in terms of a lower-dimensional trap with renor-
malized scattering length. We investigate the limits of appli-
cability of the quasi-one-dimensional and the quasi-two-
dimensional descriptions showing that they are valid already
for moderately large (or small) ratios of the trapping frequen-
cies in the axial and transverse directions. Finally, we con-
sider the effects of Feshbach resonances on the trapped at-
oms. Employing the standard theory of Feshbach resonances
we express the energy-dependent scattering length in
terms of the usual parameters describing the resonance. This
allows to derive an explicit formula determining the energy
spectrum in the presence of a Feshbach resonance.

The paper is organized as follows. In Sec. II we derive
analytical solutions of the Schrodinger equation for two at-
oms confined in an axially symmetric trap, by expanding
them in the basis of harmonic oscillator wave functions. Sec-
tion III is devoted to the analysis of eigenenergies. In par-
ticular, in Sec. IIl A we derive analytical results for cigar-
shape traps, while the limiting case of the quasi-one-
dimensional traps is analyzed in Sec. III B. Section III C
presents the analytical results for pancake-shape traps. The
quasi-two-dimensional regime in these traps is studied in
Sec. III D. Section IV analyzes the properties of eigenfunc-
tions. In Sec. IV A we derive two series representations for
the wave functions, which are valid for arbitrary ratio of
radial to axial trapping frequencies. The behavior of the
eigenfunctions in quasi-one-dimensional and quasi-two-
dimensional traps is discussed in Secs. IV B and IV C, re-
spectively. In Sec. V we illustrate the applicability of our
theory, calculating the energy spectrum for two atoms
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interacting in the presence of a Feshbach resonance. We end
in Sec. VI presenting some conclusions. The Appendix pre-
sents some technical details related with the derivation of the
energy spectrum for quasi-two-dimensional traps.

II. SYSTEM

We consider two interacting atoms of mass m confined in
an axially symmetric harmonic trap with frequencies w, and
w, in the axial and transverse directions, respectively. The
Hamiltonian of the system reads

h? h?
/) 2 2
H=—-2Vi- o Vot Vilr) + V(1) + Vir - ). (1)
where r; and r, denote the positions of the two atoms, and
V,(r) is the trapping potential

Vi(r) = %(wipz + 0., )

with p?=x?+y?. For sufficiently low energies, the scattering
is purely of s-wave character and we model the interaction
potential by a regularized delta function [8,9]

A7h’a

m

Vi) = 7 ) L, ()
ar
with a denoting the s-wave scattering length.
For the harmonic trapping potential, the center of mass
and relative motions are decoupled. Substituting new coordi-
nates r=r;-r, and R=(r;+r,)/2, we separate the total

Hamiltonian into the center-of-mass part I:ICM and relative

part I:Irelz
. h? M
Hey=- ﬁsze + ;Vt(R), 4)
R h? y
Hrelz_ ﬁv;%-" th(r)"' Vi(r)’ (5)

where u=m/2 and M=2m denote the reduced and the total
mass, respectively.

In the following we use dimensionless variables, in which
all lengths are expressed in units of d=\A/(uw.), and all
energies are expressed in units of 7iw,. The eigenfunctions of
the center-of-mass Hamiltonian I:ICM are the usual harmonic-
oscillator wave functions. The eigenfunctions W(r) of the
relative motion must be determined from

(— %Vf + é(nzpz +7)+ 27Ta6(r)(%r)‘1’(r) =EV¥(r),

(6)

where 7=w, /w,. Its solutions can be found by decomposing
W(r) into the complete set of the harmonic oscillator wave
functions [6]

\I’(l’) = E Cn,kq)n,o(p’ @)®k(Z) > (7)
nk

where @, ,(p,¢) denotes the states of the two-dimensional
harmonic oscillator in polar coordinates (p, ¢) with the radial
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and angular quantum numbers n and m, respectively,
whereas ©,(z) is the one-dimensional harmonic-oscillator
wave function with the quantum number k. We note that only
the states with m=0, i.e., the states with vanishing angular
momentum along z, enter the summation in Eq. (7). The
states with m # 0 vanish at r=0, and they are not perturbed
in the presence of the interaction potential. Substituting the
expansion (7) into the Schrodinger equation (6) yields

0= E cn,k(En,k - E)ch,O(p’ QD)®/¢(Z) (8)
nk
+2mad0) S 6P 9O. )
nk

where E, ;=1/2+n+k+27n are dimensionless eigenener-
gies of the three-dimensional axially symmetric harmonic
oscillator. To determine the expansion coefficients ¢, we
project Eq. (8) onto state @,/ o(p, ¢)O;:(z) with arbitrary n’
and k', obtaining

o) o,
Cn . — C n,0(09 QD) k(o) , (10)
’ E,.-E

where C is a constant fixed by the normalization of the
wave function. The value of C is related to the expansion
coefficients ¢, ; through

C= 2770[;(”2 cn,kq)n,O(p’ ¢)®k(z))1 . (1 1)
r r=0

nk

Substituting the solution (10) for coefficients ¢, into Eq.
(11), the numerical constant C disappears, and we obtain an
equation which determines the eigenenergies with m=0,

L (irwg(r)) , (12)
r=0

2ma or

where

s D 1(0,0)D, o(p, 9)®,(0)0,(2)

r =
é(r) ok 2gm+k-&

. (13)

and £=E-E, denotes the energy shifted by the zero-point
oscillation energy Ey=1/2+ 7. For values of £ solving Eq.
(12), the functions Wg(r) represent the non-normalized
eigenstates of the relative motion. We note that Wg(r) is
proportional to the single-particle Green function G(0,r) of
the three-dimensional anisotropic harmonic oscillator. We
stress that, the regularization operator j’lr and the summation
in Egs. (12) and (13) cannot be interchanged, and the sum-
mation over n and k must be done first. This is related to the
divergent behavior of the Green function at small r, which is
regularized by ﬁ—ﬁrr. To perform the summation in Eq. (13) we
express the denominator in Eq. (13) in terms of the following
integral:
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1 _ f dte"(z nn+k—<‘l)_ (14)
27]”1 + k - g 0

Since n=0 and k=0, the integral representation (14) is valid
for £<0. The wave function of the two-dimensional
harmonic oscillator with m=0 is given by

