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We describe the implementation of a quantum mechanical method to calculate state-to-state differential cross
sections for atom-diatom reactive scattering processes. The key ingredient of this approach is the efficient and
accurate propagation of a real scattering wave packet in the Chebyshev order domain, from which the S-matrix
elements can be extracted. This approach is implemented with Open MP and applied to compute differential
and integral cross sections for the direct H+H2 abstraction reaction and the more challenging N�2D�+H2

insertion reaction.
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I. INTRODUCTION

Recent advances in crossed molecular beam experiments
have allowed the interrogation of several gas phase elemen-
tary reactions with an unprecedented level of detail �1–4�.
The progress can be largely attributed to novel detection
techniques that have greatly improved the capability and sen-
sitivity in measuring the most detailed scattering attributes,
namely, the differential cross sections �DCSs�. Indeed, the
fully quantum state resolved product angular distributions
have revealed many intricate and surprising features of reac-
tive scattering. For instance, forward scattering in the direct
hydrogen exchange �H+H2� reaction has recently been ob-
served and interpreted as the result of threshold effects near
the barrier �5–7�. The signature of Feshbach resonances in
the DCS has also been detected recently for the F+H2 reac-
tion �8�. Such quantum state resolved information sheds
much light on reactive scattering processes, especially with a
direct and detailed comparison with quantum mechanics.

Although the full-dimensional quantum mechanical
theory for atom-diatom �e.g., H+H2� scattering processes
was established in 1970s �9�, converged state-to-state quan-
tum DCSs are still uncommon today and mostly restricted to
light systems and low collision energies. There are two major
approaches to the exact quantum mechanical calculation of
S-matrix elements for reactive scattering processes �10–12�.
The time-independent approach solves either coupled-
channel �CC� �13� or variationally derived algebraic equa-
tions �14�, and yields the entire S matrix at a given energy.
This approach, as exemplified by the popular ABC code �15�,
is an accurate, robust, and mature method and has been used
to generate DCSs for several atom-diatom problems. How-
ever, it requires a large core memory and the number of
arithmetic operations scales steeply with the number of chan-
nels in the system. Hence, its further applications to heavier
and/or larger systems are severely limited.

On the other hand, the time-dependent approach extracts
scattering information from a wave packet �16–19�. The
wave-packet approach is ideally suited for studying initial

state specified scattering processes since the initial wave
packet corresponds to a well-defined reactant state. Unlike
the CC approach, each propagation yields a column of the S
matrix, but in a range of energies. The variation of DCSs
with the collision energy is particularly important for under-
standing the role played by various resonances �3,4,20�. Al-
though the majority of wave-packet studies of reactive scat-
tering have so far been devoted to the calculation of total or
state-resolved reaction probabilities, there is no reason why
such an approach cannot be used to compute the transition
amplitudes �21�, which are needed to construct DCSs. In-
deed, successful applications of the wave-packet approach in
calculating DCSs have recently been demonstrated �22,23�.
Numerically, the wave-packet approach has much more fa-
vorable scaling laws than the CC approach in both memory
and number of arithmetic operations, thus rendering it ame-
nable to heavier atom-diatom processes and reactive systems
with more than three atoms. Understandably, the wave-
packet approach is best suited for fast reactions, but as
shown in this work it is also applicable to complex-forming
reactions.

