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We construct a class of quantum bipartite d � d states which are positive under partial transposition �PPT
states�. This class is invariant under the maximal commutative subgroup of U�d� and contains as special cases
many well-known examples of PPT states. States from our class provide criteria for testing the indecompos-
ability of positive maps. Such maps are crucial for constructing entanglement witnesses.
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The interest on quantum entanglement has dramatically
increased over the last two decades due to the emerging field
of quantum information theory �1�. It turns out that quantum
entangled states may be used as basic resources in quantum
information processing and communication, such as quantum
cryptography, quantum teleportation, dense coding, error
correction, and quantum computation.

A fundamental problem in quantum information theory is
to test whether a given state of a composite quantum system
is entangled or separable. Several operational criteria have
been proposed to identify entangled states �2�. The most fa-
mous Peres-Horodecki criterion �3,4� is based on the partial
transposition: if a state � is separable then its partial trans-
position �1 � ��� is positive. States which are positive under
partial transposition are called PPT states. Clearly each sepa-
rable state is necessarily PPT but the converse is not true. It
was shown by Horodecki et al. �5� that the PPT condition is
both necessary and sufficient for separability for 2 � 2 and
2 � 3 systems.

Now, since all separable states belong to a set of PPT
states, the structure of this set is of primary importance in
quantum information theory. Unfortunately, this structure is
still unknown, that is, one may check whether a given state is
PPT but we do not know how to construct a general quantum
state with PPT property. There are several well-known ex-
amples of PPT states. One class contains PPT states which
are separable, e.g., Werner �6� and isotropic states �7�. Other
examples present PPT states that are entangled. Actually
there is a systematic method of construction of PPT en-
tangled states which is based on a concept of unextendible
product bases �8� �see also Ref. �9��. Other examples of PPT
entangled states were constructed in Refs. �4,10–15�. PPT
states also play a crucial role in mathematical theory of posi-
tive maps and, as is well known, these maps are very impor-
tant in the study of quantum entanglement. Recently, the
mathematical structure of quantum states with positive
partial transposition were studied in Refs. �16,17�.

In the present paper we propose a class of bipartite d
� d PPT states. This class is important for the following
reasons. �i� It contains many of the abovementioned ex-
amples of PPT states. �ii� We claim that this is the most
general class of PPT states available at the moment. More-
over, unlike other examples it fully uses complex parametri-
zation of density operators. �iii� Finally, it may be used to
study important properties of positive maps, e.g., to test
whether a given positive map is indecomposable and atomic.

As is well known indecomposable positive maps are crucial
in constructing entanglement witnesses.

The defining property of this class is very simple: it con-
tains bipartite states invariant under the maximal commuta-
tive subgroup of U�d�, i.e., d-dimensional torus Td=U�1�
� ¯ �U�1�. This commutative subgroup is generated by d
mutually commuting operators

t̂k = �k��k�, k = 1, . . . ,d , �1�

where �k� denotes an orthonormal base in Cd. Now, any
vector x�Rd gives rise to the following element from Td:

Ux = e−ix·t̂, �2�

where t̂= �t̂1 , . . . , t̂d�. Evidently, UxUy=Ux+y.
In the present paper we consider two classes of bipartite

states each of which is invariant under a representation of Td

on Cd � Cd.
�1� Werner-like state, or Ux � Ux-invariant states

Ux � Ux� = �Ux � Ux. �3�

�2� Isotropiclike state, or Ux � Ux
*-invariant states

Ux � Ux
*� = �Ux � Ux

*, �4�

for all x�Rd. Ux
* denotes complex conjugation of Ux in a

fixed basis.
Clearly, these two classes are related by a partial transpo-

sition, i.e., a bipartite operator Ô is Ux � Ux
* invariant iff

�1 � ��Ô is Ux � Ux invariant.
The most general state which is Ux � Ux

* invariant has the
following form:

� = �
i,j=1

d

aij�ii��j j� + �
i�j=1

d

cij�ij��ij� . �5�

Now, since �†=� the matrix â= 	aij	 has to be hermitian and
d2−d coefficients cij have to be real. Moreover, � is positive
iff

