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A study of inner-shell electron-impact ionization of heavy neutral atoms is presented. A relativistic distorted-
wave method is used to calculate K-shell ionization of neutral Mn, Fe, Ni, and Cu, and also the L-shell
ionization of neutral W. These calculations are compared with measurements made by electron-impact ioniza-
tion from a thin target of the atomic species in question. Good agreement is found between the calculations and
measurements.
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I. INTRODUCTION

There has recently been considerable effort in measuring
inner-shell ionization cross sections for heavy neutral targets.
Such cross sections can be important in the diagnosis of
absolute impurity concentrations in fusion plasma modeling,
as well as in Auger electron spectroscopy, and electron-
energy-loss spectroscopy �1�. K-shell ionization cross sec-
tions of Ni �2�, Cu �3�, Fe, and Mn �4�, and L-shell ionization
cross sections of W �5�, have all been measured using a
thin-target technique. Corrections for the influence of the
substrate have been made to these measurements �6�.

Ab initio theoretical calculations for such processes are
scarce. Most recent theoretical attention for ionization of
heavy atoms has focused on ionization of the valence elec-
trons, using perturbative methods. Also, many previous cal-
culations of K-shell and L-shell ionization cross sections
have been made for highly charged systems �7–9�, where
most of the electrons have already been stripped. For these
cases, relativistic distorted-wave calculations have been
shown to be accurate for a wide range of targets. These stud-
ies have allowed simple �yet accurate� fits to be made to the
ionization cross sections, which have proven extremely use-
ful in many plasma modeling applications �10�. These stud-
ies have also shown that purely relativistic effects �9� be-
come important for large impact energies and for high-Z
systems, where Z is the nuclear charge.

In this paper we study the inner-shell ionization of heavy
neutral targets using relativistic distorted-wave techniques
for several reasons. First, we wish to assess the accuracy of a
distorted-wave approach for calculating inner-shell ioniza-
tion cross sections from a neutral target of high-Z value. It is
well known that distorted-wave calculations for ionization of
valence electrons �11,12� from near-neutral, moderate-Z and
high-Z targets are often inaccurate, due to the incomplete
treatment of the electron-electron correlations between the
incident, outgoing, and bound electrons. However, as will be
shown, the case of inner-shell ionization can be accurately
described using distorted-wave techniques, most likely be-
cause the incident electron interacts only slightly with the
valence electrons due to its large energy. Currently, none of
the existing nonperturbative theoretical techniques such as
the convergent close-coupling method, the R matrix with
pseudostates approach, or time-dependent close-coupling

method �see e.g., Ref. �13��, which all generally give accu-
rate results for valence-shell ionization, have been extended
to examine inner-shell ionization processes. This deficiency
is no doubt due to the extreme complexity of describing fully
the interaction of an incident electron with all electrons of a
heavy target, which would be required for a fully nonpertur-
bative approach to the inner-shell ionization process.

Second, we wish to make comparisons with existing ex-
perimental measurements to gauge the accuracy of such mea-
surements. The accuracy of previous measurements has been
unclear due to a lack of detailed theoretical calculations for
these processes, and previous comparisons have only been
made with classical scaling calculations �14� or with scaled
Born calculations �15�. Finally, we note that there have been
recent empirical model calculations proposed which give
K-shell ionization cross sections for a large range of atomic
targets �16�. Although these fits are often very useful, it is
still important to have detailed ab initio quantal calculations
to verify the accuracy of such fits and to further explore the
physics inherent in the scattering process.

Our paper proceeds as follows. In the next section we
discuss our theoretical approach to calculating the inner-shell
ionization of Mn, Fe, Ni, Cu, and W. In Sec. III we compare
our theoretical calculations with existing experimental mea-
surements for the inner-shell ionization cross sections of se-
lected heavy atoms and discuss our results. We end with a
short conclusion.

II. METHOD

A. Theoretical techniques

In this work we follow closely the techniques for calcu-
lating relativistic distorted-wave cross sections as discussed
by Sampson and co-workers �7–9,17,18�. These methods are
currently available as part of the suite of Los Alamos atomic
data codes. The Los Alamos codes used to carry out the
present calculations were the semirelativistic structure code
CATS �19�, the fully relativistic Dirac-Fock-Slater structure
code RATS �20,21�, and the multipurpose ionization code GIP-

PER �22�. We now give a brief summary of our fully relativ-
istic distorted-wave method.

