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BCS-BEC crossover and quantum phase transition for °Li and “’°K atoms
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We systematically study the BCS-BEC crossover and the quantum phase transition in ultracold ®Li and *°K
atoms across a wide Feshbach resonance. The background scattering lengths for ®Li and *°K have opposite
signs, which lead to very different behaviors for these two types of atoms. For 40K, both the two-body and the
many-body calculations show that the system always has two branches of solutions: one corresponds to a
deeply bound molecule state; and the other, the one accessed by the current experiments, corresponds to a
weakly bound state with population always dominantly in the open channel. For OLi, there is only a unique
solution with the standard crossover from the weakly bound Cooper pairs to the deeply bound molecules as one
sweeps the magnetic field through the crossover region. Because of this difference, for the experimentally
accessible state of “’K, there is a quantum phase transition at zero temperature from the superfluid to the
normal Fermi gas at the positive detuning of the magnetic field where the s-wave scattering length passes its
zero point. For ®Li, however, the system changes continuously across the zero point of the scattering length.
For both types of atoms, we also give a detailed comparison between the results from the two-channel and the

single-channel model over the whole region of the magnetic field detuning.
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I. INTRODUCTION

Ever since the experimental observation of the condensa-
tion of fermion pairs in dilute gases of ultracold fermionic
atoms, the study of the BCS-BEC crossover in ultracold fer-
mionic gases has attracted much attention [1,2]. The cross-
over in ultracold fermion gases is facilitated experimentally
by the Feshbach resonance, where the interatomic interaction
can be tuned over a large range by varying the external mag-
netic field [3]. Various experiments have been done recently
in ultracold fermionic gases in the vicinity of the Feshbach
resonance to study the properties of the BCS-BEC crossover
[1].

In most experiments, either an equal mixture of *°K atoms
in the |F=9/2, mp=-9/2) and the |[F=9/2, mp=-7/2) hy-
perfine states or an equal mixture of °Li atoms in the
|F=1/2, mp=—1/2) and the |[F=1/2, mp=1/2) states are
prepared and magnetically tuned across a wide Feshbach
resonance (By=202 G for K and B,=834 G for °Li). Be-
cause of the nature of the wide resonance, for both atom
species, their properties close to the resonance point are very
similar [4—6]. However, they indeed have an important dif-
ference that is not quite emphasized before: the background
scattering lengths for “°K and °Li have opposite signs. This
sign difference in the background scattering has profound
effects when the system is outside the unitary region.

In this paper, we investigate the different properties of
40K and °Li atoms arising from their distinction in the back-
ground scattering. To describe the Feshbach resonance, we
use the standard two-channel model that is characterized by
three parameters determined from the scattering data: the
resonance width, the detuning, and the background scattering
length [2,5,7]. The main differences between 40K and °Li are
summarized as follows: First, for the g atoms, there al-
ways exist two stable solutions to the many-body gap and
number equations; while for the ®Li atoms, there is only one
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solution. The current experiments with YK atoms probe only
one branch of the solution through the adiabatic sweep. For
this experimentally relevant branch, the closed channel
population is always limited to a small fraction, no matter
how far the magnetic field is detuned. This unusual property
of “°K has been noted before, in association with a somewhat
different model Hamiltonian that is characterized by five ex-
perimental parameters [8,9]. For future experiments with
0K, there might also be the possibility to switch to the other
branch of the solution through a fast sweep, if the three-body
collision does not turn out to be a significant obstacle to the
stability of such a state (note that the three-body collision is
not taken into account in the two-channel Hamiltonian). Sec-
ond, a probably more interesting difference is that there ex-
ists a quantum phase transition at zero temperature for the
40 atoms; while there is no such transition for °Li. Note that
here we limit ourselves to the case with equal populations for
the two spin components, where there is no phase transition
in the standard BCS-BEC crossover theory. Nevertheless, for
the experimentally accessible branch of solution of the *°K
atoms, due to the effect of the background scattering in the
two-channel model, a quantum phase transition from the su-
perfluid state to the normal Fermi gas occurs on the BCS side
of the resonance, basically around the point where the scat-
tering length goes across zero. For the °Li atoms, however,
when the scattering length crosses the zero point, which is on
the BEC side, the change in the state of the system is com-
pletely continuous.

