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We discuss the properties of probabilistic coding of two qubits to one qutrit and generalize the scheme to
higher dimensions. We show that the protocol preserves the entanglement between the qubits to be encoded
and the environment and can also be applied to mixed states. We present a protocol that enables encoding of
n qudits to one qudit of dimension smaller than the Hilbert space of the original system and then allows
probabilistic but error-free decoding of any subset of k qudits. We give a formula for the probability of

successful decoding.
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I. INTRODUCTION

The pure state of a d-level quantum system is described
by 2d-2 real parameters. Thus the pure state of two nonen-
tangled qubits is described by four real numbers, e.g., the
Bloch sphere coordinates of each qubit. The same number of
parameters specifies the state of one qutrit (a quantum sys-
tem with three-dimensional Hilbert space). It is thus interest-
ing to consider the possibility of encoding the states of two
nonentangled qubits to one qutrit. The first constraint on such
encoding is given by the Holevo bound [1], which states that
using a d-dimensional quantum system (qudit) one can com-
municate at most log,d bits of classical information. So it is
not possible to encode two qubits to a single qubit and then
decode both of them. However, it has been recently shown
theoretically [2] that one can encode two nonentangled qu-
bits and then decode probabilistically one arbitrarily chosen
qubit with perfect fidelity. It is important that one can decide
which qubit to decode after the encoding took place. The
protocol is probabilistic in the sense that the average prob-
ability of successful decoding is equal to 2/3. Bertuskova et
al. [3] have recently realized the above scheme experimen-
tally for optical qubits. In their execution of the protocol the
probability of successful decoding was 1/2. This was due to
the fact that in the experiment they replaced positive-
operator-valued measure (POVM) measurements, whose
implementation is rather difficult, with simpler von Neu-
mann measurements. They also presented a generalization of
the original scheme. Specifically, they showed how to encode
N qudits of dimension d each in one qudit of dimension
N(d-1)+1 and then decode one of them. In their protocol
both the procedures of encoding and decoding succeed with
a probability strictly less than 1. In the present paper we
investigate properties of the original scheme and extend it in
several ways. The paper is organized as follows. In Sec. II
we review the original scheme and prove the optimality of
the decoding. In Sec. III we show that the protocol preserves
entanglement between the qubits and the environment and
can also be applied to mixed states. In Sec. IV we present the
protocol for encoding two qudits of dimension d in one qudit
of dimension 2d—1 and then probabilistically decoding one
of them. In Sec. V we show how to encode n nonentangled
qudits to one qudit of a dimension smaller than the Hilbert
space of the original system and then probabilistically but
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with perfect fidelity decode any subset of k qudits. We also
give a formula for the probability of successful decoding.
The paper ends with a brief summary in Sec. VL.

II. OPTIMALITY OF DECODING

Let us first briefly describe the original protocol. We in-
troduce two parties Alice and Bob. Alice performs the encod-
ing while Bob tries to decode the qubit with perfect fidelity.
We suppose that the states of the two qubits are

W) =a,|0); +by[1), (1)
and
|W,) = a,|0), + by|1),. (2)

To encode the states of these qubits to one qutrit Alice per-
forms measurement on the joint state of the system |¥,)
®|W¥,) given by the following measurement operators:

1
Moo= =(00X00] +[01X01] + 10)(10), ()

1
My, = ,—§(|Ol>(01| +[00)00] + [11)(11
\‘!

), (4)

1
M= \T§(|10>(10| +[11)(11] +]00)00]), (5)

Ml,l=\,%<|11><11|+|10><10|+|01><01|>. (6)

It should be emphasized that this is a generalized measure-
ment (a POVM). If as a result of the measurement Alice
obtains 0,0, then the state of two qubits is projected onto a
three-dimensional subspace and is now given as

| W) = N(a;a,|00) + a,b,|01) + bya,|10)), (7)

where N is a normalization constant. To recover the first
qubit Bob performs a projective measurement given by the
following operators:

P, s=100)00| + [10)(10], (8)
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Pl,F=|Ol><01|~ )