In this paper, we discuss the implementation of an effi-
cient and accurate wave-packet method for calculating
S-matrix elements and thus DCSs for atom-diatom reactive
scattering. The key ingredient of this approach is the propa-
gation of the scattering wave packet in the Chebyshev order
domain, which is more accurate and efficient than that in the
time domain. The S-matrix elements in the energy domain
are obtained from a discrete Fourier transform of cross-
correlation functions. First introduced by Kosloff and co-
workers �24,25� and by Kouri and co-workers �26–29�, the
Chebyshev propagation bears many similarities with time
propagation. Indeed, it has been pointed out that the Cheby-
shev operator is a discrete cosine evolution operator �30,31�.
As a result, methods developed for the time-dependent wave
packet can be readily transplanted to the Chebyshev wave
packet. The applicability of this approach in calculating
state-resolved and total transition probabilities in inelastic
and reactive scattering has recently been demonstrated by us
�32–35�. We note in passing that our method shares essen-
tially the same propagation scheme with the recent work of
Gray and Balint-Kurti �31�, and of Althorpe and co-workers
�22,36,37�, but it differs with them in many other aspects.
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This paper is organized as follows. The next section �Sec. II�
outlines the theoretical details, including the discretization
and propagation of the scattering wave packet and the extrac-
tion of the S-matrix elements and differential and integral
cross sections. The results are presented in Sec. III, followed
by conclusions �Sec. IV�.

II. THEORY

A. Hamiltonian and discretization

For A+BC→AB+C reactions, we employed the product
Jacobi coordinates �R ,r ,�� where r and R are, respectively,
the bond length of the product diatom �A-B� and the distance
between the atom �C� and the center of mass of the diatom
�AB�, and � is the enclosed angle. This choice is convenient
for calculating state-to-state scattering attributes in the prod-
uct channel. In these coordinates, the Hamiltonian is ex-
pressed as ��=1�

Ĥ = −
1

2�R

�2

�R2 −
1

2�r

�2

�r2 +
ĵ2

2�rr
2 +

l̂2

2�RR2 + V�R,r,�� ,

�1�

where �r and �R are the corresponding reduced masses for
the radial Jacobi coordinates, and V�R ,r ,�� is the potential

energy surface. l̂2, the square of the orbital angular momen-
tum operator, can be further expressed as

l̂2 � �Ĵ − ĵ�2 = Ĵ2 + ĵ2 − 2Ĵz ĵz − Ĵ+ ĵ− − Ĵ− ĵ+, �2�

in which Ĵ and ĵ are, respectively, the total and diatomic

angular momentum operators with Ĵz and ĵz as their projec-

tions onto the body-fixed �BF� z axis, namely the R vector. Ĵ+

�Ĵ−� and ĵ+ � ĵ−� are the corresponding raising �lowering� op-
erators.

Following our earlier work �34�, the Hamiltonian and
wave packet were discretized in a mixed discretized repre-
sentation, consisting of a direct product discrete variable rep-
resentation �38� for the two radial degrees of freedom and a
finite basis representation �FBR� for the angular degrees of
freedom. In particular, a wave packet with a total angular
momentum J and parity p is expressed as

��Jp� = �
�1�2j�

��1�2j�
Jp ��1�2��j�;Jp� , �3�

where �1 and �2 denote the indices of the equidistant Fourier
R and r grids, respectively. The actions of the radial kinetic
energy operators �KEOs� onto the wave packet can be effi-
ciently calculated using the fast sine-Fourier transform
method �39�.

The parity-adapted angular basis is defined below:

�j�;Jp� = �2 + 2��,0�−1/2��J���j�� + p�− 1�J�J − ���j − ��� ,

�4�

where �j���� j��� ,0� are normalized associate Legendre
functions with the Condon-Shortley phase convention �40�,
and �J��=	�2J+1� /8	2D�,0

J* represents the overall rotation,

where D�,M
J is the Wigner rotation matrix �41�. The projec-

tion of J and j onto the z axis in the BF frame, �, is thus
restricted to be non-negative. In this basis, all rotational
KEOs in Eq. �1� are diagonal except the Coriolis coupling
term which is tridiagonal. In particular,


j���;Jp� ĵ2�j�;Jp� = j�j + 1�� j�,j���,�, �5a�


j���;Jp�l̂2�j�;Jp�

= �J�J + 1� + j�j + 1� − 2�2�� j�,j���,� − ��1 + ���,0�


�1 + ��,0��−1/2��J�
+ � j�

+ ���,�+1 + �J�
− �J�

−


����,�−1 + p�− 1�J���,−�+1��� j�,j , �5b�

where � jm
± =	j�j+1�−m�m±1�. Because � and �� are re-

stricted to non-negative values, the last term in Eq. �5b� sur-
vives only for �=0,1.

