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Quantum calculation of cold-atom diffraction using periodic magnetic fields
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When cold atoms approach a periodically magnetized surface, they are scattered by the effective repulsive
potential U(x,y)=upmpgB(x,y). If the period a of the magnetized surface is larger than the de Broglie
wavelength N\ of the atoms, the atoms are diffracted. We have developed a method for calculating the location
and intensity of the diffraction peaks using formal scattering theory. We solve the exact two-dimensional
Schrodinger equation with the finite element method and calculate the scattering amplitude f(¢) using the
integral formula; a plot of |f(¢)|> provides a visualization of the diffraction pattern. By varying the experi-
mental parameters within a realistic range, we predict the optimal conditions for observing atom diffraction.
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I. INTRODUCTION

The ability to trap and manipulate ultracold atoms has
resulted in renewed interest in atom optics. Atom optical
devices have been proposed that are based on static electric
and magnetic fields [1,2]. A promising scenario for observing
atom diffraction is the use of a periodically magnetized sur-
face as a grating [3,4]. Diffraction efficiencies have been
calculated using the rigorous coupled-wave analysis method
[5] and the thin phase grating approximation [6]. In this pa-
per, we present a method for calculating the position and
intensity of the diffraction peaks by a direct numerical solu-
tion of the Schrodinger equation.

Formal scattering theory provides a natural framework to
study atom diffraction. The Schrédinger equation is solved
numerically in cylindrical coordinates subject to the appro-
priate boundary conditions, and the full scattering wave
function is then used in the integral formula for the scattering
amplitude f(¢), where ¢ is the azimuthal angle. A plot of
|f(#)|? indicates the angular distribution of the scattered par-
ticles. When the period a of the grating is larger than the de
Broglie wavelength A of the atoms, the atoms are diffracted.

In Sec. II, we review the theory of cold atom diffraction
from periodically magnetized surfaces. In Sec. III, we pro-
vide details of the scattering calculation. The results and con-
clusion are given in Secs. IV and V, respectively.

II. COLD-ATOM DIFFRACTION FROM A MAGNETIZED
SURFACE

In the proposed experiments, a cloud of cold-atoms at
temperature 7 is released above a periodically magnetized
surface. The magnetic field due to the surface decays expo-
nentially with distance from the surface, and we assume the
magnetic field is negligible in the region where the atoms are
initially released. After falling a distance A, the atoms enter
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the magnetic interaction reglon with an initial velocity v,,
=—\2gh, where |v,,|> 07=13k,T/m. In this region, the
gravitational field can be neglected, and the potential is given
by

Ulx,y) =— - B(x,y). (1)

If the direction of the magnetic field changes slowly enough,
the magnetic moment will remain aligned with the field. The
condition for adiabaticity is |BX (- VB)|/B?>< w, where @
is the Larmor precession frequency. In the adiabatic picture,
the potential for a particular magnetic sublevel mp, —F
=mp=F, is given by

U(x’y) =lu‘BmFgB(x7y)’ (2)

where wp is the Bohr magneton and g is the Lande factor. We
are interested in the case my>0, where the potential is re-
pulsive.
The magnetic surface is constructed from a periodic array
of ferromagnetically hard material in strips of thickness Ax
2a with alternating magnetization. The maximum surface
field is B,. The magnetic surface lies in the y=0 plane. If we

add a constant bias field B =B, parallel to the surface, the
resulting field above the surface is given by [3]

B(x,y > 0) = VB2 + 5B,B.ecos(kx) + (£B,)%e 2",
3)

where k=2/a; the corresponding potential is

Ulx,y) = \/Ulz, +2U,Ue " cos(kx) + Ufe‘z"y, (4)

where U,=upmpgB, and U, —— upmpgB,. The role of the
bias field is to provide the sinusoidal dependence in the po-
tential. We consider the case where U;> K= %mvm >U,,.