â = 	aij	 � 0 and cij � 0. �6�

Finally, normalization Tr �=1 leads to

Tr â + �
i�j

cij = 1. �7�

Consider now the partial transposition of �:
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�1 � ��� = �
i,j=1

d

aij�ij��ji� + �
i�j=1

d

cij�ij��ij� . �8�

Note, that the above formula may be rewritten as follows:

�1 � ��� = �
i=1

d

aii�ii��ii� + �
i�j

X̂ij , �9�

where the operator X̂ij is given by

X̂ij = aij�ij��ji� + aij
* �ji��ij� + cij�ij��ij� + cji�ji��ji� .

Since two operators �iaii�ii��ii� and �i�jX̂ij live in a mutually
orthogonal subspaces of Cd � Cd, the positivity of �1 � ���
implies separately �iaii�ii��ii��0, which is equivalent to

aii�0, and �i�jX̂ij �0. Now, for any pair i� j an operator

X̂ij acts on a two-dimensional subspace of Cd � Cd spanned
by �ij� and �ji�:

X̂ij�ij� = cij�ij� + aij�ji� ,

X̂ij�ji� = aij
* �ij� + cji�ji� , �10�

and hence X̂ij�ij��0 iff


cij aij

aij
* cij

� � 0, �11�

which is equivalent to the following condition:

cijcji − �aij�2 � 0. �12�

There is an evident example of isotropiclike PPT states. Let

�� = ��1 , . . . ,�d� be a normalized complex vector. Consider a
state from the class �5� with aij =�i� j

* and cij = ��i� j
*�. Evi-

dently â�0, cij �0, and cijcji− �aij�2=0. Hence each complex

vector �� gives rise to a PPT state.
Similarly one may analyze a general Werner-like

Ux � Ux
*-invariant state

�̃ = �
i,j=1

d

bij�ij��ji� + �
i�j=1

d

cij�ij��ij� . �13�

Now, positivity of �̃ is equivalent to cij �0 and

cijcji − �bij�2 = 0. �14�

On the other hand, partial transposition

�1 � ���̃ = �
i,j=1

d

bij�ii��j j� + �
i�j=1

d

cij�ij��ij� , �15�

is Ux � Ux
* invariant and, therefore, �̃ is PPT iff

b̂ = 	bij	 � 0 and cij � 0. �16�

Examples. Now we show that many well-known examples of
PPT states belong to our class.

�1� Werner state �6�.

Wp = �1 − p�Q+ + pQ−, �17�

where

Q± =
1

d�d ± 1��I � I ± �
i,j=1

d

�ij��ji� .

Clearly, Wp belongs to a class �13� with

bij = �x−, i � j ,

x− + x+, i = j ,
�

and cij =x+, where

x± =
1 − p

d2 + d
±

p

d2 − d
.

Condition �14� implies p� �0,1�. To check condition �16� for

PPT let us observe that the spectrum of b̂ consists of only
two points �1=x+ with multiplicity d−1 and �2=dx−+x+.

Therefore b̂ is positive iff �2�0 which is equivalent to
p�1/2 and hence it reproduces well known result for PPT
property of Werner states �6�.

�2� Isotropic state �7�.

I =
1 − �

d2 I � I +
�

d
�
i,j=1

d

�ii��j j� �18�

belongs to a class �5� with cij = �1−�� /d2 and

aij = ��/d , i � j ,

�/d + �1 − ��/d2, i = j .
�

Positivity of â together with cij �0 imply −1/ �d2−1���
�1. PPT condition �12� leads to ��1/d+1 which repro-
duces well known result for PPT property of isotropic states
�7�.

