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Transition from heating to cooling of channeled ion beams
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Experiments showing a transverse heating or cooling of channeled ion beams are explained in terms of
electron capture and loss processes between the projectile ions and the target. Such processes violate revers-
ibility as the projectile captures electrons from occupied bound states and loses them to unoccupied weakly
bound or continuum states. The transition probabilities for the transfer of electrons are calculated in the impact
parameter Born approximation. Their dependence on the distance from the crystal strings is determined by
scale factors which depend in turn on the relative velocity and the binding energies of the transferred electrons
in the projectile and in the crystal, respectively. The appearance of transverse heating and cooling depends on
the relative size of the scale factors for capture and loss. The transition from heating to cooling as function of
velocity is described in good agreement with the experiments.

DOI: 10.1103/PhysRevA.73.062901 PACS number�s�: 61.85.�p, 34.20.Cf, 34.70.�e
I. INTRODUCTION

Ion beams can be cooled effectively by interaction with
laser beams which must be colinear for a large overlap re-
gion. Likewise, cooling by comoving electron beams pre-
dominantly takes place in the longitudinal direction, where
the electron temperature �i.e., the momentum spread� is
much smaller than in the transverse direction due to the ac-
celeration from the electron gun. For transverse cooling,
other methods must be developed. Experiments on the angu-
lar distribution of initially isotropic heavy ions show a redis-
tribution of flux after passage through Si crystals. In some
cases, an enhancement along the channeling directions has
been observed �transverse cooling�; in other cases, a reduc-
tion �transverse heating� �1–5�. This seems to contradict the
principle of detailed balance for the scattering of channeling
ions which rests on the time reversibility of trajectories �6,7�.
The observations have been explained in terms of a mecha-
nism in which the cooling or heating of the transverse mo-
tion of the channeling ions is due to the transfer of electrons
between the projectile and the crystal atoms. As the trans-
verse potential V� between the ion and the atomic rows of
the crystal is repulsive and decreases with distance, the ion
loses transverse energy if capture tends to take place at
smaller distances rc from the atomic row than loss rl, and
vice versa. Typical parameters were deduced from total cross
sections for capture and loss �8�. The proposed mechanism is
shown in a schematic manner in Fig. 1 which has been
adapted from Ref. �1�. Later experiments showed that there
is no heating of channeled ions at low velocities if the pro-
jectile is lighter than the crystal atoms �2�. However, for
heavy ions, a transition from heating to cooling has been
observed if the relative velocity is increased �3–5�. This can-
not easily be explained in terms of effective impact param-
eters for capture and loss. Instead, the experiments have been
simulated by classical trajectory Monte Carlo calculations of
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the projectile with two strings of N atoms each carrying n
electrons �4,5,9�. Such a simulation aims at a self-consistent
description of the inelastic processes accompanying the pas-
sage of the channeling projectile through the target. Elec-
trons are exchanged between the target atoms and the
projectile, whose fluctuating charge state in turn influences
the interaction with the target. In the experiments under con-
sideration, a local charge equilibrium has been reached. In
the simulations, reversibility is broken as the probabilities
for electron capture and loss have a different dependence on
the impact parameter. While the experimentally observed
transition velocities were fitted to the charge of the projectile,
no reference to an underlying model has been made. More-
over, a recent study of transport cross sections �10� indicates
that classical mechanics is only marginally applicable for the
ion charge states and projectile velocities occuring in these
experiments.

For the special case of hydrogenic orbits there exist
closed quantum mechanical expressions for the impact pa-
rameter dependence of the transfer amplitudes �11�. These
involve scale factors which depend in turn on the binding
energies of the transferred electron in the projectile and in
the target, respectively, and on the relative velocity. In such a
model system, the transition from heating to cooling can be

FIG. 1. Transverse potential for a channeling projectile, which
loses transverse energy by capturing an electron at rc and gains

transverse energy by losing an electron at rl �Ref. �1��.