If Bob obtains 1, S as a result of the measurement then the
state of the qutrit is projected onto a two-dimensional sub-
space and is identical to the state of the first qubit given by
Eq. (1). If Bob obtains 1, F as a result of the measurement
then the procedure of decoding fails. Averaging over all pure
states of the first and second qubits one obtains that the prob-
ability of successful decoding is equal to 2/3. Similarly, to
recover the second qubit Bob performs a projective measure-
ment described by the operators

P, 5=100)X00] +]01)(01

; (10)

P, =[10)10. (11)

The procedure of decoding works similarly in the case when
Alice obtains 7, as the result of the measurement. However,
the choice of decoding operators depends on the three-
dimensional subspace onto which Alice projected the origi-
nal state of two qubits. Thus Alice has to send to Bob two
bits of classical information identifying this subspace.

Let us now investigate whether one can decode one arbi-
trarily chosen qubit with average probability higher than 2/3.
The most general quantum operation corresponding to de-
coding of the first qubit can be written as

2 EJUXVIE;
K
W (W[ = : (12)
U (S Eporie]
k
where | W) is the state of the first qubit given by Eq. (1), |¥)

is the state of the qutrit given by Eq. (7), and E, are operation
elements of the form

62’0 62’1 62’2
E=\ 10 11 a2/ (13)
S

Because on the left side of Eq. (12) we have a pure state we
must have for each k

E W) =N W), (14)

where \, are some complex numbers and depend on E; and
|W). Substituting Eqs. (1) and (7) into Eq. (14) we obtain

eYNa,a, + e'Na b, + e *Nb,a, = \a,, (15)

e,i‘ONala2+e,i’lNalb2+6,1(’2Nb1(12=)\kb1. (16)

Equations (15) and (16) have to be satisfied for any values of
a; and b; satisfying the normalization condition |a;|>+|b,|?
=1. The solution to these equations has the form

A= eNay, (17)
Ek=(ek 0 0). (18)
0 0 €

Because 3,E|E;,<I one obtains =;|e;|><1. The probability
of successful decoding is equal to
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prs= Tr(z Ek|w><\v|E;L') - Tr(z E;iEk|~1f><~1f|)
k k
= 2 [edTr{(00)00] + [10)(10])|¥)(¥|]
k

< Te(P, | W)(W)). (19)

We thus obtained that the quantum operation of Eq. (8) gives
the highest probability of successful decoding.

III. CODING OF QUBITS ENTANGLED WITH THE
ENVIRONMENT AND QUBITS IN MIXED STATES

Let us now investigate the possibility of coding the en-
tangled and mixed states. We emphasize that the protocol
does not enable encoding of qubits in nonseparable states but
this does not reject the possibility of coding qubits entangled
with two distinct environments. Thus we suppose that each
of Alice’s qubits is entangled with a qubit from the environ-
ment but they are not correlated (either quantum or classi-
cally) with each other. We assume that the first qubit and the
qubit from the environment are in the pure state

) =91|O>E1|0>1 +b1|l>E1|O>l + Cl|O>E1|1>l +d1|1>E1|1>]'
(20)

Similarly, the state of the second qubit and the qubit from the
environment is

W) = a2|O>E2|0>2 + by 1>E2|0>2 + C2|0>E2| 1), +dy)| 1>E2| 1),.

21
It is convenient to write these states in the following way:
[Wy) =[]0} + )| 1)1, (22)
W) = [12)[0); + | #2)[ 1), (23)
where
@) =a10)|0g, , + bio)| D, - (24)
[b10) = 1|0, ) + i) D, (25)

are in general some unnormalized and not necessarily or-
thogonal vectors. If Alice performs the measurement given
by the operators of Egs. (3)—(6) and obtains, for example, 0,0
as the result of the measurement, then the state vector of the
whole system collapses to

[W) = N(|¢1)|42)|00) + [4h1)| $2)|01) + [ )| 14,)|10)) .
(26)

To recover the state of the first or the second qubit and the
corresponding qubit from the environment, Bob performs a
projective measurement given by the operators of Egs. (8)
and (9) or Egs. (10) and (11), respectively. We see that the
original protocol preserves the entanglement between the qu-
bit to be recovered and the environment.