In this work, we have also systematically compared the
results from the two-channel model and from the single-
channel model over the whole region of the magnetic field
detuning (from the far negative to the far positive). The stan-
dard single-channel model is characterized by only a single
parameter, the scattering length at the corresponding field
detuning. Our results extend some of the comparisons in
Refs. [4] to the off-resonance region, with particular empha-
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sis on the effects arising from the difference in the back-
ground scattering of the two atom species. For easier com-
prehension of the properties of the many-body solutions, we
also present the solutions for the two-body states with the
same model Hamiltonian for comparison. The paper is ar-
ranged as follows: In Sec. II, we present the model Hamil-
tonians, and discuss their two-body states for °Li and “°K
atoms. Then, in Sec. III, we apply the two channel and the
single channel models, respectively, to study the many-body
properties of the ultracold atoms at zero temperature. The
properties calculated include the energy gap, the chemical
potential, and the closed channel population. In Sec. IV we
analyze in detail the quantum phase transition for the *°K
atoms on the BCS side. Finally, in Sec. V, we discuss the
finite temperature behavior, and calculate the critical tem-
peratures and the pseudogaps corresponding to the different
branches of solutions for °Li and “°K atoms. For this finite-
temperature calculation, we follow the GyG method as re-
viewed in Ref. [5] to include the pair fluctuations. The results
are summarized in Sec. VL.

II. THE MODEL HAMILTONIANS AND THEIR
TWO-BODY STATES

The Feshbach resonance in ultracold atoms can be under-
stood on the grounds of two colliding fermions in different
hyperfine states. In dilute ultracold gases, the interaction can
be described by the s-wave atomic scattering. The magnetic
field tunes the interaction strength by Zeeman shifting the
energy level of the quasibound state (the Feshbach molecule
state) relative to the continuum threshold of free atoms. The
physics is well described by the following two-channel
model [2,7]:

H=, eka];gakﬂ + > (y+ eq/2)b3;bq
ok q

i T
+(UY) 2 Aq/2,1%-k-q/2,| Ak’ ~q/2,| DK +q/2,]
kk',q

+ (@ VX (bjla—k+q/2,iak—q/2,1 +H.c.), (1)
k.q

where a;  and b are the creation operators for the open

channel fermions 2the atoms) and the closed channel bosons
(the molecules), respectively; e,=#2k>/(2m) (m is the atom
mass); ) is the quantization volume, and o= 1, | denotes the
different hyperfine states of the atoms. This Hamiltonian is
characterized by three parameters: the bare atom-molecule
coupling rate g, the bare background atom scattering rate U,
and the bare detuning y. These three bare quantities are con-
nected with the physical ones g,,U,, v, through the standard
renormalization relations: U=I'U,, g=I'g,, y=v,~ Fg /U,
where I'=(1+U,/U,)"" and lf =-3,(1/2¢) [5]. The
physical quantities g,,U,, 7, are determmed from the scat-
tering data as U,=4mh"a,,/m, g 4ﬂ'ﬁ2abgAB,uw/m and
¥p=teo(B—By) (,uw is the dlfference in magnetic moments
between the two channels) [10], where we have assumed that
the s-wave scattering length near resonance has the form a;
=ay, [1-AB/(B-By)], with a,, as the background scattering
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length, AB as the resonance width, and B, as the resonance
point.

If the population in the closed channel is negligible, one
can adiabatically eliminate the molecular modes by in the
Hamiltonian (1), and arrive at the following simplified
single-channel model:

_ T
H=2 gaj ,ax.q
ok

+ (U)X alT(+q/2,Taik—q/Z,J,a—k’—q/Z,lak’+q/2,T’
kk'.q

2)

where U*/ is connected with the physical one U%' by the
renormalization relation U¢7= Ueff(l +Ueff/U) ! and Ueffls
determined solely by the scattering length a, as Ueff
=47mh’a,/m at the corresponding magnetic field detumng
So, a single-channel model does not explicitly depend on the
resonance width or the background scattering rate, it only
depends on their combination through the expression of a;.
In this sense, a single-channel model is simpler and more
universal. However, given a new configuration, we typically
do not know whether the closed channel population is neg-
ligible prior to the calculation, therefore the validity of the
single-channel model is not self-evident. We will have some
systematic comparison of the results from the two-channel
and the single-channel calculations for *°K and °Li over the
whole region of the magnetic field detuning. A similar com-
parison has been done before in the unitary region [4,5],
where the background scattering can be neglected.