©2006 The American Physical Society-1

http://dx.doi.org/10.1103/PhysRevA.73.062901


CHRISTIAN TOEPFFER PHYSICAL REVIEW A 73, 062901 �2006�
demonstrated in a transparent manner �12�. An inspection of
the transfer amplitudes shows that there are leading terms
from the transitions between s states. The contributions from
all other terms cancel in averaged quantities, such as the
cross section for the transfer between major shells. Adopting
the shape of these leading terms for the general case, the
impact parameter-dependent transfer amplitudes are param-
etrized by binding energies taken from many-body calcula-
tions for arbitrary atoms and ions �13,14�. This allows a deri-
vation of a closed formula for the transition velocity in terms
of the binding energies of the transferred electrons in the
target and the projectile, respectively.

II. SCHEMATIC MODEL: TRANSFER BETWEEN
HYDROGENIC STATES

The channeling projectiles move on nearly straight trajec-
tories between the crystal strings and they are confined by
the transverse potential to regions outside the atomic core.
The amplitudes of the individual transitions can be calcu-
lated in the impact parameter Born approximation �11�.
Atomic units �a.u.� will be employed, i.e., impact parameters
r are measured in units of the Bohr radius r0=�2 / �e�2m�, the
projectile velocity v in units of v0=e�2 /��c /137, energies
in units of e�4m /�2, and times in units of �3 / �e�4m�, where
e�2=e2 / �4��0� with the elementary charge e, the electron
mass m, and the permittivity of the vacuum �0. Assuming
hydrogenic wave functions, the transfer amplitude A can be
evaluated in closed form. The matrix element for the transfer
from a single-particle state ��1� in the target atom to a state
��2� in the projectile with �effective� charge number Z2 is

V12�R� � =� ��2�*�z��
�− Z2�

z
��1��y��e−iv� ·��d3� �1�

in the post form �11�. Here R� is the distance vector between
the projectile and target nuclei, �� is the vector from the cm to

the electron while z�=−�R� +�� and y� =�R� +�� are the electron
coordinates in the projectile and the target, respectively, see
Fig. 2.

Because of the relative motion with velocity v� , the tran-
sition amplitude

FIG. 2. Coordinate system for the transfer of an electron be-
tween Target 1 and Projectile 2.
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A12 = �
−	

	

V12�R� �e−i�E1−E2�te�i/2�v2��2−�2�tdt �2�

involves not only the difference of the binding energies
E1−E2 but also translation factors. It is advantageous to ex-
press the wave functions in Fourier space

F�k�� =� d3y��1��y��eik�·y� ,

G�k�� = Z2� d3z��2��z��z−1eik�·z�, �3�

and to introduce cylindrical coordinates along n� =v� /v, i.e.,

k� =k� ·n� and k��=k� −k�n� . Because of R� =r�+v�t, the time inte-
gral in Eq. �2� yields a 
-function and the transition ampli-
tude which is axially symmetric, can be expressed as

A12�r� = −
1

4�2v
� d2k�e−ik��·r� · G*�k��,

1

2
v −

E1 − E2

v
	F�k��,

−
1

2
v −

E1 − E2

v
	 . �4�

The cross sections for a transfer

�12 =� d2r
A12�r�
2 =
1

�2��4v2 � d2k� · �G�k��,
1

2
v

−
E1 − E2

v
	�2�F�k��,−

1

2
v −

E1 − E2

v
	�2

�5�

between hydrogenic subshells n1, l1↔n2, l2 have been evalu-
ated in closed form using parabolic coordinates �15�. Much
simpler expressions result if one also sums with respect to
the angular momenta l1 and l2 �16�. Using the Fourier trans-
forms of hydrogenic wave functions �17� in Eq. �5�, the re-
sult for the transition between states with principal quantum
numbers n1 and n2 is

�n1,n2
=

1

n1
2

211��Z1Z2�2�E1E2�3/2

5v2x10 . �6�

This shows explicitly the symmetry between capture and
loss, or equivalently, between the post and prior formulations
of the transfer processes, as the extra factor n1