The use of FBR simplifies the rotational KEOs, but com-
plicates the calculation of the action of potential energy op-
erator. To solve this problem, the following pseudo-spectral
transformation was used to convert the wave packet from the
angular FBR to a grid �42,43�:

Tj�
��� = 	w�� j����� , �6�

where � denotes the index of the Gauss-Legendre quadrature
points for the internal �Jacobi� angular coordinate and w� is
the corresponding weight.

For insertion reactions, the wave packet can easily access
regions near R=0. Even without the explicit inclusion of the
singularity, it may result in a very large spectral range. To
alleviate this problem, we used a scheme to restrict the spec-
tral range of the rotational KEOs at small R. In particular, the
BF-FBR �j� ;Jp� is first transformed to the SF-FBR �jl ;Jp�
using the following formula �41,44�:

�j�;Jp� = �
l

�− 1� j−l+�	�2 − ��,0��2l + 1� j l J

� 0 − �
�


�jl;Jp� , �7�

where �: : : � denotes the 3-j symbol �41�. Because the rota-
tional KEOs are all diagonal in the SF-FBR, the spectral
range can be easily controlled by truncating the rotational
energy. After applying the truncated rotational KEOs, the
wave function is transformed back to the original BF-FBR.
The drawback of this method is that computationally it is
slightly more expensive to compute the matrix-vector multi-
plication.

B. Chebyshev propagation

As described below, the S-matrix elements can be ex-
tracted from the scattering wave packet propagated in the
Chebyshev order domain. Starting from an initial wave
packet, the Chebyshev propagation is carried out using the
following modified Chebyshev recursion relationship pro-
posed by Mandelshtam and Taylor �45,46�:
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��k+1� = D�2Ĥscaled��k� − D��k−1�� �8�

with ��1�=DĤscaled ��0� and ��0�= �i�. The damping function
D is applied at the grid edges. In this work, the following
Gaussian shaped damping function was used:

D�R� = �1 for x � xd

e−dx�x − xd�2
for x � xd

�x = R,r� . �9�

The damping is equivalent to the negative imaginary poten-
tial �47� used in the time propagation to enforce the outgoing
boundary conditions.

To maintain stability of the propagation, the Hamiltonian
has to be properly scaled

Ĥscaled = �Ĥ − H+�/H− �10�

to avoid the divergence of the Chebyshev polynomials out-
side the range �−1,1�. Here, the spectral medium and half-
width of the Hamiltonian H±= �Hmax±Hmin� /2 are calculated
from the spectral extrema, Hmax and Hmin, which can be
readily estimated �24�.

Although the Chebyshev polynomials have long been
used as building blocks in approximating operator functions
�24,28,29�, it has recently been realized that they themselves
can also be regarded as a discrete cosine evolution operator

with a mapped Hamiltonian: Tk�Ĥ�=cos�k arccos Ĥ�, in
which the Chebyshev order k can be considered as general-
ized time �30,31�. As a result, algorithms designed for the

time propagator �e−iĤt� can be readily transplanted to the
Chebyshev order domain �48�. The Chebyshev propagation
has several advantages over time propagation. First, it can be
executed accurately by Eq. �8� while the exponential time
propagator has to be approximated. Second, the entire propa-
gation can be carried out in real algebra, provided the initial
wave packet is real and the Hamiltonian is discretized with
real basis functions �31�. This is also true for systems in the
continuum, thanks to the damping scheme in Eq. �8�. Third,
the nonlinear mapping between energy and the Chebyshev
angle ��=arccos E� allows a much denser interpolation grid
near the spectral extrema, which accelerates the convergence
in computing attributes in these regions �49�. Numerically,
the memory scales linearly with the dimension of the wave
packet since only two vectors need be stored. The matrix-
vector multiplication in Eq. �8� scales pseudolinearly with
the dimensionality as well because the Hamiltonian matrix is
not stored and its action onto the recurring vector is com-
puted using a partial sum method �50�.