�3� The authors of Ref. �11� considered the following
two-parameter family:

�bc = a�
i=1

d

�ii��ii� + b �
i�j=1

d

�	ij
−��	ij

− � + c �
i�j=1

d

�	ij
+��	ij

+ � ,

�19�

where �	ij
±�= ��ij�± �ji�� /�2. Note, that the unit trace condi-

tion �7� enables one to compute a in terms of b and c:
a=1/d− �b+c� / �2d−2�. Clearly, �bc belongs to a Werner
class �13� with

bij = ��c − b�/2, i � j ,

a , i = j
�

and cij = �c+b� /2. Now, cij �0 implies c+b�0 whereas

b̂�0 gives

1 − d�d − 1�b � 0,

2 − d�d − 2�b − d2c � 0,

which reproduce results of Ref. �11�.
�4� Horodecki et al. �12� considered the following 3 � 3

state:
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� =
2

7
P+ +

�

7

+ +

5 − �

7

−, 2 � � � 5, �20�

where P+ denotes a projector onto the canonical maximally
entangled state and


+ =
1

3
��01��01� + �12��12� + �20��20�� ,


− =
1

3
��10��10� + �21��21� + �02��02�� .

Clearly, Eq. �20� belongs to isotropiclike class �5� with aij
=2/21, c01=c12=c20=� /21 and c10=c21=c02= �5−�� /21.
One easily finds that PPT condition �12� reproduces well
known fact that Eq. �20� is PPT for ��4. Recently, a one-
parameter family �20� was generalized for d � d systems as
follows �15�:

� =
a1

d
P+ + �

i=1

d

�
j=2

d
aj

d
�i,i + j − 1��i,i + j − 1� , �21�

where the positive numbers ai satisfy �iai=1. Clearly, it be-
longs to an isotropiclike family �5�. If ai+1ad−i+1�a1

2 then the
state is PPT.

�5� Bound entangled states considered in Ref. �13� belong
to our class �5� with aij =1.

�6� Størmer state. Størmer �18� analyzed an
un-normalized 3 � 3 positive PPT matrix with aij =1 and

cij = 2�, i � j ; cij = 1/2�, i  j .

This example may be immediately generalized for d � d case
as follows: aij =� and

cij  0, i � j ; cij = �2cji
−1, i  j ,

where �0 is a normalization constant. One has cijcji
= �aij�2, and Eq. �12� implies that the corresponding state is
PPT.

�7� Ha �16� performed very sophisticated construction of a
one-parameter family of d2�d2 �un-normalized� positive
matrices and showed that this family remains positive after
performing partial transposition. It turns that Ha’s family is a
special example of an isotropiclike class �5� with aij =1 and

ci�1,i = �, ci,i�1 = ��,

and the remaining cij =1. In the above formula “�” denotes
addition modulo d, and

� =
�2 + d − 1

d
, �� =

�−2 + d − 1

d
,

with �0. Now, conditions for positivity �6� are trivially
satisfied. Moreover, due to ����1, the PPT condition �12� is
also satisfied which shows that Ha’s family is PPT.

Another example constructed in Ref. �16� is a family of
�un-normalized� 3 � 3 positive PPT matrices but the con-
struction may be generalized to an arbitrary d as follows. Let

ui = �ii�, zi =
1

s
�i + 1,i� + s�i,i + 1� ,

with s0 and i=1, . . . ,d. Define the following family of
positive d2�d2 matrices

Bs = �
i=1

d

��ui��ui� + �zi��zi�� . �22�

Observe, that Eq. �22� belongs to a Werner-like class �13�
with

bii = bi,i�1 = bi�1,i = 1,

ci,i�1 = s2, ci�1,i = s−2,

and the remaining bij and cij vanish. Note, that PPT condi-
tion �16� is trivially satisfied.

�8� PPT states which do not belong to our class. It turns
out that apart from bound entangled states constructed via
unextendible product bases �8� almost all other examples of
PPT states do belong to our class. We are aware of only few
exceptions: one is the family of O � O-invariant states �19�
�see also Ref. �24�� and the second one is the celebrated
family of 3 � 3 states which are nonseparable but PPT
constructed by Horodecki �4�. Note that the d-dimensional
torus U�1�� ¯ �U�1� does not allow for an orthogonal
subgroup and hence states with orthogonal symmetry has to
be considered separately. Now, the Horodecki state �a may
be rewritten as �a=�a�+�a�, where

�a� = �a��
i,j=1

3

�ii��j j� + �
i�j=1

3

�ij��ij�
and

�a� =
�

2
�1 − a2��31��33� + �33��31�� ,

with �=1/ �8a+1� being a normalization constant. Note, that
�a� is an isotropiclike matrix and does belong to Eq. �5�.
However, �a� is not invariant under the maximal commutative
subgroup of U�3�. Note, that �a� is invariant only under the
one-parameter subgroup generated by t̂2= �2��2�. It shows
that Horodecki state �a is also symmetric but with respect to
smaller symmetry group.