—

v 2
®,0(p, @) = ~m2e” L (3p?), (15)
NTT

where L,(x) is the Laguerre polynomial. To perform the
summation over n in Eq. (13), we utilize the fact that
L,(0)=1 and we apply the generating function for Laguerre
polynomials [15],

ELn(x)z”=(l —2)! exp(ﬂ). (16)

n=0 z-1
On the other hand, the sum over k involves the eigenstates of
the one-dimensional harmonic oscillator

-2

O4z) = Hi(2), (17)

’771/4\“”2161(!
where H,(z) is the Hermite polynomial. The summation can
be performed with the help of the following generating
function for the products of Hermite polynomials [16]:

% lk (21xy—t2x2—t2y2)/(1—t2)
—H (x)H,(y) = — i (18)
ok RTE V17

Upon inserting Eq. (14) into (13), and performing the sum-
mation according to (16) and (18), we find the following
integral representation for W¢(r),

2 2
- exp(tE - ZEcoth r— %coth( nt))
7
dt
(27T)3/2J0

The integral is convergent for E<<E, however, the validity
of the final result will be extended to energies E>E,, by
virtue of the analytic continuation.

Let us investigate now the behavior of W¢(r) for small
values of r. In the limit r— 0, the main contribution to the
integral comes from small arguments ¢. In the leading order
we can neglect the dependence on the energy E, and the
expansion of (19) for small 7 yields

We(r) = Vsinh(z)sinh(7r)

(19)

2
0 e’ 1(21)

1
We(r) = (277)3/2[0 dr A T oo

r<l. (20)

We note, that, for small r the function Wg(r) diverges in the
same way as the Green function in a homogeneous space.
This is related with the fact that at short distances the behav-
ior of the wave function is determined mainly by the
interaction between the particles. After extracting the diver-
gent behavior of W(r), we can simplify Eq. (12) determin-
ing the eigenenergies. To this end, we substitute the integral
representation (19) into (12), and subtract from Wg(r) the
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right-hand side (rhs) of (20). This can be done since the term
1/(27r) is removed by the regularization operator, and does
not give any contribution to (12). In this way we obtain a
simpler expression determining the energy levels for m=0,

7
- —=F(=£&2), (21)
a
where
© ne—xt 1
Flx) = dt\ ——=————-73;| forx>0.
0 Vi-e(1-e™) 1
(22)

Similarly to (19), the validity of the integral representation
(22) is limited to £<0. In general, F(x) can be calculated
from the following series representation, valid for all values
of x,

w —
7 I'x+nn) 1 Vg [ 1
F0= 52| et | T2af2)
n=0 I'(E+x+n77) VI

(23)

where I'(x) is the Euler gamma function and ¢! (%) denotes the
Riemann zeta function. To derive (23) we retain the summa-
tion over n in Eq. (13), while we perform the integration over
t, and the rest of the steps is the same as in derivation of (22).

Finally, in the numerical calculations of F(x) we were
using a recurrence relation, which relates the values of func-
tion F(x) for different arguments x. To derive this formula
we calculate the difference between F(x) and F(x+7)
obtaining with the help of (22),

o g — T'(x)
F(x) = Flx+ = f dt— =7\ . (24
(x) = Flx + 7) Rk AT oy 24)

II1. EIGENENERGIES
A. Cigar-shaped traps

In this section we discuss the energy spectrum of two
interacting atoms confined in a trap with 7> 1. Let us first
consider the case n»=n, with n being a positive integer. In
this particular case we can treat the function 1—e™, which
appears in the denominator of the integrand in Eq. (22), as a
polynomial of order n in the variable ¢, and perform a
decomposition into a sum of simple fractions

—1
1 1- 1
pETh i e (25)

—t—i2mm/n *
N, l—e

Substituting this decomposition into (22) yields
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FIG. 1. Eigenenergies of the relative motion for two atoms in-
teracting via s-wave pseudopotential and confined in a harmonic
trap with 7=w, /w,=5. The scattering length a is scaled in units of
the harmonic oscillator length d=\#A/(uw,).

Flx) = f‘” dt(% - %)
o \l=-¢€7) r

n—1 0 —xt
e A — F('x)
+ dr— < =-WNTon
n—1
— T 2mm
DS e ), ao
2/ m=

where F(a,b;c;x) denotes the hypergeometric function
JFi(a,bic;x) =27 o(a)(b)/ (c)xk k! and (a)=T(a
+k)/T'(a). We note that Eq. (26) is derived from the integral
representation (22) applicable for x>0, however the validity
of the final result can be extended to x=0 by virtue of the
analytic continuation. Despite the presence of the complex
roots of 1 in the argument of the hypergeometric function, it
can be easily verified that the whole expression remains real
for x € R. For the special case n=1, the second term in Eq.
(26) disappears and we obtain the well-known result for the
spherically symmetric trap [6,17]

P N
Flx) = ZVWF(X_%),

Figure 1 presents the energy levels calculated for »=5 from
Eq. (21), with F(x) given by the exact formula (26). For a
=0 the eigenvalues are given by the poles of F(x), and we
recover obviously the energy spectrum of the harmonic os-
cillator. On the other hand, the eigenvalues for a — +0°° and
for a—— approach the same asymptotic values, corre-
sponding to zeros of F(x). The level spacing for large a is
not uniform, as in the case of a spherically symmetric trap
[6], and the distance between energy levels is larger every
fifth level, which results from the geometry of the trap. For
a>0 (repulsive potential) the energy levels are shifted up-
ward with respect to the noninteracting case, while for
a <0 (attractive potential) they are shifted downwards. In a
homogeneous space, the three-dimensional regularized delta

n=1. (27)
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FIG. 2. Eigenenergies of the relative motion for two atoms in-
teracting via s-wave pseudopotential and confined in a harmonic
trap with 7=, /w.=1.1 (upper plot) and =1 (lower plot). The
scattering length a is scaled in units of the harmonic oscillator
length d=\#%/(uw,).

potential possesses a single bound state for a>0, with
energy E=—h?/ma*. From Fig. 1 we see that such a state is
also present in the case of harmonic confinement, however,
its energy is shifted upward due to the presence of the trap.
Moreover, the presence of external confinement gives rise to
the appearance of a bound state also for a <0, which can be
observed in Fig. 1 as a branch of the spectrum starting from
the energy of zero-point oscillations.