C. S matrix and cross sections

The S-matrix element for a transition from an initial reac-
tant state �i� to a final product state �f� is given by �51,52�

Sf←i
Jp �E� =

i
 f�G+�E��i�
2	ai�E�af

*�E�
, �11�

where ai and af are the energy amplitudes of the reactant and
product wave packets �i and  f�. The casual Green operator

can be expressed as the following Chebyshev expansion
�25,28,29�:

G+�E� =
1

E − Ĥ + i�

=
− i

H−	1 − Escaled
2 �

k=0
�2 − �k0�e−ik arccos EscaledTk�Ĥscaled� ,

�12�

where the energy is similarly scaled as in Eq. �10�: Escaled
= �E−H+� /H−. The infinitesimal number � in G+�E� can be
interpreted as the absorbing boundary conditions �53�, and
implemented by the damping scheme in Eq. �8�.

Substituting Eq. �12� back to Eq. �11�, the S-matrix ele-
ment is expressed as a discrete Fourier transform of the
cross-correlation functions, Ck

�f←i��
 f ��k�:

Sf←i
Jp �E� =

1

2	H−sin �ai�E�af
*�E��k=0

�2 − �k,0�e−ik�Ck
�f←i�,

�13�

where the Chebyshev angle is given by �=arccos Escaled and

the Chebyshev wave packet ��k�=Tk�Ĥscaled� ��0� was propa-
gated by the modified three-term Chebyshev recursion rela-
tionship in Eq. �8�. The scalar correlation functions were
calculated along the propagation and stored.

The initial wave packet ��0�= �i�, which is by definition
localized in the asymptotic reactant region, can be chosen as
a product of a well-defined rovibrational eigenfunction ���iji

�
of the diatomic molecule BC, a space-fixed angular momen-
tum eigenstate in the coupled representation ��JMjili��, and a
one-dimensional Gaussian-shaped wave packet along the
A-BC translational coordinate. In particular, the following
form in the reactant Jacobi coordinates �R� ,r� ,��� was used:

��0� = Ne−�R� − R0��2/2�2
cos k0R����iji

��JMjili� , �14�

where k0, R0�, and � are its mean momentum, position, and
width, respectively, and N is the normalization constant. �i
and ji stand for the vibrational and rotational quantum num-
bers of a reactant diatomic molecule �BC�, respectively. The
initial orbital angular momentum li is allowed to take values
between �J− ji� and J+ ji, and M is the projection of J on the
space-fixed �SF� z axis. Since the initial wave packet is real,
the propagation in Eq. �8� can be carried out entirely with
real algebra �31�, which represents significant savings over
the complex time propagation.

The use of the SF angular momentum eigenstate in the
initial wave packet was motivated by the fact that the corre-
sponding long-range centrifugal term �l�l+1� /2�R�R�2� is
analytically accounted for by the spherical Bessel/Hankel
functions �21,22,44�. As a result, the initial wave packet can
be placed at a relatively small R�, where the interaction po-
tential starts to vanish. This can also be done in the BF
helicity representation, but with more complexity �22�.

We chose in this work to propagate the wave packet in the
product Jacobi coordinates. Thus, the initial wave packet de-
fined in Eq. �14� needs be transformed before the propaga-
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tion. One can, of course, devise various schemes to perform
the coordinate transform during the propagation �54,55�, but
such transformation could be costly and may introduce un-
necessary errors. An alternative is to utilize the reactant-
product decoupling scheme �22,56–58�, which divides the
entire system into multiple regions where different coordi-
nates are used.