Separability. A state from a class �5� is separable iff
there exists a separable state 
 such that �=P
, where P
denotes a projector operator projecting an arbitrary state
onto the class �5�, i.e., P
 belongs to Eq. �5� with “pseudo-
fidelities” aij =Tr�
�ii��j j�� and cij =Tr�
�ij��ij��. Taking

= �� � ���� � �� one finds the following sufficient condition
for separability:

aij = �i
*� j�i

*� j, cij = ��i�2�� j�2, �23�

where �i= �i ��� and �i= �i ���.
Positive maps. PPT states are also important in the study

of positive maps �16,18,20� �see also Ref. �12� for a useful
review�. It has been shown �5� that there exists a strong
connection between the classification of the entanglement of
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quantum states and the structure of positive linear maps: a
state � living in Cd � Cd is separable iff �1 � ����0 for all
positive maps � :Md→Md, where Md denotes the set of d
�d complex matrices. Now, let Vk be the cone of positive
matrices A� �Md � Md�+ such that Schmidt number Sch�A�
�k �21�. Now, one says that A belongs to a cone Vl iff A is
PPT and SN��1 � ��A�� l. It is clear that V1=V1 defines a
cone of separable elements. Recall that a positive map
� :Md→Md is k positive iff �1 � �� is positive when re-
stricted to Vk. Similarly, � is k copositive iff �1 � � ��� is
positive on Vk. Clearly, k-positive map is necessarily l posi-
tive for l�k �the same is true for k copositivity�. If k=d then
the d-positive �d-copositive� map is called completely
positive �completely copositive�.

Concerning the PPT states the crucial role is played by so
called indecomposable maps: a linear positive map is inde-
composable iff it cannot be decomposed into the sum of
completely positive and completely copositive maps. The
most basic class of indecomposable maps consists of so-
called atomic ones �22�—� is atomic iff it cannot be decom-
posed into the sum of two-positive and two-copositive maps.
Atomic maps posses the “weakest” positivity property and
hence may be used to detect the bipartite states with the
“weakest” entanglement, i.e., states from V2�V2. Con-
versely, PPT states may be used to check the atomic property
of positive maps. Suppose that we are given an indecompos-
able positive map �. If for some A�V2�V2 one finds that

�1 � ��A is not positive then � is necessarily atomic. Now, it
would be interesting to know when PPT states from our class
belong to V2�V2. Consider, e.g., a state � from an isotropi-
clike class �5�. Note, that if � is PPT then, due to Eq. �10�, �
necessarily belongs to V2. Hence, it is enough to check when
��V2. It is clear that ��V2 iff there is 
��V2 such that
�=P
�. Taking 
�= 1

2 �� � �+	 � ���� � �+	 � �� one finds
the following sufficient condition for � to be an element from
a cone V2:

aij =
1

2
��i

*�i
*�� j� j + 	 j� j� + 	i

*�i
*�� j� j + 	 j� j�� ,

cij =
1

2
��i� j��i

*� j
* + 	i

*� j
*� + 	i� j��i

*� j
* + 	i

*� j
*�� ,

where �i= �i ��� and similarly for �i, 	i and �i. Interestingly,
any Werner-like state from �13� belongs to V2. Hence it suf-
fices to check wether it belongs to V2. One may easily derive
sufficient conditions for bij and cij in analogy to the above
conditions for aij and cij. It would be interesting to general-
ize PPT states analyzed in this paper to multipartite case
following the construction presented recently in Ref. �23,24�.

This work was partially supported by the Polish
State Committee for Scientific Research Grant “Informatyka
i inżynieria kwantowa” No. PBZ-Min-008/P03/03.