Figure 2 presents the exact energy levels for 7=1.0 (up-
per plot) and z=1.1 (lower plot). The former are given by
the analytical result (27), while the latter were calculated
numerically from Eq. (22) for £<0, and with the help of the
recurrence relation (24) for £=0. Comparing upper and
lower plots, we note that the energy spectrum for z»=1.1 has
a richer structure than the one for the spherically symmetric
trap (=1). In the latter case some of the excited states are
degenerate, and they do not appear in the energy spectrum
given by Eq. (21). As can be easily verified by taking linear
combinations of degenerate wave functions, the number of
solutions not vanishing at r=0 can be always reduced to one,
and as a consequence only one of the degenerate states is
affected by zero-range interaction. Analyzing the behavior of
the eigenenergies close to a=0, we notice the appearance of
avoided crossings for noninteger values of 7.

B. Quasi-1D regime

Now, we turn to the discussion of the energy spectrum for
n>1. For x~n and 7> 1, the main contribution to the
integral in (22) comes from small arguments 7. In this regime
we perform the approximation y1—e™ =\t in the denomina-
tor of (22) and obtain
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Flx) = f ’ dt( e

1
o C\Ni(1— ey A2) 7>1.  (28)

Now the integration can be done analytically. This yields
Fx) = \Nmnply(12,x1m), x= 7, (29)

where {y(s,a) denotes the Hurwitz zeta function: {y(s,a)
=27 (k+a)~ [18]. To extend the validity of the approximate
result (29) to x positive and much smaller than 7, or to
negative x, we make use of the recurrence relation (24).
Applying the recurrence formula once, we find

— (1 — I
Flx) = \’77775,,(5,1 + %) + n\’wﬁ. (30)

2

Numerical comparison of the exact result (26) with the ap-
proximation (30) shows that the latter provides quite accu-
rate values for x>—7. Thus, utilizing (30) we are able to
calculate the energy of the ground state and of the first ex-
cited states, up to £<2#. To find the energies of higher
excited states one can apply recursively (24).

It is interesting to compare our results with the predictions
of one-dimensional model, where the scattering length is
renormalized due to the tight confinement in the transverse
direction [19]. At low energies of the scattered particles, the
one-dimensional pseudopotential takes the form [19,20]

2

Vip(r)=- or), 31)

MAip

where a;pp is the one-dimensional scattering length. Repeat-
ing similar steps as for the three-dimensional trap, we obtain
the following implicit equation determining the eigenener-
gies of the relative motion in a one-dimensional harmonic

potential [6],
-3)
r'l==
2

2a,p= Tl (32)
I‘(— -+ —)
2 2

We compare the latter equation with the three-dimensional

result for 7> 1,
( 8)
1" J—
2

1~ (1 i) V2]
—a—wiy +77( < 1),
I'-—-—+-

22

—.1-
2 2n

obtained by substituting into Eq. (21) the function F(x)
given by (30). For the energies || < 7 one can neglect the
dependence on energy in the first term on the rhs of (33);
{y(1/2,1-E/(2m))={(1/2). Then it is straightforward to
observe that Eqs. (32) and (33) give the same energy spec-
trum, provided the one-dimensional scattering length ap is
related to a by

(33)
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FIG. 3. Eigenenergies of the relative motion for two atoms in-
teracting via s-wave pseudopotential and confined in a harmonic
trap with 7=w, /w,=10. The exact energy levels (solid lines) are
compared with predictions for the one-dimensional model with
energy-dependent (dotted line, indistinguishable from the solid one)
and with the standard, energy-independent renormalized scattering
length (dashed lines). The three-dimensional scattering length a is
scaled by the harmonic oscillator length d=+7/(uw,).

)

- 2 - 2\;} .

Elo

(34)

aip=

Expressing this relation in physical units, we recover the
result of Ref. [20]

& d, (1)
==L, 35
== 252 (35)

where d | =\1/(uw,).

In the previous works [7,20] it was shown that a one-
dimensional model with renormalized scattering length pro-
vides a very accurate description of the spectrum for E
> E,. On the other hand, this approach is not valid for ener-
gies E<E, when the system possesses a bound state. Its
energy must be determined from Egs. (21) and (29), derived
from the three-dimensional approach. The condition for the
energy of a bound state expressed in the physical units reads

d, (1 EO—E>
==l -, , 36
a bu 22hw, (36)

which agrees with the results of Ref. [21]. We note that Eq.
(36) involves only the trapping frequency w, in the tightly
confined direction. Due to this reason the one-dimensional
model, which depends crucially on w,, fails to describe the
energy of a bound state.

We have verified that the quasi-one-dimensional regime
for two interacting atoms does not require 7 very large, but
is already realized for 7~ 10. The case of =10 is illustrated
in Fig. 3, where we compare the exact energy levels with the
ones calculated from Eq. (32) for the one-dimensional spec-
trum with a,p, given by (34). We observe quite good agree-
ment for the lowest eigenstates. For higher excited states the
two approaches start to differ around the unitarity point
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(1/a=0). The predictions of the one-dimensional model can
be improved when the eigenenergies are calculated assuming
an energy-dependent one-dimensional scattering length [13]

& 1 Ey-E
ap(E)== 7~ 4422% ) (37)
W

This expression can be obtained from the result (29); how-
ever, in this case we do not apply the approximation £=0 for
the first term of (29). We note an excellent agreement be-
tween the exact energy levels and the one-dimensional spec-
trum evaluated with a,p(E), which on the scale of Fig. 3 are
indistinguishable.

C. Pancake-shaped traps

In this section we investigate the energy spectrum of
the two interacting atoms confined in harmonic traps with
n<1. First, we derive an explicit formula for F(x) in the
case when 7 is the inverse of a positive integer. We start
from the integral representation (22) of function F(x), which
for »=1/n takes the following form:

* e™ 1
Flo)= fg dt(n\'yl —e(1 =) - t37> (38)

To calculate the integral we make use of the following
identity:

n—1
1 1
— = E e—lm/n. (39)
l—e™ 1—e'2 2,
To prove this
1=x"=(1-x)(1+x+x>+- -+
(38) and (39) leads to
o —t(A+m/n)
( (1 —t)3/2

which can be evaluated analytically
m
—n-1 F(.X + _>
2\' 2 n

n =0 ( 1 m)
r x—5+—
n

We note that for the special case of a spherically symmetric
trap (n=1), we recover obviously the result (27).