The choice of the final state wave packet � f� was similar
to that of the initial wave packet, except the Gaussian wave
packet was replaced with the Dirac delta function:

� f� = ��R − R�����f j f
��JMjflf� , �15�

where � f and j f stand for the vibrational and rotational quan-
tum numbers of the final states, respectively. The rationale
for using the SF angular momentum representation is the
same for the initial wave packet as discussed above. As a
result, R� can be chosen at a point where the interaction
potential just becomes zero. The orbital angular momentum
lf is allowed to take values between �J− j f� and J+ j f. Note,
however, that the values of lf are subject to the restriction
�−1��ji+li�= �−1��j f+lf� due to the parity conservation. With this
special choice of the final state wave packet, the correlation
function in Eq. �13� can be simplified as a two-dimensional
integral

Ck
�f←i� = 
��f j f

�
JMjflf��k�R = R��� . �16�

The energy amplitudes of the initial and final state wave
packets, ai�E� and af�E�, were obtained as follows:

ai�E� =�i	�R�ki

2	
R�hli

�2��kiR���Ne−�R� − Ri��2�2�2
cos kiR��

�17a�

af�E� = �	�Rkf

2	
Rhlf

�1��kfR����R − R���
=	�Rkf

2	
R�hlf

�2��kfR�� , �17b�

where hl
�1,2� are the spherical Hankel function of the first and

second kind �59�, and ki=	2�R��E−Ei� and kf

=	2�R�E−Ef� with E as the total energy and Ei and Ef as
the rovibrational energies of reactant and product states, re-
spectively.

Replacing the collective index i or f by the corresponding
quantum numbers �� , j , l�, the state-to-state integral cross
section can be expressed as follows:

��f j f,�iji
�E� =

	

�2ji + 1�k�iji
2 �

J,p,li,lf

�2J + 1��S�f j flf←�ijili
Jp �E��2.

�18�

To calculate the differential cross section, it is convenient to
first transform the above j , l-specified S-matrix elements to
the helicity representation which is j ,�-specified, using the
following formula:

S�f j f�f←�iji�i

Jp = �
lilf

�Ulf�f

Jpjf �*S�f j flf←�ijili
Jp Uli�i

Jpji, �19�

where the transformation between BF and SF frames is given
as follows �14,60�:

Ul�
Jpj =

il

	2�1 + ��,0�
�
j�,J − ��l0� + p�− 1�J
j − �,J��l0�� .

�20�

Here, 
. . . , . . . �¯ � denotes the Clebsch-Gordan coefficients
�41�.

Finally, the differential cross section is then given by
�14,60�

d�

d�
��,E� =

1

8k�iji
2

1

�2j + 1� �
�f�i

��f+��,E��2 + �f−��,E��2� ,

�21�

where � is the scattering angle in the SF frame and

f+��,E� = �
Jp

�2J + 1�d�f�i

J �	 − ��S�f j f�f←�iji�i

Jp �E� ,

�22a�

f−��,E� = �
Jp

p�2J + 1�d�f�i

J ���S�f j f�f←�iji�i

Jp �E� . �22b�

The approach outlined above bears many similarities with
several existing wave-packet based methods for computing
S-matrix elements �21–23,31,44�. However, significant dif-
ferences exist. For example, our scheme differs from that of
Dai and Zhang in the propagator used in the calculation �21�.
Despite similarities in using the Chebyshev propagation, on
the other hand, Althorpe’s scheme �22� is based on propagat-
ing a complex wave packet and employed a Gaussian instead
of a delta function in the final state projection. He also used
the BF helicity representation in defining both the initial and
final states, but computed the S matrix in the SF representa-
tion. In addition, he took advantage of the reactant-product
decoupling scheme.