To have some intuitive understandings of the Hamiltonian
above, we first look at its bound states for two particles. For
a two-channel model, the eigenstate of the Hamiltonian in
the case of two particles can be written as the superposition
of the molecular bosons in the closed channel and the fer-
mion pairs in the open channel,

P)y=> cka;Taik,l +c,bjl0), (3)
K

where ¢y and ¢, are the superposition coefficients, and we
have assumed that the center-of-mass momentum =0 as it
is decoupled from the relative momentum in the two-body
case. The Schrodinger’s equation H|W)=E|¥) then gives

SRR
U — gz - Vk 2€k—E 2Ek

P ,yp_E

-72,_~1 e\ -
=2""7 % V-E, (4)

where we have used the renormalization relation 1/ [U
—&2/ Y= V[U=-g*/y]+(1IVZ[1/(26)].

We solve the bound state energy levels of °Li and K,
respectively. The parameters for the °Li atoms are Apg
=-1405a,, AB=-300 G, and pu.,~2ug where a, is the
Bohr radius and up is the Bohr magnetic moment. The pa-
rameters for the *°K atoms are ap,=174ay, ABy=7.8 G, and
Moo~ 1.68up. The results of our calculation are plotted in
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FIG. 1. (Color online) The bound state energy levels for two
colliding atoms of (a) 40K (b) °Li. The solid curves are the deeply
bound states, the dashed curve is the weakly bound state in 40K, and
the dash-dotted curves are the results from the single-channel
Hamiltonian. To compare with the many-body calculations that fol-
low, the unit of energy is taken to be Ep=#%(372n)*3/2m, where
the total particle densities (n) are chosen to be typical values in the
experiments (n~ 1.8 X 10! em™ for *°K, and n~2.9% 10" cm™3
for °Li [1]).

Fig. 1. The outstanding feature of the figures is that there are
two branches of bound state for “°K [Fig. 1(a)]. One branch
is a deep-bound molecule state that never crosses the con-
tinuum threshold (zero energy in the plots). In this state, the
closed channel fraction (|c,|?) becomes dominant as one ap-
proaches the negative detuning. The other branch (the upper
one) is a weakly bound pair state that crosses the continuum
threshold at y=0. In this state, the closed channel fraction is
always limited to a small fraction (<6%), no matter how
much the magnetic field is detuned. In experiments, one ap-
proaches the bound state by adiabatically tuning the mag-
netic field, starting from the atom continuum. Therefore the
branch of state with weakly bound pairs is the one accessed
in the current experiments. If one wants to go to the deeply
bound molecule state, one either needs a fast magnetic field
sweep with a rate larger than the energy splitting between the
two bound states, or use some 1f pulses to couple these two
branches. For the °Li atoms, in contrast, there is only one
branch of solution, which merges into the continuum at 7y
=0 and approaches the deep-bound molecule state as one
increases the negative field detuning. This difference be-
tween the two atom species comes from the different natures
of their background scattering interactions. For “°K with a
positive background scattering length, as has been discussed
in Refs. [8,9,11] (the Hamiltonians therein are characterized
by five parameters and are somewhat different from the
model here), there is a weakly bound state in the open colli-
sion channel. The avoided level crossing between this
weakly bound state and the Feshbach molecule level gives
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the two branches of solutions. For °Li with a negative back-
ground scattering length, there is no bound state in the open
channel, and thus there is only a single branch of solution.

For comparison, we have also calculated the two-body
bound states using the single channel Hamiltonian (2). In the
single-channel approach, one simply replaces Up—g;/ (v
—E) in Eq. (4) with U;ff , so the left side of Eq. (4) becomes
energy independent. Equation (4) then gives the well known
expression of the bound energy E :—ﬁz/(maf) in the region
a,=0 for the single-channel mode. The results of the calcu-
lation are shown as the dash-dotted curves in Fig. 1. The
single channel calculation gives almost the same bound state
energies for the weakly bound state of *°K atoms (it neglects
the other branch of solution); while it deviates from the re-
sults of the two channel calculation as the atomic scattering
length a, approaches its zero point (corresponding to B—B,
=7.8 G for K, and B—B,=-300 G for °Li).