A full quantum treatment is needed only in the magnetic
interaction region. Once the angular distribution of the dif-
fracted atoms is known, the path of the atoms can be ex-
trapolated using a classical trajectory, which includes the ef-
fects of the gravitational field.
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FIG. 1. The cloud of cold atoms is released above the periodi-
cally magnetized surface, which lies in the x—z plane. The atoms
enter the interaction region with initial velocity v,,=—\2gh.

III. METHOD

We solve the Schrodinger equation in the interaction re-
gion, assuming plane wave incidence, which is valid as long
as |v,,y| > 07. The problem is formulated in cylindrical coor-
dinates (see Fig. 1). The full scattering wave function
Ui(p, @) is found by solving the two-dimensional (2D) time-
independent Schrodinger equation

n & Lo ] s
- om 5[) pé,p 2(94)2 ‘/Ik(p’ ¢) + U(p’ ¢)l//k(p’ ¢)
hZ 2
- _¢k(P $) =0, (5)

mjv|

where k:zTW— . Assuming U(p, ¢) vanishes at large p,
the wave functlon obeys the asymptotic boundary condition

. - 1 i
U — e ikpsin d ?elkpfk(‘;b)' (©)
\p

The solution of Eq. (5) yields the scattering wave function
Ui(p, @) and the scattering amplitude f,(¢). The accuracy of
the scattering amplitude obtained from a direct solution of
Eq. (5) depends on how well the wave function is repre-
sented in the asymptotic region, where the wave function is
highly oscillatory.

One can obtain more accurate and stable results for the
scattering amplitude by using the wave function ;(p, ¢) in
the integral formula for the scattering amplitude f,(¢) [7]

PHYSICAL REVIEW A 73, 062722 (2006)

B=0.2 £=10

FEM ——

O

0 1 1 1 1 1
180° 210° 240° 270° 300° 330° 360°

FIG. 2. |f(¢)|?> for a finite potential cylinder with 8=0.2 and
e=10.
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In this case, the accuracy of the scattering amplitude depends
on how well the wave function is represented in the interac-
tion region.

In order to facilitate comparison with experiment we de-
fine the dlmensmnless Variable &=kp and the scaled potential

u(p, d))—— where K=~ -. Equation (5) can now be re-
expressed as
& 1 9 1F

W& b) +[u(€. ) — 1T£.¢) =0,
(8)

where the k-independent wave function obeys the asymptotic
condition

08" got" Eog

WEB) — eiEsin by \,I—Eefff(@; ©)

f(P)= \s‘%fk(@ is also independent of k.
The integral expression for the scaled scattering ampli-
tude is given by

1 el !
f(¢) \’871- zw/4fe—z§ cos(p—¢p )u(g',¢’)lﬂ(§',¢')§’d§'d¢'.

(10)

With this change of variables, the scattering amplitude f(¢)

is independent of the mass or initial velocity of the atoms.
We solve Eq. (8) with the finite element (FE) method [8].

Exploiting the symmetry of the Hamiltonian, the coordinate
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space defined by 0=¢=¢,,, and T =¢= %" is discretized
into finite regions called elements. In each element, the wave
function is approximated locally by a set of polynomial basis
functions. We impose continuity of the wave function across
element boundaries and require that (&, ) satisfy Eq.
(9). The solution of the resultant set of linear equations
yields the scattering wave function (&, ) and f(¢). We
then use (€, @) to recalculate the scattering amplitude f(¢p)
with the integral formula of Eq. (10). We systematically in-
crease the number of elements until the scattering amplitude
f(¢) is converged. For the largest runs, we used 12 800 ele-
ments, which is equivalent to over 200 000 local basis func-
tions.