III. RESULTS AND DISCUSSION

The computational method outlined above was applied to
the H+H2→H2+H and N�2D�+H2→NH+H reactions. The
former is a benchmark system for abstraction reaction and
has been subjected to intensive scrutiny recently from both
the experimental and theoretical fronts �3,4,12�. Because of
the direct nature of this reaction, wave packet approaches are
particularly attractive �22�. The latter, on the other hand, is a
prototype for insertion reactions, which have attracted in-
creasing attention lately because of the complexity of the
reaction dynamics �1,2�. Because of a deep potential well
corresponding to the NH2 species, the reaction is heavily
influenced by resonances. The DCSs for this reaction have
been calculated recently at three energies using a time-
independent method �61–63�, and have shown near symme-
try in the forward and backward directions. Here, we only
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discuss preliminary results for the latter reaction, and a full
account of the calculation and more results will be published
elsewhere.

All calculations were performed on a 16 node shared
memory IBM p590 computer with Open MP at the Albuquer-
que High Performance Computing Center. In particular, the
parallelization was implemented in the matrix-vector calcu-
lation which is the most time-consuming step of the calcula-
tion. Our simple-minded scheme is based on the partial sum-
mation and distributed the matrix-vector multiplication in the
outer loop. Such an approach is particularly effective with
the shared memory architecture, which avoids latency asso-
ciated with the message passing interface in distributed
memory clusters. Near linear scaling was achieved with re-
gard to the number of nodes in the Open MP environment.

A. H+H2 reaction

The BKMP2 potential energy function �64� was used in
our study of the H+H2 reaction. To test the accuracy of our
wave-packet results, time-independent CC calculations have
also been carried out using the ABC code �15�. Extensive
convergence tests were performed to determine optimal nu-
merical parameters, which are listed in Table I. Thanks to the
permutation symmetry, only half of the angular grid or basis
was used. The resulting size of the recurring vector is on the
order of half a million.

The energy dependence of various state-to-state integral
cross sections from the �i= ji=0 reactant state is compared in
Fig. 1 with the CC results. As the figure shows, the agree-
ment between the two numerically different approaches is
visually indistinguishable at all the energy points chosen in
the CC runs. To test our wave-packet method at a more rig-

orous level, state-to-state DCSs were calculated and com-
pared in Fig. 2 with the CC results at two selected energies.
Despite the rich structures in the product angular distribu-
tions, the agreement is again excellent.

A distinct feature of the wave-packet approach is that a
single propagation yields the scattering attributes in a range
of energies. To exploit this trait, we have generated a contour
map for the energy dependence of the 00→00 DCS in Fig. 3.
As the figure shows, the angular distribution is broad and
dominated by backward scattering at low energies; but with
the increase of energy, the forward scattering begins to
emerge and sideway scattering diminishes significantly. This
is consistent with previous quantum calculations on the same
reaction �20,22�.

TABLE I. Numerical parameters used in the calculations.
Atomic units are used unless otherwise specified.

H+H2 N+H2

Rmin 0.5 0.5

Rmax 10.5 15.0

nR 53 127

rmin 0.5 0.5

rmax 10.5 15.0

nr 47 127

jmax 38 99

n� 20 100

R0� 6.0 9.0

k0
2 /2� 0.7 eV 0.12 eV

� 0.15 0.15

R� 6.0 8.0

dR 0.01 0.005

Rd 7.5 11.0

dr 0.01 0.005

rd 7.5 11.0

FIG. 1. State-to-state integral cross sections for the H+H2��i

= ji=0�→H+H2�� f , j f� reaction. The lines and symbols represent
the wave-packet and CC results, respectively.

FIG. 2. State-to-state differential cross sections for the H
+H2��i= ji=0�→H+H2�� f , j f� reaction at two selected energies.
The lines and symbols represent the wave-packet and CC results,
respectively.
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All the calculations were obtained with Jmax=24 and all
possible values of �. Only 1000 steps of the Chebyshev
recursion were needed to converge the results. With the same
spectral range �H−�, on the other hand, roughly 3000 Cheby-
shev steps are needed if the wave packet is propagated in
time using the Chebyshev interpolation formula of Tal-Ezer
and Kosloff �24�. The Chebyshev propagation represents sig-
nificant savings.