The electron-impact ionization process is defined as

e− + ��tJt� → e−� + e−� + ��t�Jt�� , �1�

where Jt is the total angular momentum of the level in the
initial N-electron atom, and Jt� is the total angular momentum
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of the level in the final �N−1�-electron ion. The quantities �t

and �t� are used to represent all other quantum numbers re-
quired to completely define the initial and final levels, re-
spectively. The relativistic distorted-wave cross section for
this process is given by

Q��tJt − �t�Jt�� =
8a0

2

k2gi
�

J

�2J + 1��
Jt�

�
�,��,��

�
0

��−I�/2

�d���	�i� �
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q�p

N+1
1

rqp
�� f��2, �2�

where a0 is the Bohr radius and k is the relativistic wave
number of the impact electron, related to the kinetic energy �
of the impact electron by

k2 = �
1 +
�2

4
�� , �3�

with � being the fine structure constant and with � in Ryd-
bergs. In Eq. �2�, J is the total angular momentum of the
entire system, and Jt� is the total final angular momentum for
the system consisting of the �N−1�-electron final ion with
total angular momentum Jt� plus the ejected electron with
total angular momentum j�. The quantity I is the ionization
potential between levels ��tJt� and ��t�Jt��, �� is the energy of
the ejected electron, and gi is the statistical weight of the
initial level of the N-electron target atom. The � in Eq. �2�
represents the usual relativistic quantum number which is
related to the orbital and total angular momentum quantum
numbers l and j for the partial-wave expansion of the impact-
electron wave function by

� = l, j = l −
1

2
; � = − �l + 1�, j = l +

1

2
. �4�

Similar expressions hold for the scattered ���� and ejected
���� electron quantum numbers.

The initial antisymmetrized function �i for the
�N+1�-electron system can be written as

�i =
1

�N + 1�1/2 �
k=1

N+1

�− 1�N+1−k

� �
Mt,m

C�JtjMtm;JM���tJt
�xk

−1�u�ljm�xk� , �5�

where xk represents the space and spin coordinates of elec-
tron k and xk

−1 means the space and spin coordinates for all N
electrons other than k. The function ��tJt

�xk
−1� is the initial

antisymmetrized target-atom wave function constructed of
Dirac spinors or orbitals �17�. The quantity u�ljm is a Dirac
spinor that represents a partial wave for the initial free elec-
tron with kinetic energy � in the presence of a central poten-
tial V�r� resulting from the target ion

u�ljm�x� � u��m�x� =
1

r

 P���r���m�	,
,��

iQ���r��−�m�	,
,�� � , �6�

where the ��m are the usual spin angular momentum func-
tions, and the large and small components of the radial func-
tions P�� and Q�� satisfy the coupled Dirac equations

 d

dr
+

�

r
�P���r� =

�

2

� − V�r� +

4

�2�Q���r� , �7�

and

 d

dr
−
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2
�� − V�r��P���r� . �8�

In these equations the central potential V�r� is chosen to be
the Dirac-Fock-Slater potential given �in Rydbergs� by

V�r� =
− 2Z

r
+ Vc�r� − 24�


�1/3

, �9�

where

Vc�r� = �
n���

wn����
0

� 2

r�

�Pn���
2 �r1� + Qn���

2 �r1��dr1, �10�

and

��r� =
1

4r2 �
n���

wn����Pn���
2 �r� + Qn���

2 �r�� . �11�

Here wn��� is the occupation number of subshell n���
=n�l�j� in the initial configuration of the N-electron target
atom, the summation is over all occupied subshells, r� is the
greater of r and r1, and Pn��� and Qn��� are the large and
small components of the radial function of a bound electron
in the n��� subshell. These bound orbital functions are ob-
tained from a pair of coupled equations very similar to Eqs.
�7� and �8�, except that the system is treated as an eigenvalue
problem for the bound orbitals.