−2 results from
the averaging with respect to the initial states. Here, x is a
scale factor which depends on the relative velocity v and the
binding energies E1 and E2 in the target and the projectile,
respectively

x2 =
v2

4
+ E2 + E1 +

1

v2 �E2 − E1�2. �7�

As discussed above, the heating or cooling of channeling ion
beams is related to the dependence of the transfer amplitude
A on the impact parameter r. For hydrogenic wave functions,
the k�� integrations in Eq. �4� can be done in closed form,
explicit examples are presented in the Appendix. The general
form of the transfer amplitudes is the linear combination
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A�r� = �
m�0

�
p�2

cp,m�rx�p+mKp�rx� , �8�

where the Kp�z� are modified Bessel functions of order p. All
contributions �rx�pKp�rx� behave in a similar manner as
functions of rx: An inverted parabola for rx1 and an ex-
ponential tail for rx�1. This determines then also the shape
of the transition amplitude on a scale set by the parameter x
�7�. Insertion of the explicit expressions �8� into Eq. �5� and
performing the integration with respect to the impact param-
eter return the expression �6� for the averaged total transfer
cross section. This suggests that the transitions are domi-
nated by the exterior tails of the wave functions rather than
by the details of the interior node structure. Moreover, ex-
plicit calculations demonstrate that this leading term is also
sufficient to describe the shape of the transfer amplitude �8�
�12�. This encourages one to generalize Eq. �7� for the scale
factors by employing binding energies taken from many-
body calculations for arbitrary atoms and ions �13,14�.

III. EFFECTIVE MODEL: RESULTS AND DISCUSSION

The transition amplitude A depends through the scale fac-
tor x on the projectile velocity v and the binding energies of
the electron in the target and the projectile. As A is a decreas-
ing function of its argument, a larger scale factor favors tran-
sitions at smaller impact parameters. Thus, if the scale for
capture xc is larger than that for loss xl, capture tends to take
place at smaller distances from the crystal strings than loss,
rc�rl, which leads to transverse cooling, and vice versa for
heating. Assuming that the unoccupied target states which
are populated through electron loss from the projectile have a
negligible binding energy the scale factors �7� are

xl
2 =

v2

4
+ E2 +

E2
2

v2 , �9�

xc
2 =

v2

4
+ E2 + E1 +

1

v2 �E2 − E1�2, �10�

for loss and capture, respectively. Here, E2 is the binding
energy of the transferred electron in the projectile and E1 is
the binding energy of the occupied state in the target. For
highly charged heavy projectiles, the binding energies E2 in
the projectile are larger than the target binding energies E1.
Graphs of xl �solid curve� and xc �dashed curve� as functions
of v are shown in Fig. 3 for E2=10 and E1=4.3.

The two graphs intersect at the critical velocity vt for the
transition between heating and cooling

vt = �2E2 − E1�1/2. �11�

At low velocities v�vt, the scale factor for capture is
smaller than that for loss, leading to heating, and vice versa
cooling is obtained for v�vt. For E2�E1 /2, there is no such
transition in accordance with the experimental observation
�2� of the absence of heating for light projectiles, i.e., small
binding energies E2.

For an explicit evaluation of the transition velocity, the
excitation energy of the projectile ion must be taken into
062901
account. The average energy E2 of the states populated in the
projectile is estimated with the help of the cross section �6�:

E2 =

�
0

E2
�0�

E2�dE2

�
0

E2
�0�

�dE2

�
5

7
E2

�0�, �12�

where E2
�0� is the ground state ionization energy of the pro-

jectile. Inserting this average energy E2 into Eq. �6� the tran-
sition velocity is

vt = �10

7
E2

�0� − E1	1/2

. �13�

For a comparison with experiments on channeling of heavy
highly charged ions in Si �4,5�, we assume in accordance
with the earlier treatment �1� that the projectile captures elec-
trons mainly from the Si L shell with a binding energy
E1=4.3. This and the other binding energies are obtained
from the tables of Fricke et al. �13� for ions and atoms up to
an atomic number Z�54 and for Pb �14�. The ground state
ionization energies E2

�0� were taken for various charge states
q around the estimate vt,expZ

1/3 �8�, where vt,exp are the tran-
sition velocities as observed in the experiments. Such charge
states are also obtained from the tables of Shima et al. �18�.