Let us now comment on the coding of mixed states. Let us
suppose that we have two qubits. The first (second) qubit is
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in a state described by the density matrix p;() and the state
of the whole system is

pP=p1® py. (27)

It is well known that any mixed state can be purified [4].
Thus, we can assume that the mixed state pj(,) is obtained
from the pure state of the system and the environment by
tracing out the latter. Because the scheme preserves entangle-
ment between the system and the environment, the density
matrix of the qubit that is successfully decoded does not
change and we conclude that the protocol can be applied to
mixed states of the form (27).

IV. CODING OF TWO QUDITS

Let us now describe a generalization of the scheme for
coding of two qudits. We assume that we have two nonen-
tangled qudits of dimension d. Each of them is in a pure state

[5]:

d-1 d-1
W)= 2 ali) ® X bli). (28)
=0 =0

To encode the states of these two qudits in one qudit of
dimension 2d -1, Alice performs the measurement described
by the following operators:

d-1 d-1
1
M, === lij)ijl + X |kjXki|+ 2 |iD)] |.
V2d -1 k=0, =0,
k#i 1#j

(29)

These are Hermitian operators. Each term |ij)(ij| is present in
1+2(d~-1) operators, namely, in M, ;, M, ; (k#i), and M;,
(I#j), and thus these operators satisfy the condition

d-1

> MM, =1 (30)
i,j=0

Taking it all together we see that the operators M, ; are in-
deed the measurement operators. Each of these operators
projects the initial state of two qudits onto a
(2d-1)-dimensional subspace of the original Hilbert space.
We can now treat our system as a qudit of dimension 2d
—1. To decode the state of the first qudit, Bob performs a
projective measurement described by the operators

d-1
Py s= > [kj)kjl (31)
k=0
and
d-1
Pip= 2 ilXill. (32)
1=0,1#]

If he obtains 1, S as a result of the measurement then decod-
ing succeeds; otherwise it fails. The procedure for decoding
of the second qudit is similar.
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V. CODING OF MANY QUDITS

We now describe the protocol for encoding n qudits in
such a way that probabilistic, but error-free decoding of any
subset of k qudits is possible. Let us suppose that we have n
nonentangled qudits of dimension d. Each of these qudits is
in a pure state [5] and the state of the whole system is

d-1 d-1

-
|‘P>=Eai|i>® Ebi|i>® Ecili>'-- . (33)
i=0 i=0 i=0

In order to encode these n qudits in such a way that Bob can
later decode any subset of k qudits, Alice performs a mea-
surement described by the operators

d-1

1
Mijg...=7=(ijk--Nijk--| + 2 |pjk---Xpjk- |
VD p=0

pFi
d-1 d-1
+ 2 |iqk'~~>(iqk"'|+ 2 |l]r><l]r|+
q=0, r=0,
q#j r#k
d-1 d-1
+ 2 pgk-Xpgk--|+ 2 |pjr--)
p=0,g=0, p=0,r=0,
pEig# pEirk
d-1
X(pjr'-~|+ E |iqr"°)(iqr'~'|+"'
g=0,r=0,
q#jor¥k
+ (other terms), (34)

where “other terms” stands for similar sums over three,
four,..., k indices. The constant D, in the above equation is
equal to the dimension of the subspace onto which M, ;;
projects and

k

n .

Dk=2(.>(d—1)’. (35)
i=0 \!

Similar arguments as before can be used to show that these

operators indeed describe a measurement. Because if k<n

then

k n
D=2 (7)(d—1)i<2 <n>(d— Di=[1+d-1D]"=a",
i=0

i=0 \1 i
(36)

the qudits are encoded in a system with a Hilbert space of
smaller dimension than the original one.