III. THE MANY-BODY STATES

To find out the many-body state at zero temperature, one
needs to minimize the energy corresponding to the Hamil-
tonian (1) under the constraint of total particle number con-
servation N= E(,,ka;f{’ k.o ZEqb;bq. One therefore mini-
mizes ()=(H- uN), where u is the Lagrange multiplier with
the physical meaning of the chemical potential. We follow
the standard BCS-BEC crossover theory [12], which as-
sumes a mean field for the molecule and the pair operators,
with <bq>:<b0> 5q()=_(g/V'/]_})Ek<a—k,Lak,T>/(7_ 2u), where
the second equality comes from the Heisenberg equation for
the operator bg. Under such an assumption, one can find out
the explicit expression of the energy (), whose extrema con-
ditions dQ)/ Kby)=3E2/ du=0 yield the standard gap equation
and the number equation:

1 1 1 1
—— =S O
Up_gp/(‘}/p_zlu“) 1% k 2Ek 26k
1 € — U
ntot=2nb+]_}% (1 - kEk ), (6)

where the  quasiparticle  excitation  energy  Ej
2, and  the  gap

=\(g—p)+|A i A=g{bp)/\V
+ (U/V)Ek<a—k,lakj>=Zb<b0>/ VW lz=g- U(’)’—2M)/8=gp
-U,(v,—2u)/g,]. In Eq. (6), n,, denotes the total particle
density, and n,=|(b,)|*/V is the density of the closed channel
molecules.

With Egs. (5) and (6), we can solve for the gap, the
chemical potential, and the closed channel fraction at differ-
ent magnetic field detunings. The results of the calculations
for K and for °Li are plotted in Fig. 2 and Fig. 3, respec-
tively. For “°K, similar to the two-body case, Eqs. (5) and (6)
support two branches of solutions. The properties of the first
branch of solutions is shown in Figs. 2(a)-2(c). Compared
with the results in the previous section, it is easy to see that
this solution corresponds to the deep-bound state in the two-
body energy spectrum. The closed channel fraction increases
from O in the BCS limit to 1 in the BEC limit, and the
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FIG. 2. (Color online) Results from the many-body calculation
for “°K atoms at zero temperature. (a)—(c) The gap, the closed chan-
nel fraction, and the chemical potential of the solution that corre-
sponds to the deeply bound state in the two-body case; (d)—(f) the
gap, the closed channel fraction, and the chemical potential of the
solution that corresponds to the weakly bound state in the two-body
case. The solid curves are the results using two-channel Hamil-
tonian. The dash-dotted curves are the results using single channel
Hamiltonian. The unit of energy is the same as defined in the cap-
tion of Fig. 1.

maximum in the gap appears on the BCS side of the reso-
nance, near the a;=0 point. As the chemical potential always
remains negative for this branch, the system is essentially
BEC-like at all magnetic field detunings. The properties of
the second branch of solution is shown in Figs. 2(d)-2(f),
where the closed channel fraction is nonmonotonic, peaks
around B—-By~-52 G with a fraction ~5.1%, in rough
agreement with the calculations in Refs. [8,9], where a dif-
ferent model is used. The chemical potential in this branch
crosses zero on the BEC side of the resonance, demonstrat-
ing the existence of a BCS-BEC crossover for this branch.
The most intriguing feature of the second branch is that there
is a quantum phase transition on the BCS side of the reso-
nance, beyond which the superfluid disappears, and the sys-
tem phase transits into a normal Fermi gas. We will discuss
this phase transition in more detail in the next section. The
properties of °Li atoms are shown in Fig. 3. The closed chan-
nel fraction remains small throughout the crossover region,
and only becomes appreciable deep in the BEC region. The
peak in the gap occurs again near the a,=0 point (now on the
BEC side). The chemical potential crosses zero around B
—By~—-85 G, denoting a BCS-BEC crossover.