In Table I, the theoretical values vt for the transition ve-
locity are compared with the measurements. The present
model gives a good account of the transition from heating to
cooling both as the absolute values of the transition veloci-
ties and their dependence on the projectile are concerned. In
the experiments, the excitation energy and the charge state
fluctuate in the course of the numerous transfer processes
during the passage of the projectile through the crystal. This
masks any shell effects, e.g., for Ne-like Ni. The dependence
of the transition velocity on the energy E1 of target states
from which electrons are captured is weak for E2

�0��E1 as in
the present application. Moreover, larger energies E1 are im-
probable because of Eq. �6�. Because of shielding, the actual
binding energies in the projectile depend on their charge
number in a complicated manner. So, this model provides no
physical basis for a simple power law as in Refs. �4,5�.

FIG. 3. Scale factors xl for loss �solid curve� and xc for capture
�dashed curve� as function of the velocity v for a binding energy
E2=10 in the projectile and E1=4.3 in the target.
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Obviously the model presented here cannot exactly ac-
count for transfer processes between definite states. Rather, it
aims at an average description for which the redistribution of
strength due to collective effects is not so important. The
occurence of transversal heating and cooling for channeling
ions is traced back to the matrix elements for the transfer of
electrons between the projectile ions and the crystal atoms.
The dependence of these amplitudes on the impact parameter
depends sensitively on the velocity of the projectile and the
binding energies of the transferred electrons in the projectile
and the target. Reversibility is violated as the projectile cap-
tures electrons from occupied strongly bound target states
and loses them to weakly bound or unbound states. The ex-
citation of the projectile above its ground state is estimated
with the help of total cross sections. The model predicts no
heating for light projectiles and a transition from heating to
cooling with increasing velocity of heavy projectiles. The
transition velocities obtained in this model which contains no
adjustable parameters are in good agreement with the experi-
ments. The quantum mechanical estimate of the impact
parameter-dependent transition amplitudes confirms on a mi-
croscopic basis the validity of the charge exchange model
�1�.

It seems desirable to exploit the features of the individual

TABLE I. Experimental �4,5� and theoretical transition veloci-
ties �9� for projectiles with atomic number Z and various charge
states q around vt,expZ1/3.

Projectile Z vt,exp �4,5� q E2
�0� �13,14� vt �8�

Ti 22 5.4 14 31.7 6.2

15 34.5 6.7

16 38.2 7.1

Ni 28 6.0 17 20.9 5.1

18 22.2 5.2

19 56.8 8.7

Br 35 6.7 22 33.7 6.6

23 35.3 6.8

24 39.4 7.2

Y 39 7.0 23 39.2 7.2

24 41.0 7.4

25 41.4 7.4

Ag 47 7.7 27 51.0 8.2

28 53.7 8.5

29 56.5 8.8

J 53 8.1 29 60.0 9.0

30 63.4 9.3

31 66.8 9.5

Pb 82 9.9 42 73.8 10.3

43 76.8 10.7

44 79.6 11.1
transfer processes in simulations of the complete passage of

062901
the channeling projectiles through the target crystal in order
to obtain a more transparent understanding for the absolute
values of observables like the mean charge state and the
deviations of the energy loss from their random values.
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APPENDIX

For an explicit evaluation of the transfer amplitude �4�,
the Fourier transforms

Fnlm�k�� = fnl�k�Ylm�k�̂� �A1�

can be expressed in terms of Gegenbauer polynominals in
the hydrogenic case �17�. With the help of the Schrödinger
equation, one obtains

Gnlm�k�� = �1

2
k2 + E2	Fnlm�k�� . �A2�

Explicit expressions in cylindrical coordinates for the transi-
tion between s-states from n1=3 to n2=2 are, for example