IV. RESULTS
A. Test case: Finite cylindrical potential

We first consider the case of atoms incident on a uniform
cylindrical magnetic field; the axis of symmetry lies along
the z axis. Although this case is not a realistic potential for
experimental purposes, it is exactly solvable and allows us to
verify that our method can resolve multiple diffraction peaks.
The scaled potential is

I\

u(é, ¢) = (11)

g &
0 ¢

V
13 WY

U, A
where e=—>1 and B=—<1.
K a

The exact scattering amplitude is given by
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f(d)) — \/ZeSi'n'/él 2 iVEiV¢
o

o e @R LR |
Vo=t (3)i(=5) i () (=)

(12)

where J,(x) is the Bessel function, Hil)(x) is the Hankel
function of the first kind, and 7,(x) is the modified Bessel

function; J,(x), Hil)(x), and I,(x) are the derivatives with
respect to x.

In Fig. 2, we compare the exact results and the FE results
for |f(¢)|? for the case =10 and 8=0.2. We show here only
the forward scattering (7= ¢=2). There are five distinct
diffraction peaks on either side of the large central peak at
¢=%7T; the two lines are nearly indistinguishable. The back
scattering 0 = ¢p= 7 is relatively smooth and featureless. The
FE calculation is able to reproduce even small features of the
scattering amplitude, and provide sufficient resolution to lo-
cate all the diffraction peaks.

B. Potential due to a periodically magnetized surface

For the scattering calculations, we use a magnetized sur-
face of finite width w:%Na, where N (odd) is the number of
magnetized strips, arranged symmetrically about x=0. It is
necessary to use a finite size grating in order to impose the
asymptotic boundary conditions. The weak bias field extends
over the entire interaction region, and the scaled potential is
given by

u(§,¢>)={87

where y:%’j. We have assumed that the magnetic surface is
of negligible thickness and ignore the potential inside the
ferromagnetic strips. This is completely valid, since the at-
oms are deflected long before they reach the surface.

In order for our calculation to be useful to experimental-
i . .. U [
ists, we need to consider realistic values for e= %', y= 7. and
B= 3 The trap contains a cloud of cold Rb-87 atoms, slowed
to temperatures on the order of 10 uK. The cloud is released
from the trap, and the atoms fall about 10 mm towards the
periodically magnetized surface. The atoms enter the inter-
action region with a vertical speed of several hundred mm/s
(K=~107" erg). This corresponds to a de Broglie wavelength
on the order of ten nanometers (A = 107° cm). The bias field
B, is approximately 1 G (U,~ 107" erg). The typical sur-
face magnetic field B, is between 100 G and 1000 G
(1078 erg=U,= 107" erg). This corresponds to a range 10
=&=100 and 0.01 =y=0.001. Currently, the best available

sv/yz + 2y PESn b cos(BE cos ) + ¢72BESN Sy =0,

x| < {Na
(13)
elsewhere,

magnetic materials for atom diffraction have a period of a
micron or less (107 cm=a=10"*cm). In this study, we
investigate a range 0.4=3=0.05.

We plot the scaled potential surface u(¢, ) for S=0.2,
N=7, €=10, and y=0.01 in Fig. 3(a); we also show the
potential surface for =100, y=0.001 in Fig. 3(b) (truncated
at u=10). Note that the structure of the potential surface in
Fig. 3(b) is nearly the same as in Fig. 3(a); the potential
surface is merely shifted away from the magnetic surface.
This is somewhat counterintuitive, because the sinusoidal
term in Eq. (13) is multiplied by 7, and one might expect the
oscillations to be less significant for y=0.001. However, it is

the ratio % =gy that determines the relative magnitude of the
oscillations, and consequently, the amount of diffraction.
This suggests that the diffraction patterns for the two cases,
e=10, y=0.01, and =100, y=0.001, should be very similar.
The only difference is that the atoms reverse their direction
further from the magnetic plate for e=100 and y=0.001. In
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FIG. 3. Scaled potential due to a periodically magnetized sur-
face (a) B=0.2, £=10, y=0.01; (b) B=0.2, £=100, y=0.001.

contrast, for e=10 and y=0.001 (not shown), the oscillations
in the potential surface are barely visible; in this case, no
diffraction of the atoms was observed.