For comparison, we have calculated the gap and the
chemical potential using the single channel Hamiltonian. For
the single-channel approach, one just replaces U‘,,—gﬁ/ C7A
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FIG. 3. (Color online) Results from the many-body calculation
for °Li atoms at zero temperature. (a) The gap and the closed chan-
nel fraction (inset); (b) The chemical potential. The solid curves are
the results using two-channel Hamiltonian. The dash-dotted curves
are the results using single channel Hamiltonian.

—2u) with U;ff in the gap equation (5) and drops the closed
channel population contribution 2n, in the number equation
(6). The results are shown in Fig. 2 and Fig. 3 in dash-dotted
curves. The results from the single channel calculation
should coincide with the two channel calculation provided
that the closed channel population is small. From Fig. 2 and
Fig. 3, it is obvious that, except for the deep-bound state
solution of *°K, the single channel Hamiltonian reproduces
the results of the two channel Hamiltonian for “’K and °Li
for most of the crossover region. Notably, the single channel
description is a fairly good approximation for almost all
magnetic field detunings for the weakly bound state solution
of 4OK, as the closed channel fraction in this branch remains
small. In both cases, the single channel description breaks
down near the point where a,=0.

IV. QUANTUM PHASE TRANSITION FOR ‘’K ATOMS

To see more clearly the quantum phase transition, we plot
the gap and the closed channel fraction from the two channel
calculation near the phase transition point on a logarithmic
scale in Fig. 4. Both the gap and the closed channel fraction
show a precipitous drop at the magnetic detuning B-B,
~7.8 G, the point where a,=0. Beyond that point, the gap
equation and the number equation do not have solutions (for
the upper branch). This is a clear signature of a quantum
phase transition. The ground state of the *°K atoms changes
from a BCS superfluid state into a normal state with the gap
A =0 through a second order phase transition. In contrast, for
°Li atoms (Fig. 3), there is just a smooth crossover for both
the gap and the closed channel population at the point where
ay,=0 (B—By=-300 G).

The origin of the phase transition comes from the repul-
sive background interatomic interaction between the “°K at-
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FIG. 4. (Color online) The enlarged (a) gap and (b) closed chan-
nel fraction as a function of magnetic field detuning for 40K atoms
near the phase transition (B—By~7.8 G) (corresponding to the
weakly bound branch of solution).

oms in the two different hyperfine states. The repulsive in-
teraction does not support a superfluid state that can be
adiabatically connected to the BCS superfluid in the region
a,<0 (although the system indeed has a superfluid solution
corresponding to the deep-bound state, it is not adiabatically
connected). So, across the point a;=0, there must be a phase
transition, and the atoms transit into a normal phase when
a,>0. If one starts from this normal Fermi gas, as the mag-
netic field decreases toward the resonance (B,=202 G), the
atoms will first undergo a second order phase transition and
become a BCS superfluid at B—B,~ 7.8 G. If the field con-
tinues to decrease, the chemical potential will eventually be-
come negative at B—B;~—-0.34 G, and the atoms enter the
BEC region with a smooth crossover.

V. THE CRITICAL TEMPERATURES FOR DIFFERENT
BOUND STATES

To characterize the crossover properties of different
bound states for a different atom species, we calculate the
critical temperature at which all the pairs become noncon-
densed. At finite temperature 7, instead of the energy mini-
mization, one needs to minimize the thermodynamical poten-
tial Q=T In[tr(e"'T)]. If one takes the mean-field approach
outlined in Sec. II from the extrema conditions 92/ by)
=00 /du=0, one gets the following finite-temperature ver-
sion of the gap equation and the number equation [2,13],

L1 1—2f(Ek)_L)
2 V%( 2E, 26.)" M
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€k~ M
Ey

+2

R k=1
ntot_znb-'-V%(l Ey f(Ek)), (®)

where f(x)=1/(e”*87+1) is the Fermi distribution, and kj is
the Boltzmann constant.