The exact energy spectrum calculated from combined
Egs. (21) and (41), and for n=1/5 is presented in Fig. 4. We
observe that the energy spectrum has similar features as for
the cigar-shaped traps. In the limit of a — + the eigenener-
gies approach the same asymptotic values, irrespective of the
sign of the scattering length. In contrast to the cigar-shaped
traps, the level spacing at @ — o is almost uniform, except
for the gap between the ground and the first-excited state.
Again, due to the external confinement, the solutions with
energy E<E,, corresponding to the bound states of the
interaction potential, occur both for positive and negative
values of the scattering length.

identity one can use the formula
x"71) with x=¢". Substituting

Flx) = —E

=0

1
-3

Flx) = (41)
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FIG. 4. Eigenenergies of the relative motion for two atoms in-
teracting via s-wave pseudopotential and confined in a harmonic
trap with 7»=w, /w,=1/5. The scattering length a is scaled in units
of the harmonic oscillator length d=\A/(pw,).

D. Quasi-2D regime

Now, we turn to the analysis of the energy spectrum in
the quasi-two-dimensional traps with < 1. For simplicity
we assume 7=1/n with n being an integer, however, this
choice is not crucial for the applicability of the final results,
as we show later. We start our derivation from formula (41),
in which for n>>1 we approximate the summation by an
integration

1
1
Flx) = f dtB(x+ t,— 5), n<l, (42)
0

where B(x,y)=I"(x)I"(y)/I'(x+y) is the Euler beta function.
This approximation is valid for x>0, which guarantees
that the function B(x+t,—%) is free from the singularities
in the interval of integration. As we show in the Appendix,
the integral in Eq. (43) can be expressed in terms of the
following functions:

1
fdtB(x+t,—l>=—®(x)—lnx, (43)
0 2
O(x)=2-1In(1 +x) 22001 (2! {(k 1)
X —In(1 +x)+ NCTA: +2
xin — +1]. (44)

x+k+1

with

Equation (21) together with the approximate result (42) de-
termine the energy of the bound state (£<0) in the quasi-
two-dimensional traps. Expressing this result in the physical
units we obtain

[md E,—E E,—E
A :(I)( 0 )+ln< 0 ) (45)
a 2% w, 2% w,

We observe that in quasi-two-dimensional traps the proper-
ties of a bound-state depend solely on the trap frequency in
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the tightly confined axial direction. For a shallow bound state
(Ey-E< hw,) we can approximate P(-£/2) by P(0)
~1.938, and in this regime we recover the result of Ref.
[22]: Ey—E=1®,0.288 exp(\7d/a).

Let us investigate now the energy spectrum for £>0 con-
taining the excited states. In the following, we will compare
our results, obtained from the three-dimensional description
with predictions for the two-dimensional system, with the
scattering length renormalized due to the tight confinement
in the axial direction [23,22]. In analogy to the derivation of
Huang and Yang [9], one can show that in two dimensions
the s-wave pseudopotential takes the form

2

Vap(r) = - 5<r>(1 —1n(Akp)p§p>, (46)

w In(kap)

where k*>=2uE/f?, A=e?/2, with vy denoting the Euler
constant and a,p is a two-dimensional scattering length
related with the s-wave scattering phase shift &, by
tan 8 =(m/2)In"!(ka,p). The  regularization  operator
[l—ln(Akp)p%] removes the logarithmic-type divergence
of the two-dimensional scattering solution at p=0 [24]. We
note that even in the limit k— 0, the pseudopotential (46)
depends on energy.

Using similar techniques as for the three-dimensional
trap, one can show that the energy spectrum of two interact-
ing atoms confined in the two-dimensional harmonic trap of
frequency w, is given by [6]

24> E,—E
_ln( :{D>=¢<2Oﬁwl>’ “7)

where ¢(z) denotes the digamma function, (z)
=(d/dz)InI'(z). Expressing Eq. (47) in terms of dimension-
less units related with w_, we obtain

- InQaypm) = Y- E(27)). (48)

To find the connection between the two-dimensional and the
quasi-two-dimensional energy spectrum we use the follow-
ing approximate formula, valid for <1 (see the Appendix
for derivation):

Flx)=-D(x)—In - px/n), n<Kl. (49)
Substituting (49) into (21), we obtain the condition for

eigenenergies of excited states in the quasi-two-dimensional
traps,

%’ —In(y) + D= E2) + U= EIQ 7). (50)

For the lowest excited states (|&] < 1), we can neglect the
energy dependence of ®(—£/2). In this regime it is straight-
forward to observe that Egs. (48) and (50) predict the iden-
tical energy spectrum, provided that the two-dimensional
scattering length a,p, is related with a by
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FIG. 5. Eigenenergies of the relative motion for two atoms in-
teracting via s-wave pseudopotential and confined in a harmonic
trap with 7=w, /w.=0.1. The exact energy levels (solid lines) are
compared with predictions of the one-dimensional model with the
energy-dependent (dotted line, indistinguishable from the solid one)
and with the standard, energy-independent renormalized scattering
length (dashed lines). The three-dimensional scattering length a is
scaled by the harmonic oscillator length d=\1/(pw,).