To decode k qudits Bob performs a projective measure-
ment described by the operators

d-1
Ps= 2 |pgk---Ypak--|, (37)

p=0,4=0,...
Pp=1- Py, (38)

where the sum is taken over indices belonging to the qudits
to be decoded and the other indices are equal to those that
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specify the result of the measurement (34). We also notice
that if the qudits to be decoded are entangled between them-
selves then the procedure succeeds and preserves the en-
tanglement. However, the qudits that are decoded cannot be
correlated with those that are not decoded.

Let us now illustrate the whole protocol with a simple
example. We assume that we have three qubits. Now we can
encode them in two different ways: (1) Alice encodes three
qubits in such a way that any one of them can be later de-
coded and (2) Alice encodes three qubits in such a way that
any two of them can be later decoded. In both cases the
initial state of the system is

|\I’> = a1a2113|000> + a1a2b3|001> + alb2a3|010> + (11b2b3|01 1)
+ b1a2a3|100> + b1a2b3|101> + blb2(13|110>
+ bybybs|111). (39)

In the case of the first coding we have n=3, d=2, and
k=1. To encode three qubits Alice projects the state of the
system on a four-dimensional subspace with measurement
operators defined in Eq. (34), for example,

1
Moo= E(|OOO)(OOO| +001)001] +]010)(010]

+[100)(100)). (40)

If Alice obtains 0,0,0 as a result of her measurement then the
state of the system becomes

|’\lf> =N(alaza3|000> + a1a2b3|001> + a1b2a3|010>
+b|a2a3|100>). (41)

If Bob wants to decode the state of the first qubit he performs
a projective measurement described by the operators

Py.s=000)(000] + 100)(100], (42)

P, »=010)010] +[001)(001|. (43)

If he obtains 1, S as a result of the measurement then he
successfully decodes the first qubit.

In the case of the second coding we have n=3, d=2, and
k=2. To encode three qubits Alice projects the state of the
system onto a seven-dimensional subspace with measure-
ment operators defined in Eq. (34), for example,

1
Moo= 77(|000><000| +001)(001| +]010)010|
V

+[100)(100| +[011)(011] + [101){101|

+[110)(110]). (44)
It should be noted here that the dimension of the space onto
which the original space is projected depends on two things:

(1) the number of qudits to be encoded and (2) the number of
qudits to be decoded.
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If Alice obtains 0,0,0 as a result of her measurement then
the state of the system becomes

|\I’> = N(a1a2a3|000> + a1a2b3|001> + a1b2a3|010>
+ blaza3|100) + a1b2b3|011> + b1a2b3| 101)
+b]b2a3|110>). (45)

If Bob wants to decode the state of the first and second
qubits he performs a projective measurement described by
the operators

Pg=1000)000| + |100)(100| + [010%010| + [110)(110], (46)

Pr=[001)001] +[011)011] +[101)(101].  (47)

If he obtains S as a result of the measurement then he has
successfully decoded the first and second qubits.

In the protocols described the procedure of decoding is
always successful; however, one does not know onto which
subspace the initial state of the system will be projected. The
choice of the decoding measurement depends on (1) the qu-
dits to be decoded and (2) the subspace onto which the initial
state was projected. Because of the latter Alice must send to
Bob n log, d bits of classical information about the result of
her measurement. The procedure of decoding is probabilistic
and it only succeeds with some probability. If we assume that
each qudit is prepared in a randomly chosen pure state then
the average probability of successful decoding of k qudits of
n encoded qudits is equal to

dk

= D_k (48)

Ps
This is the dimension of the Hilbert space of k decoded qu-
dits divided by the dimension of the Hilbert space of the
qudit to which n qudits were encoded.

VI. SUMMARY

We have shown that the scheme of Ref. [2] preserves the
entanglement between the qubit to be decoded and the envi-
ronment and can also be used for coding of mixed states. We
also presented a much more general protocol that enables
encoding of n qudits in one qudit of dimension smaller than
the dimension of the Hilbert space of the original system and
then probabilistically decode any subset of k of them. The
probability of successful decoding is equal to the dimension
of the Hilbert space of k qudits divided by the dimension of
the qudit in which the n qudits are encoded.
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