The final, �N+1�-electron, antisymmetrized function � f

in Eq. �2� can be written in a form that is very similar to the
expression for �i appearing in Eq. �5�. Specifically

� f =
1

�N + 1�1/2 �
k=1

N+1

�− 1�N+1−k

� �
Mt�,m�

C�Jt�j�Mt�m�;JM���t�Jt�
�xk

−1�u��l�j�m��xk� ,

�12�

where the primed quantities pertain to the scattered electron
wave function and the N-electron system comprised of the
final bound level and the ejected free electron. The function
��t�Jt�

�xk
−1� contains an extra free-electron spinor �associated

with the ejected electron� and is given by
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where ��t�Jt�
is the antisymmetrized wave function corre-

sponding to the final �N−1�-electron ion with total angular
momentum Jt� and u��l�j�m��xp� is a Dirac spinor for the
ejected electron with kinetic energy ��. The P and Q radial
functions that comprise the scattered and ejected spinor func-
tions �u� appearing in Eqs. �12� and �13� are determined from
a set of coupled Dirac equations that are identical in form to
Eqs. �7� and �8�. The only difference is that the central po-
tential V�r� is now obtained from the bound electron orbitals
that represent the appropriate configurations of the final
�N−1�-electron ion. We also note that the normalization for
any of the free electron wave functions is chosen to be

�
0

�

�P���r�P����r� + Q���r�Q����r��dr = ��� − ��� .

�14�

In the heavy atoms under consideration in this study, ion-
ization of a K-shell or L-shell electron leads to a final state
that could be described by numerous fine-structure levels.
Calculations which consider ionization to each of these lev-
els would take a prohibitively large amount of time to com-
plete. Consequently, we instead consider ionization from a
configuration-average approach �23�, which makes the calcu-
lations much more tractable. We expect this simplification to
be a very good approximation for ionization from the K or L
subshells. The configuration-average transition can be writ-
ten symbolically as

e− + � ¯ n�w
¯ � → e−� + e−� + � ¯ n�w−1

¯ � , �15�

where n� represents the active subshell containing w elec-
trons. The cross section describing this process can be ob-
tained from Eq. �1� by taking the appropriate average over all
initial and sum over all final target levels, ��tJt� and
��t�Jt��, that belong to initial and final configurations,
c= �¯n�w

¯ � and c�= �¯n�w−1
¯ �, respectively. If there is

no mixing present in these initial and final states and, fur-
thermore, if the ionization energy for each of the possible
state to state transitions can be approximated by a single
configuration-average ionization energy, ICA, then the
configuration-average cross section can be expressed in the
simple form

QCA�n�w� � QCA�c − c��

= �
�tJt�c

�t�Jt��c�

g�tJt
Q��tJt − �t�Jt��/gc,

= wQH
ps�n�� , �16�

where g is the statistical weight of the appropriate state or
configuration. The pseudohydrogenic cross section, QH

ps�n��,
is merely the cross section that would result from Eq. �2� if
one were to consider ionization of the lone n� electron from

a hydrogenic ion with ionization potential ICA. However, the
n� wave function to be used in Eq. �2� is that obtained from
the relevant N-electron target, rather than from a hydrogenic
target.

In our calculations, the RATS structure code was used to
generate fully relativistic bound electron wave functions for
the ground configuration of the neutral target and for the
excited �relativistic� configurations of the singly charged ion
with either a 1s1/2, 2s1/2, 2p1/2, or 2p3/2 electron removed.
The GIPPER code was then used to compute the ionization
cross sections using the method described above. We also
used the CATS structure code to generate semirelativistic
bound-electron wave functions which, in turn, were used to
generate free-electron wave functions and ionization cross
sections in the GIPPER code. The calculations of the bound-
electron wave functions use Cowan’s HFR method �23�,
which includes the mass-velocity and Darwin operators ex-
plicitly within the appropriate differential equations. How-
ever, the free-electron wave functions include semirelativis-
tic effects only to the extent that the wave functions are
computed from a central potential derived from the bound
electron orbitals. There is no explicit account taken of semi-
relativistic corrections in the free-electron function equa-
tions.

III. RESULTS AND DISCUSSION

Comparison of our theoretical calculations with existing
experimental measurements for the inner-shell 1s1/2 ioniza-
tion of four neutral targets are shown in Figs. 1–4, for the
atoms Mn, Fe, Ni, and Cu, respectively. Although recent pa-
pers on K-shell ionization �16� have presented cross sections
for extremely wide energy ranges, we choose to focus here
on the near threshold range, since that is where the experi-
mental measurements were made, and since the region near
the peak of the curve is often the most important part of the
ionization cross section when calculating ionization rate co-
efficients for typical plasma conditions.