1 D0)
a2D=\TECXp<—2 —Z . (51)

Consequently, the two-dimensional coupling constant
gop=—mh?/[ w1n(ka,p)] expressed in the physical units is
given by
27h? 1

n Nmwdla—®(0) - In(Pd*2)’

(52)

82D =

which agrees [25] with the results of Ref. [23,22].
Similarly as for the quasi-one-dimensional traps, we have
also verified the limits of applicability of the two-
dimensional model with renormalized scattering length. It
turns out that the latter approach is quite accurate up to
n~1/10. We note that in the case of »=1/10 the ratio be-
tween the harmonic oscillator lengths in the radial and axial
direction is equal to 10, therefore we would expect that the
shape of the wave function is rather far from the quasi-two-
dimensional one. Hence, the good agreement between the
exact energy levels and the two-dimensional spectrum is
quite surprising. This feature is shown in Fig. 5. We observe
that the two-dimensional approximation gives less accurate
results for higher excited states around the unitarity point
(1/a=0). This again can be improved by introducing an
energy-dependent two-dimensional scattering length

d (@((EO ~E)Qtiw)) \md

E)=—7 , (53
arp(E) VE exp 2 Za) (53)

which can be easily derived by comparing (50) and (48).
Eigenenergies calculated assuming the energy-dependent
scattering length a,p(E) are in excellent agreement with
exact ones, which is illustrated in Fig. 5.
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IV. WAVE FUNCTIONS

A. Axially symmetric trap of arbitrary anisotropy

Let us turn now to the analysis of the wave functions. For
m# 0 the wave functions of noninteracting particles vanish
at r=0, and as a consequence they are not modified by the
presence of the zero-range potential. The nontrivial m=0
wave functions are given by Eq. (13), or by the integral
representation (19), valid for £<0, where in the place of &
one must substitute eigenenergies calculated from Eq. (21).
In the following we derive analytic formulas for the wave
functions which are simpler and more convenient for
numerical calculations.

We start from Eq. (13):
SR S H(O)H() L (1)
e 2Kk Qym+ k- &)’

W(r) = 2

(54)

where we have substituted explicitly harmonic-oscillator
wave functions. In the next step we rewrite the factor
(2mm+k=E£) in the denominator of (54) as the integral (14).
Then, we perform the summation only over a single variable
k or m, using the generating functions (16) and (18). This
yields an integral, which can be calculated analytically, and
the final result can be expressed in terms of a series in a
single variable.

Let us first perform the summation over the quantum
number k. Applying the generating function (18) we get

,’]e—(ﬂp2+zz)/2 * oo e—t(2 nm=E)

- oy 5 [
S( ) 77_3/2 rz)[ (ﬂp ) o \J'l —€_2t
e—2t
Xexp(—zzl_e_2r> . (55)

The integration can be done analytically by introducing a
new variable of integration x=¢"2'/(1—¢™%) [15]. In this way
we find

i 5
We(r) = 2 77_3/225/29 i

[’

2gm =&
X > anLm(ﬂpz)r(T)DE—anthE)’

m=0

(56)

where D,(x) denotes the parabolic cylinder function. Since
the parabolic cylinder functions D,(x) are well defined both
for positive and negative values of index v, the validity of
the result (56) is automatically extended to all values of en-
ergy £ We note that parabolic cylinder functions D ,(|z|v2)
are one-dimensional wave functions for two interacting at-
oms in a harmonic trap. In the transverse direction the ex-
pansion (56) involves harmonic-oscillator wave functions.
The latter constitute an orthonormal basis, which simplifies
analytic calculations of the matrix elements involving the
wave functions in position representation. As an example let
us calculate the normalization factor A/ for the wave function
Wo(r): N72=[d?r| W (r)[?, where for W¢(r) we substitute the
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expansion (56). Integration over p is trivial due to the ortho-
normal properties of the transverse wave functions, whereas
the axial integration involving D (|z|v2)?can be performed
analytically. This results in

&
- oo r —5+7]m
N2=T
4’7Tm=OF( & 1

5 + nm + 5

with B0 =[((x+1)/2) = (x/2)]/2.

Another expansion is obtained when in Eq. (54) we

perform a summation over the quantum number m. Repre-

senting the denominator of (54) as the integral (14) and
utilizing the summation formula (16), we arrive at

776—(7702+zz)/2 = |:Hk(0)Hk(Z)
k_

):8(_ E+2mm), (57)

Welr) =55 21

o e—t(k—é}) e—zm
- 2~
X Jo dtl - e_2mexp<— np = 6_277[) .

(58)

The result of the integration can be expressed in terms of the
confluent hypergeometric function U(a,b,z), which yields

o2 {(_ 1)*Hy(2) % F(k _ i)
272 k=0 22! 7

We(r) =

Kk €&
XU<___’1577P2):|’ (59)
n 27

where we have substituted the values of the Hermite polyno-
mials at z=0: H,,(0)=(=2)¥(2k—=1)!!, and H,,,(0)=0. As in
the previous case, this expansion can be utilized both for
positive and negative values of energy &, since the analytic
continuation is provided automatically by the properties of
I'(a) and U(a,1,x) for negative values of the parameter a.
As it can be easily verified, U(a, 1, 7p®) is a wave function
of the two interacting atoms in a two-dimensional trap. In the
axial directions, the expansion is done in the basis of one-
dimensional harmonic oscillator wave functions. We note
that U(a, 1, 7p?) exhibits logarithmic divergence at p=0 and
the result (59) is not correct for p=0. In this particular case
the expansion (56) should be used instead.

The expansion (59) can be used to obtain the normaliza-
tion factor A. Substituting (59) into N=2= [d*r|W¢(r)|> and
performing first the integration in the axial direction, and
then applying

f T (@) U] 1) = £y(2.0), (60)
0

for the transverse integration we arrive at

1 (2m)! m i)
471'3/2772 (2"m ! )ng(Z, 7 - ’ 61)

N2 =
m=0 2 Y

In several applications of our theory, like evaluation of the
exact dynamics for two interacting atoms, it is necessary to
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determine the complete set of eigenfunctions. The eigenfunc-
tions that are modified by the interaction are given by repre-
sentations (56) and (59), with the energy £ evaluated from
the implicit equation (21). The remaining eigenfunctions are
the harmonic-oscillator wave functions that vanish at r=0.
Applying the notation of Sec. II they can be written as
D, ..(p, )0 (z) with m>0 or m=0 and k odd. When w_ and
w, are incommensurate all the rest of the eigenstates is gen-
erated by (21). In the case of commensurable trapping fre-
quencies, like, for example, in the particular case of »=n or
n=1/n, there can appear accidental degeneracies in the en-
ergy spectrum of the harmonic oscillator. Assuming that
there are N degenerate eigenstates, the condition (21) gener-
ates only the single state affected by the interaction, while
the remaining N—1 states can be determined, for instance
from the Gram-Schmidt orthonormalization procedure, and
they will automatically vanish at r=0.