�1� M. A. Nielsen and I. L. Chuang, Quantum Computation and
Quantum Information �Cambridge University Press, Cam-
bridge, England, 2000�.

�2� A. C. Doherty, P. A. Parrilo, and F. M. Spedalieri, Phys. Rev.
Lett. 88, 187904 �2002�; O. Rudolph, Phys. Rev. A 67,
032312 �2003�; K. Chen and L. Wu, Quantum Inf. Comput. 3,
193 �2003�; M. Horodecki, P. Horodecki, and R. Horodecki,
Open Syst. Inf. Dyn. 13, 103 �2006�; D. Bruss et al., J. Mol.
Spectrosc. 49, 1399 �2002�.

�3� A. Peres, Phys. Rev. Lett. 77, 1413 �1996�.
�4� P. Horodecki, Phys. Lett. A 232, 333 �1997�.
�5� M. Horodecki, P. Horodecki, and R. Horodecki, Phys. Lett. A

223, 1 �1996�.
�6� R. F. Werner, Phys. Rev. A 40, 4277 �1989�.
�7� M. Horodecki and P. Horodecki, Phys. Rev. A 59, 4206

�1999�.
�8� C. H. Bennett et al., Phys. Rev. Lett. 82, 5385 �1999�.
�9� D. P. DiVincenco et al., Commun. Math. Phys. 238, 379

�2003�; A. O. Pittenger, Linear Algebr. Appl. 359, 235 �2003�.
�10� C. H. Bennett, D. P. DiVincenzo, J. A. Smolin, and W. K.

Wootters, Phys. Rev. A 54, 3824 �1996�; M. Horodecki, P.
Horodecki, and R. Horodecki, Phys. Rev. Lett. 84, 2014
�2000�.

�11� D. P. DiVincenzo et al., Phys. Rev. A 61, 062312 �2000�.
�12� M. Horodecki, P. Horodecki, and R. Horodecki, in Quantum

Information: An Introduction to Basic Theoretical Concepts

and Experiments, Springer Tracts in Modern Physics
�Springer, Berlin, 2001�, pp. 151–191.

�13� P. Horodecki and M. Lewenstein, Phys. Rev. Lett. 85, 2657
�2000�.

�14� D. Bruss and A. Peres, Phys. Rev. A 61, 030301�R� �2000�.
�15� S. Yu and N. L. Liu, Phys. Rev. Lett. 95, 150504 �2005�.
�16� K.-C. Ha Research Institute of Mathematical Sciences �RIMS�

in Kyoto 34, 591 �1998�.
�17� K.-C. Ha and S.-H. Kye, J. Phys. A 38, 9039 �2005�; Phys.

Lett. A 325, 315 �2004�.
�18� E. Størmer, Proc. Am. Math. Soc. 86, 402 �1982�.
�19� K. G. H. Vollbrecht and R. F. Werner, Phys. Rev. A 64,

062307 �2001�.
�20� M. D. Choi, Linear Algebr. Appl. 10, 285 �1975�; H. Osaka,

ibid. 186, 45 �1993�; B. Terhal, ibid. 323, 61 �2001�; A. Ko-
ssakowski, Open Syst. Inf. Dyn. 10, 1 �2003�; K.-C. Ha and
S.-H. Kye, Phys. Lett. A 325, 315 �2004�.

�21� B. M. Terhal and P. Horodecki, Phys. Rev. A 61, 040301
�2000�; A. Sanpera, D. Bruss, and M. Lewenstein, ibid. 63,
050301�R� �2001�.

�22� K. Tanahashi and J. Tomiyama, Can. Math. Bull. 31, 308
�1988�.

�23� D. Chruściński and A. Kossakowski, Phys. Rev. A 73, 062314
�2006�.

�24� D. Chruściński and A. Kossakowski, Phys. Rev. A 73, 062315
�2006�.

DARIUSZ CHRUŚCIŃSKI AND ANDRZEJ KOSSAKOWSKI PHYSICAL REVIEW A 74, 022308 �2006�

022308-4