F300�k��,−
1

2
v −

E1 − E2

v
	

= 215/43−1�1/2Z1E1
3/4

·  3

�k�
2 + x2�2 − 32E1� 1

�k�
2 + x2�3 −

2E1

�k�
2 + x2�4	�

�A3�

and

G200 = 211/4�1/2Z2E2
3/4k�

2 + x2 − 4E2

�k�
2 + x2�2 �A4�

with x given in Eq. �7�.
The transition amplitude �4� has the form �8� with the

leading term

A300,200�r� = −
25/2

v
Z1Z2�E1E2�3/4 r2

x2K2�rx� + . . . �A5�

The contribution from this term to the cross section

� =
2�

32 � drr
A�r�
2 =
1

9

211��Z1Z2�2�E1E2�3/2

5v2x10 �A6�

already exhausts the total cross section �6� from the major
shell n1=3 to n2=2, i.e., all other contributions to that cross
section cancel.
-4



TRANSITION FROM HEATING TO COOLING OF¼ PHYSICAL REVIEW A 73, 062901 �2006�
�1� W. Assmann, H. Huber, S. A. Karamanian, F. Grüner, H. D.
Mieskes, J. U. Andersen, M. Posselt, and B. Schmidt, Phys.
Rev. Lett. 83, 1759 �1999�.

�2� F. Grüner, M. Schubert, W. Assmann, F. Bell, S. A. Karamian,
and J. U. Andersen, Nucl. Instrum. Methods Phys. Res. B 193,
165 �2002�.

�3� M. Schubert, F. Grüner, W. Assmann, F. Bell, A. Bergmaier, L.
Goergens, O. Schmelmer, G. Dollinger, and S. A. Karamian,
Nucl. Instrum. Methods Phys. Res. B 209, 224 �2003�.

�4� F. Grüner, Ph.D. thesis, University of Munich �2003� �http://
edoc.ub.uni-muenchen.de/archive/00001633/�.

�5� F. Grüner, W. Assmann, F. Bell, M. Schubert, J. U. Andersen,
S. A. Karamian, A. Bergmaier, G. Dollinger, L. Goergens, W.
Günther, and M. Toulemonde, Phys. Rev. B 68, 174104
�2003�.

�6� J. Lindhard, K. Dan. Vidensk. Selsk. Mat. Fys. Medd. 34, no.
14 �1965�.

�7� E. Bøgh and J. L. Whitton, Phys. Rev. Lett. 19, 553 �1967�.
�8� N. Bohr and J. Lindhard, K. Dan. Vidensk. Selsk. Mat. Fys.
Medd. 28, no. 7�1954�.

062901
�9� F. Grüner, F. Bell, W. Assmann, and M. Schubert, Phys. Rev.
Lett. 93, 213201 �2004�.

�10� R. Vincent, J. I. Juaristi, and I. Nagy, Phys. Rev. A A71,
062902 �2005�.

�11� See, for example, M. R. C. McDowell and J. P. Coleman,
Introduction to the Theory of Ion-Atom Collisions
�North–Holland, Amsterdam, 1970�, Chaps. 4 and 8.

�12� C. Toepffer, Nucl. Instrum. Methods Phys. Res. B 245, 19
�2006�.

�13� B. Fricke, J. H. Blanke, D. Heinemann, D. v. Schmieden, and
W. Eckstein www.physik.unikassel.de/cgi-bin/plasma/plasma/
cgi.

�14� B. Fricke, �private communication�.
�15� K. Omidvar, Phys. Rev. 153, 121 �1967�.
�16� R. M. May, Phys. Rev. 136, A669 �1964�.
�17� H. A. Bethe and E. E. Salpeter, Handbuch der Physik Vol. 35

�Springer, Berlin, 1957�, Sec. 8.
�18� K. Shima, N. Kuno, M. Yamanouchi, and H. Tawara, At. Data
Nucl. Data Tables 51, 174 �1992�.

-5