B. Quasi-1D regime

Now we discuss the behavior of the wave functions in the
limit of very elongated traps: 7> 1. We start from the inte-
gral representation (19) to obtain the wave function of the
ground state. For 7>> 1 and |£| ~ 7 the main contribution to
the integral comes from the region of small 7. Expansion of
the integrand to the lowest order in ¢ yields

2 2
- exp(tE i ﬂcoth( nt))
Vo)~ —2— | ar a2
& (277)3/2 o

V7 sinh(7r)
(62)

Changing the variable of integration and expressing the final
result in the physical units we obtain

(E 2 2
— exp( < —p—coth(nt)>

/ hw, 2td, 2d
\773] ds | 1 1
(2m)270
(63)

\t sinh(r)

We note that the wave function of a bound state depends
only on the trapping frequency w, in the tightly confined
direction [26]. This feature has been already observed on the
level of eigenenergies.

The wave function of the bound state in quasi-one-
dimensional traps can be also calculated from the following
expression:

&
2 exp| -2z ——+m77)
ne” " 12 ) ( 2
~—>L :
Py m2=0 m(7P7) \/ 5

— 4+
o T

We(r)

(64)

To derive (64) we expand (55) for small ¢ and perform ana-
lytically the integration over ¢. From Eq. (64) one can easily
derive approximate axial and radial profiles of the bound-
state wave function [7], which agrees very well with the
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r¥(a,)'?
0.4

FIG. 6. Exact wave function r¥(r) for two atoms interacting via
s-wave pseudopotential and trapped in a harmonic potential with
n=w,/w,=100. The figure shows the ground state for the scatter-
ing length a==+. All lengths are scaled in units of a.=\A/(uw,).

exact one evaluated from Egs. (56) and (59).

The exact ground-state wave function for a=z+% and
n=100 is presented in Fig. 6. For small r it is almost isotro-
pic, due to the presence of the divergent factor 1/(27r),
while for larger values of r the wave function is slightly
elongated in the z direction, which reflects the geometry of
the trap.

Let us discuss now the properties of the excited-state
wave functions. In the regime of energies corresponding to
the lowest excited states and for the arguments z not too
small, it turns out that the first term of the series (56) domi-
nates the sum. This is a consequence of the behavior of the
parabolic cylinder function D ,(x), which are fast decaying
when index v becomes large and negative. Thus the approxi-
mate wave function of the excited state reads

V(r) ~ Lam*”r(- §>D (z2).  (65)
£ 2 320812 2 & .

Obviously, the latter approximation is not valid for small r,
where the exact wave function exhibits a divergent behavior:
1/(27rr). Fortunately, the main part of the wave function is
located for larger values of r, and the region of small r gives
a rather small contribution to the total wave function. On the
other hand, we should keep in mind that the delta pseudopo-
tential is only an approximation, and for small r, comparable
to the effective range of the physical potential, the behavior
of the real wave function is quite different from the predic-
tions based on the pseudopotential.

To estimate the accuracy of the approximation (65) one
can consider the contribution of the first term in the series
(57), which comes from the integral involving the square of
the wave function (65). For the range of energies correspond-
ing to the first ten excited states, and for =100 we obtain
that the first term accounts for more than 0.9986 of the whole
sum in Eq. (57).

Figure 7 shows the exact wave function of the first excited
state for a=+ and 7=100. The wave function was evalu-
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z/a; -3 -0.4

FIG. 7. Exact wave function »¥(r) for two atoms interacting via
s-wave pseudopotential and trapped in a harmonic potential with
n=w,/w,=100. The figure presents the first excited state for the
scattering length a==xcc. All lengths are scaled in units of
a,=\h/ pw.,.

ated from expansions (56) and (59). We observe that the
wave function is strongly elongated in the axial direction and
that the region of small r gives rather small contribution to
the total wave function. In the transverse direction the wave
function exhibits the exponential behavior predicted by Eq.
(65). These matters are illustrated in more details in Figs. 8
and 9 showing, respectively, the axial and the transverse pro-
files of the wave function. The figures compare the exact
profiles with the quasi-one-dimensional prediction of Eq.
(65). The approximate curves fit very well the exact wave
function, except for the transverse profile calculated for
z=0. In this case, the small p behavior of the wave function,
presented in more detail in the inset of Fig. 8, is dominated
by the divergent term 1/(27r), which is absent in the ap-
proximation (65).

C. Quasi-2D regime

In this section we analyze the properties of the wave func-
tions in the regime n<1. Let us first focus on the wave

5 . T T T

FIG. 8. The axial profiles of the wave function presented in Fig.
7, evaluated for p=0, p=0.08, and p=0.16. The exact profiles (solid
lines) are compared with the predictions of the quasi-one-
dimensional approximation given by Eq. (65). All lengths are scaled
in units of a,=\%/(pw,).
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FIG. 9. The radial profiles of the wave function presented in Fig.
7, evaluated for z=0, z=0.5, and z=1.0. The exact profiles (solid
lines) are compared with the predictions of the quasi-one-
dimensional approximation given by Eq. (65). The inset shows the
details of z=0 profile for small values of p. All lengths are scaled in
units of a.=\%/(pw,).

function of the ground state. In this case we apply the
integral representation (19), where for || ~1 and <1 the
main contribution to the integration comes from 7z~ 1. Ex-
panding the integrand for small 7 and expressing the result
in the physical units we obtain

2 2
- exp(tE - Z—coth t— E)
1 2d 2dt
Ve =), ¢

Vsinh(7)¢
(66)

We note that the ground-state wave function depends exclu-
sively on the trapping frequency in the z direction, thus its
size is given approximately by d=\#A/(uw).

As for the quasi-one-dimensional traps, we have also
found another representation for the wave function of the
ground state. It can be applied, for instance, to derive ap-
proximate axial and radial profiles, which agree very well
with the exact wave functions, as we have shown in Ref. [7].
Expanding (58) for small % and performing an integration
over ¢t we arrive at

2 25 H(0)H,(2)

e
Wo(p.z=0)~
ep2=0) 773’2;0 2!