In the actual experiment, the size of the atomic cloud is
much smaller than the width of the grating, and all of the
atoms in the cloud are back scattered (reflected). In the scat-
tering calculation, we use a grating of finite width w and an
incident plane wave. This results in both forward and back-
ward scattering. In order to determine how the shape and
relative amplitude of the back-scattered peaks vary with the
experimental parameters, we have normalized the results
such that [J|f(¢)Pdp=1.

In Fig. 4, we show a plot of |f(¢)|* for B=0.4. As ex-
pected, the peaks become much sharper as we increase N
from 3 to 11, although the center of the peaks is unchanged.
The diffraction patterns for e=10, y=0.01, and =100, y
=0.001 are similar. The primary diffraction maxima are lo-
cated (approximately) at d)=%7Ti sin"!(nB), n=0, and 1. The
second order peak is not observed. The fine structure super-
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FIG. 4. |f(¢)*> for a periodically magnetized surface with 8

=0.4.

imposed on the primary diffraction pattern is not a numerical
artifact. Rather, these secondary diffraction minima/maxima
are associated with the finite width of the grating w= %Na. As
we increase N, the structure becomes more complex and the
secondary diffraction minima can distort the shape of a pri-
mary diffraction peak. However, because the primary peaks
increase dramatically in amplitude, the secondary peaks be-

come negligible for large N.

In Figs. 5 and 6, we show the diffraction patterns for 3
=0.3 and B=0.2. There is a gradual suppression of the cen-
tral peak. At 8=0.3, the first order diffraction peaks are com-
parable in height to the central peak. With increasing N,the
peaks become sharper. At $=0.2, the primary diffraction
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FIG. 5. |f(¢)> for a periodically
=0.3.
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FIG. 6. |f(¢)]> for a periodically magnetized surface with 8
=0.2.

maxima corresponding to n=0 and n=2 are almost com-
pletely suppressed; the first order diffraction peak n=1 is
extremely sharp.

At B=0.1 (see Fig. 7), the central peak is again promi-
nent. For N=3, there are seven distinct peaks (n=0,1,2,3);
the peak associated with a particular odd n is more promi-
nent than the (n—1) peak. For N=5, the n=4 peaks are re-
solved. The n=1 peak has a pronounced dip at the center due
to a secondary diffraction minimum associated with the finite
width of the grating; this disappears at higher N.

At B=0.05 (see Fig. 8), there are nine distinct peaks for
N=3. The even n peaks are dominant. At higher N (not
shown), additional diffraction peaks can be resolved in the
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FIG. 7. |f(¢)|> for a periodically magnetized surface with 8
=0.1.
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FIG. 8. |[f(¢)*> for a periodically magnetized surface with 8
=0.05.

range 60°—-75° and 105°-120°. Since the angular spacing
between the diffraction peaks is about 3°, this is probably a
realistic lower limit for 8 for experimental purposes.

V. CONCLUSION

Based on this study, we can make the following generali-
zations concerning the diffraction of cold atoms from a pe-

riodically magnetized surface. First, the ratio %:sy deter-
mines whether the oscillations in the potential surface are
sufficiently large to produce atom diffraction. Second, no
primary diffraction peaks associated with the periodic struc-
ture of the grating are observable outside the cone ¢
=%7T'_"%7T. Within that cone, the location of the primary dif-
fraction maxima are given, to a reasonable approximation, by
d= %771 sin~!(nB). Third, the relative amplitude of the peaks
change with increasing [3; in some cases, the central peak is
strongly suppressed. Fourth, the finite width of the grating
leads to secondary diffraction peaks but does not change the
location of the primary peaks. Increasing N decreases the
width and increases the height of the diffraction peaks.

In conclusion, we have clearly established a range of pa-
rameters for which experimental observation of atom diffrac-
tion should be viable. Values of B for which either the even
or odd n peaks are suppressed (e.g., 8=0.2), are particularly
promising candidates for diffraction detection.
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