This simple mean-field approach, however, is not ad-
equate for the calculation of the critical temperature, except
in the case of the BCS limit. The reason is that at finite 7,
due to the thermal fluctuations, there exist noncondensed
pairs (the superposition of fermion pairs and noncondensed
bosons), in addition to the condensed fermion pairs and the
condensed molecular bosons [5,12]. The noncondensed pairs
also contribute to the gap for the fermionic excitations. Ac-
commodating this contribution, the gap is replaced by the
total gap [A]*=|A*+|A |2, where A =z,(by)/\V is the same
as the gap defined in the previous section (the superfluid
order parameter), and the pseudogap A,, comes from the
contributions of the noncondensed pairs [5,12]. With this
simple replacement, the previous gap equation and the num-
ber equation from the mean-field approach remain valid. One
just needs to interpret A as the total gap, and thus the emer-
gence of A does not correspond to the critical transition be-
tween the normal and the superfluid phase. Instead, the gap
shows up at a temperature 7°, below which the noncon-
densed pairs are formed. As one further decreases the tem-
perature, these preformed pairs finally condense and become
a superfluid at the critical temperature T, with T,<7". The
gap at the critical temperature 7, solely comes from the
pseudogap A, contributed by the noncondensed pairs (as
A,=0 at that point). To calculate this phase transition tem-
perature T,, one needs to break up the total gap A into the
superfluid order parameter A, and the pseudogap A,,,, which
requires knowledge of the dispersion relation of the pair ex-
citations. As shown in Ref. [5], the dispersion relation for the
pair excitations is still quadratic, with a self-consistently de-
termined effective mass M". With that formalism, we calcu-
late the critical temperature 7. and the pseudogap at 7, for
different branches of states in “°K and °Li over the whole
region of the magnetic field detuning [13].

The results of the calculation are plotted in Fig. 5 for “°K
atoms, and in Fig. 6 for °Li atoms. Figures 5(a) and 5(b)
correspond to the deeply bound state, and Figs. 5(c) and 5(d)
correspond to the case with a weakly bound state. It is clear
from the 7. calculation that the BCS-BEC crossover picture
is evident only for the second branch of the solution [Figs.
5(c) and 5(d)]. For this branch, the critical temperature be-
comes exponentially small on the BCS side and almost con-
stant on the BEC side, as one expects. For the other branch
of the solution corresponding to the deep-bound state, the
critical temperature only varies in a very small range, and
converges to a constant value on either side of the resonance.
One can also see that except in the BCS limit, the pseudogap
is still significant at the critical temperature.

VI. SUMMARY

We have systematically studied the BCS-BEC crossover
and the quantum phase transition in ultracold °Li and *°K
atoms across a wide Feshbach resonance. As the background
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FIG. 5. (Color online) The critical temperature T, and the
pseudogap at the critical temperature A, as a function of magnetic
field detuning for the two solutions in 40K atoms [(a), (b) corre-
spond to the deeply bound branch, while (c), (d) correspond to the
weakly bound branch]. 7, is in units of T, the Fermi temperature
associated with the Fermi energy defined in the caption of Fig. 1.

scattering lengths have opposite signs for these two types of
atoms, their properties are quite different outside of the near
resonance region. Both the two-body and the many-body cal-
culations show that for 40K, there always exist two branches
of solutions, corresponding, respectively, to the deep-bound
state and the weakly bound states. The latter one with weakly
bound pairs is the branch that is accessed by the current
experiments through adiabatic sweep. For this branch of so-
lution, there is a quantum phase transition on the BCS side of
the resonance, where the atoms phase transit from the super-
fluid state to the normal Fermi gas as the scattering length
crosses zero. This kind of phase transition is absent in the °Li
atoms, where the change in the state of the system is com-
pletely continuous when the scattering length goes across its
Zero point.

The calculations here emphasize the importance of the
background scattering length outside the near-resonance re-
gion, and the different properties of the °Li and “°K atoms. In
this sense, °Li and “°K are good representatives of two kinds
of atoms that have different background scattering proper-
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FIG. 6. (Color online) The critical temperature 7, and the
pseudogap at the critical temperature A, as a function of magnetic
field detuning in ®Li atoms. T. is in units of T, the Fermi tempera-
ture associated with the Fermi energy defined in the caption of
Fig. 1.

ties. The calculations here may also have some interesting
experimental indications. For instance, one can verify the
quantum phase transition for the 0K atoms on the BCS side
of the resonance, and the continuous crossover for the 14
atoms on the BEC side of the resonance, although in both
cases the scattering length crosses its zero point in a similar
way. For the *°K atoms, there might also be the possibility to
access the deeply bound branch of solution in future experi-
ments through either a fast magnetic field sweep or some rf
transitions.
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