Ko(p\2k = 28),

(67)

where K,(x) is a modified Bessel function.

Figure 10 presents the exact ground-state wave function
for a=+% and %=0.01, evaluated from Egs. (56) and (59).
We note that the ground-state wave function for small r is
nearly isotropic, while for larger r it is slightly elongated in
the direction of weaker confinement. The anisotropy of a
bound state for 7<< 1 seems to be larger than in quasi-one-
dimensional traps.

Let us investigate now the properties of the wave func-
tions for excited states. The approximate form of the wave
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FIG. 10. Exact wave function rW(r) for two atoms interacting
via s-wave pseudopotential and trapped in a harmonic potential
with 7=w, /@w,=0.01. The figure shows the ground state for the
scattering length a==#%. All lengths are scaled in units of
a.=\h!(pw,).

function can be found from the expansion (59). In the regime
of energies corresponding to the lowest excited states, the
sum in Eq. (59) is dominated by the first term. This results
from the asymptotic properties of the confluent hypergeo-
metric function U(c, 1,x), which decays faster in x for larger
values of the parameter c. Hence, the approximate wave
function of excited states in quasi-two-dimensional traps is
given by

~(np™+2)12 ( £ > ( £ 2)
Ve(r)=~——5T|-—|U|l- —.1, . (68
5(1') 2773/2 27] 27] 7p ( )

Approximate result (68) cannot be directly used for p=0,
where the confluent hypergeometric function U exhibits
logarithmic divergence. Due to the same reason, the latter
approximation is also not valid when r— 0, where the exact
wave function behaves as 1/(27r). Similarly as for the
quasi-one-dimensional wave function, the leading part of the
wave function is located outside the region of small p and r,
which makes the approximation (68) quite accurate.

To estimate the quality of the approximation (68) we con-
sidered the series (61), where the first term comes from the
integral of square modulus of (68). Within the range of en-
ergies corresponding to the first 10 excited states, and for
7=0.01, we obtain that the first term of (61) contributes to
more than 0.9985 of the total sum.

The exact wave function of the first excited state for
a=z% and 7=0.01 is presented in Fig. 11. It is evaluated
from the expansions (56) and (59). We observe that the wave
function of the excited state is highly anisotropic, and elon-
gated in the radial direction, reflecting the geometry of the
trap. More detailed behavior can be deduced from Figs. 12
and 13, showing, respectively, the transverse and the axial
profiles of the wave function. These figures compare the ex-
act profiles with the quasi-two-dimensional approximation
given by Eq. (68). In the case of transverse profiles all the
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FIG. 11. Exact wave function W (r) for two atoms interacting
via s-wave pseudopotential and trapped in a harmonic potential
with 7=w, /w,=0.01. The figure presents the first excited state for
the scattering length a==cc. All lengths are scaled in units of
a.=\h/(pw,).

approximate curves are almost indistinguishable from the ex-
act ones, except in the region of small p when the approxi-
mation (68) ceases to be valid due to the logarithmic diver-
gence of U. On the other hand, the approximate axial profiles
for p=5 and p=10 fit very well the exact wave function,
while for p=0.1 the approximation (68) clearly deviates from
the exact result. The latter discrepancy can be again attrib-
uted to the logarithmic divergence of (68) at small p.

V. FESHBACH RESONANCES

In this section we extend our theory to the system of two
interacting atoms in the presence of Feshbach resonances.
The latter technique is widely used in recent experiments on
ultracold atoms and allows to tune the value of the scattering
length by changing the strength of applied magnetic field.
Close to the Feshbach resonance, the scattering length can
take a very large value or can change its sign. Obviously,
when a becomes too large, the interaction between two at-
oms cannot be described in terms of the standard pseudopo-
tential (3). To see this we recall that (3) is obtained from the

0.4 T T T T

0 10 20 30 40 50

pla,

FIG. 12. The radial profiles of the wave function presented
in Fig. 11, evaluated for z=0, z=1, and z=2. The exact profiles
(solid lines) are compared with predictions of the quasi-two-
dimensional approximation (68). All lengths are scaled in units of
a,=\h/(pw,).
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FIG. 13. The axial profiles of the wave function presented in
Fig. 11, evaluated for p=0.1, p=5, and p=10. The exact profiles
(solid lines) are compared with predictions of the quasi-two-
dimensional approximation (68). All lengths are scaled in units of
a,=\h!(pw,).

more general form of the pseudopotential [9]

27h? tan &y(k)

V(r)=- o

o), (69)
ar

in the limit when tan =~ —ka. As it can be easily verified,
the latter assumption is fulfilled for ka < 1/(kR,) where Ry is
the effective range, whereas application of the zero-range
pseudopotential requires kRy<< 1.

Following the work of Bolda et al. [13], we introduce an
effective scattering length, which is defined by

tan (k)

. (70)

dei(E) ==
with k related to the kinetic energy by E=A%k*/(2u). In gen-
eral, the effective scattering length is energy dependent,
however, for sufficiently small k, a.(E) reduces to the stan-
dard scattering length. Now we can reformulate our theory,
replacing the standard scattering length a by a.4(E). In this
way Eq. (21) determining the eigenenergies of the system is

substituted by
2 _f(EO—E) o
defi(E) 2 )

By solving the latter equation in a self-consistent way we
obtain the eigenenergies, which are valid for arbitrarily large
values of the scattering length. Moreover, by performing the
analytic continuation of (70) to negative energies (imaginary
k), one can properly account for the whole spectrum of
bound states [10].

We stress that the validity of the discussed model is based
on the assumption that the effective range of the physical
potential is much smaller than the harmonic oscillator length
d. In this regime it is justified to use the pseudopotential (69),
which was derived for free space. This assumption also guar-
antees that at distances comparable to the range of the physi-
cal potential, the kinetic energy, which enters the pseudopo-
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tential (69) through k, is equal to the total energy E.