B. N+H2 reaction

The excellent agreement between our wave-packet
method and the more established CC method for the hydro-
gen exchange reaction validated our approach and its imple-
mentation, and paved the way for its application to more
challenging systems. As discussed earlier, the N�2D�+H2 re-
action is considerably more demanding numerically than the
H+H2 system because the deep ��5.5 eV� NH2 well re-
quires a much larger basis and substantially longer propaga-
tion. To this end, the size of the wave packet �J=0� is ap-
proximately 1.6 million and the number of the propagation
steps is 10 000. So far, DCSs for this reaction have only been
computed using a time-independent method �61–63�, while
wave-packet calculations have been restricted to the total re-
action probability �35,65,66�. To the best of our knowledge,
this is the first report of exact quantum state-to-state DCSs
for this reaction using a wave-packet method.

The results reported here were obtained using the poten-
tial energy surface of Ho et al. �67�, which is more accurate
than the one used by previous time-independent work
�61–63�. Fully Coriolis-coupled wave packets up to J=15
were propagated for 10 000 steps, which enabled us to cal-
culate DCSs up to the collision energy of about 0.085 eV.
More extensive results, which require S matrices at higher J
values, will be published later.

In Fig. 4, the vibrationally resolved and total DCSs for the
N+H2��i= ji=0� reaction at a collision energy of
0.082 66 eV are displayed. As the figure shows, the product
angular distributions are dominated by scattering in both the

backward and forward directions, indicative of a significant
time delay in the scattering. The bias towards the backward
scattering angles, particularly in the low-lying vibrational
channels, is an indication that the reaction is not entirely
statistical. This point has been realized before, and was at-
tributed to the large exothermicity which results in a rela-
tively short lifetime for the NH2 complex �60,63,68�. Indeed,
our recent results on the total reaction probabilities showed
relatively broad peaks, signifying the participation of short-
lived resonances �35�.

The DCSs in Fig. 4 clearly indicate that the product vi-
brational distribution decays monotonically with the vibra-
tional quantum number �� f�. This is also consistent with the
previous theoretical work and can be attributed to the
complex-forming reaction mechanism �61–63,69�.

The rovibrationally resolved integral cross sections for the
same reaction are given in Fig. 5, again at 0.08 266 eV. The
product rotational distributions are all inverted and extend to
the largest possible rotational levels allowed by the available

FIG. 5. Rovibrational state-resolved integral cross sections for
the N+H2��i= ji=0�→NH+H reaction at 0.08 266 eV.

FIG. 3. Energy-angle contour map of the state-to-state differen-
tial cross section for the H+H2��i= ji=0�→H+H2�� f = j f =0� reac-
tion calculated with the wave-packet method.

FIG. 4. Vibrational state-resolved and total differential cross
sections for the N+H2��i= ji=0�→NH+H reaction at the collision
energy of 0.082 66 eV.
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energy. Again, these distributions are also consistent with
previous quantum mechanical results �61–63,69� and reflect
the near-statistical nature of the reaction.

IV. CONCLUSIONS

In this work, an accurate and efficient wave-packet
method based on the Chebyshev propagation is introduced
for calculating quantum state-to-state differential and integral
cross sections for atom-diatom reactive scattering. Like other
wave-packet based methods, this approach generates a col-
umn of the S matrix in an energy range, and has favorable
scaling laws in both memory and CPU. The Chebyshev
propagation has the additional advantage that it can be accu-
rately and efficiently carried out using the Chebyshev recur-
sion formula and in real arithmetic. This method is tested

with the benchmark H+H2 reaction system by comparing
with time-independent coupled-channel results and further
applied to a more difficult system, namely the N�2D�+H2

insertion reaction. The implementation in the Open MP en-
vironment allows linear scaling with respect to the nodes in a
shared memory computer, resulting in a significant reduction
of the elapse time needed for such intensive calculations.
Finally, we note that this wave-packet method can be readily
generalized to polyatomic reactive scattering systems.
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