To apply the concept of the effective scattering length to
Feshbach resonances, we must specify the dependence of the
s-wave phase shift on k. The theory [27-29] predicts the
following dependence for dy:

0= Ghg— arctan(ﬁ) , (72)
where &, is the background phase shift, E,, denotes the en-
ergy of the resonance, and A,, is the energy shift due to the
coupling between the open and closed channels. The param-
eter vy is a “reduced width” of the resonance which is related
to the usual width I' by I'=2yk [28]. Close to the Feshbach
resonance we can assume that the energy E,, varies linearly
with the magnetic field strength

E,(B)=E,(B-B,, (73)
where
dE
E = —/| (74)

res

and B, denotes the magnetic field strength at which the
energy of the closed channel crosses the dissociation thresh-
old of the open channel. By combining Egs. (70) and (72),
after some straightforward algebra, we obtain the following
result for the energy-dependent scattering length:

(5
AB|1+—
E,

By, +EIE' — AB—)
0 m Eb

ae(E) = ap| 1- (75)
o

where E,,:hz/(maf)g) is the binding energy corresponding to
the background scattering length. The resonance width AB
and the resonance position B, are related to the previous
parameters by

>
3

By=Bs— (76)

!
m

o

and

Y

AB= .
ang

; (77)
For sufficiently small energies (E<E,,E, B,) the effective
scattering length becomes independent of E, and Eq. (75)
reduces to the well-known formula
AB
). (78)

B-B,

ag(E) = abg( 1-

Employing Egs. (71) and (75) we have calculated the
energy spectrum for two 5’Rb atoms interacting close to the
Feshbach resonance at 100 mT [30]. Figure 14 presents
energy levels versus magnetic field in the quasi-one-
dimensional trap with 7#=100 and w,=5 kHz. In addition
it shows the values of the magnetic field for which the effec-
tive scattering length diverges. From the plot it is clear
that in the considered range of energies the position of the
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FIG. 14. Energy spectrum for two S’Rb atoms versus magnetic
field B near the Feshbach resonance at 100 mT. The atoms are
confined in an axially symmetric trap with ®,=5 kHz and
w ; =500 kHz. The dotted line shows the value of the magnetic field
at which the energy-dependent scattering length a.(E) diverges.

resonance changes with the energy. A similar calculation
performed for the quasi-two-dimensional trap with 7=0.01
and w,=500 kHz is shown in Fig. 15.

VI. CONCLUSION

In summary, we have presented a detailed analysis of the
system of two interacting atoms confined in an axially sym-
metric harmonic trap. We discussed in detail different re-
gimes, in particular the quasi-one-dimensional and the quasi-
two-dimensional geometries. We have shown that these two
regimes can be applied already for the traps with =10 and
n=0.1, respectively. In this way we demonstrate that, at
least on the level of two-atom physics, realization of low-
dimensional systems does not require extremely large (or
small) ratios of the transverse to axial trapping frequencies.

We have applied our analytical results to studying the
system of two atoms with interaction modified by a Feshbach

3004
? -
i 200+
S <
=

100 4

100.70 10072 100.74 10076 100.78  100.80
B [mT]

FIG. 15. Energy spectrum for two S’Rb atoms versus magnetic
field B near a Feshbach resonance at 100 mT. The atoms are
confined in an axially symmetric trap with w,=500kHz and
w ; =5 kHz. The dotted line shows the value of the magnetic field at
which the energy-dependent scattering length a.(E) diverges.
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resonance. To this end we have utilized the concept of an
energy-dependent scattering length [13], and employing
well-known results from the theory of Feshbach resonances
we have derived an explicit formula determining the energy
spectrum in terms of the standard parameters describing the
resonance. Our results can be directly implemented to calcu-
late exact dynamics of the two ultracold atoms in harmonic
traps with arbitrary large trapping frequencies and in the
presence of Feshbach resonances. This is particularly impor-
tant in the context of implementation of quantum informa-
tion processing in systems of trapped ultracold atoms.
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APPENDIX: DETAILS OF DERIVATION FOR QUASI-
TWO-DIMENSIONAL SPECTRUM

In this appendix we present the derivation of Egs. (44)
and (49), which we used in the analysis of energy spectrum
in quasi-two-dimensional traps. Proof of the former formula
starts from the integral defining the function ®(x),

1

1
—@(x)—lnx:J dtB<x+t,— 5), x>0, (Al

0
where B(x,y)=I'(x)I"(y)/T'(x+y) is the Euler beta function.
Next, we apply the series representation for B(x,1/2) [15],

B( 1/2)—l+ 26! .
. Cx o QM) x+k

(A2)

The series expansion of B(x,—1/2) can be found by combin-
ing Eq. (A2) with the following identity, which follows
directly from the definition of the beta function:

B(x,— 1/2) == 2(x - 2)B(x,1/2). (A3)

Inserting the series expansion for B(x,—1/2) into the integral
in Eq. (A1), and performing the integration term by term, we
arrive at the final result

= (26! 1
D) =2-1In(1+x)+2>, (2,%!)2{(“5)

k=1

x+k
Xln————+1].

A4
x+k+1 (a4)

Now we turn to the derivation of Eq. (49). We begin with
the multiplication formula for the function ¢(z) [15],
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n-1
¢(nz)=12 ¢<z+5> +Inn, (A5)
- n

and use the definition of B(x,y) to obtain the following
identity:

2 —n-1 F<X+_) ln—l 1
| n m
= > ) +1ﬁ(nx)=—2 {B(x+—,—§)
=0 F(x——+@) =0 n
2 n
m
+¢<x+—)]+lnn. (A6)
n

For n>>1 we approximate the summation on the rhs of Eq.
(A6) by integration. Since the singularities of B(x,—1/2) and
(x) cancel each other at x=0, the replacement of the sum-
mation by integration is valid for x >—1, where the integrand
is free from singularities. The latter approximation results in

PHYSICAL REVIEW A 74, 022712 (2006)

m
2 [ n-1 F()C-l-_ 1 1
| n
= 2 " +l,b(nx)%f dt{B<x+t,—5>
" m=0F<x——+Z> 0
2 n

+1ﬁ(x+t)]+lnn, n>1. (A7)
The integral of the first term can be expressed in terms
of the function ®(x) [cf. Eq. (Al)], whereas the integration
of (x) is trivial and follows directly from the definition:
(x)=(d/dx)In I'(x). Finally we obtain

5 ’,’_n—l F<X+ﬂ)
- \WE L + (nx) = — O(x) + Inn,

no -0 ( 1 m)
r x—5+—
n

n>1.

(A8)
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