FIG. 1. �Color online� K-shell electron-impact ionization of Mn.
We compare the relativistic distorted-wave �RDW� calculations
with our experimental measurements. The dashed curve is a semi-
relativistic distorted-wave �SRDW� calculation.
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For these targets it is clear that the relativistic distorted-
wave calculations are in excellent agreement with the mea-
surements. In all cases the calculations go through the error
bars of the measurements, and in most cases the calculations
are very close to the actual experimental points. We find this
agreement quite remarkable, since previous experience indi-
cates that distorted-wave calculations for ionization of va-
lence electrons from neutral targets often over estimate the
ionization cross section. The good agreement leads us to pos-
tulate the following description of the inner-shell ionization
process. It appears that the high energy of the impacting
electron makes any interaction between itself and the valence
electrons very small. The fast impact electron quickly finds
itself feeling the potential due to two tightly bound 1s elec-
trons and the heavy nucleus. The impact electron ionizes one
of these 1s electrons and is itself scattered. Within this
framework it is not so surprising that a distorted-wave type
theory could accurately describe such a process, since it is
well known that distorted-wave calculations are usually quite

accurate for calculations of ionization of highly charged sys-
tems.

Furthermore, the distortion potential V�r� has the correct
limiting behavior when the impact electron is both far away
�no field� and at the point of closest approach to the
nucleus �the appropriate Coulombic potential of the form
−2�Z−N� /r where N�2 for 1s ionization�. In between these
extremes, the distortion potential is probably not very accu-
rate, because the electron-electron correlation between the
bound and free electrons is treated only to first order. How-
ever, it appears that the high energy of the impacting electron
renders it relatively insensitive to the details of the distortion
potential in this intermediate region. A similar argument
holds for the scattered and ejected electrons, provided we are
far enough from threshold that the ejected and scattered elec-
trons do not spend a significant amount of time near the
spectating bound electrons.

It is also interesting to explore how much of the ionization
cross section is influenced by relativistic effects. To investi-
gate this behavior, we carried out semirelativistic distorted-
wave calculations for the 1s ionization of the same four
cases, as described previously. These calculations are shown
by the dashed lines in Figs. 1–4. It is clear that use of the
Dirac-Fock-Slater potential, and the fully relativistic treat-
ment of both bound and free radial wave functions, makes a
significant difference to the ionization cross section, even
though the semirelativistic calculations have almost the same
ionization threshold as the fully relativistic calculations. The
semirelativistic calculations are consistently lower than the
relativistic distorted-wave calculations �and, for most cases,
outside the error bars of the experimental measurements�,
and strongly suggests that for these types of ionizing colli-
sions, a fully relativistic description is needed to adequately
describe the scattering process.

Finally, in Fig. 5 we present the L-shell ionization of W;
that is, the total of the 2s1/2, 2p1/2, and 2p3/2 inner-shell ion-
ization cross sections. For this case, the agreement between
experiment and theory is reasonably good in the near-
threshold region where the calculations are only slightly

FIG. 2. �Color online� K-shell electron-impact ionization of Fe.
We compare the RDW calculations with our experimental measure-
ments. The dashed curve is a SRDW calculation.

FIG. 3. �Color online� K-shell electron-impact ionization of Ni.
We compare the RDW calculations with our experimental measure-
ments. The dashed curve is a SRDW calculation.

FIG. 4. �Color online� K-shell electron-impact ionization of Cu.
We compare the RDW calculations with our experimental measure-
ments. The dashed curve is a SRDW calculation.
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higher than experiment for a range of impact energies lead-
ing up to the peak of the cross section. Again, for this case,
the semirelativistic distorted-wave calculations �dashed line�
are somewhat lower than the fully relativistic calculations.
We also examined the contribution to the total L-shell
ionization cross section from the individual 2s1/2 and
2p1/2+2p3/2 shells �see inset�. The trends of the 2s1/2 and

2p1/2+2p3/2 ionization cross sections are very similar to the
total ionization cross section, with the 2p ionization provid-
ing the dominant contribution.

IV. CONCLUSIONS

In this paper, we have presented theoretical calculations
of inner-shell ionization of heavy neutral targets and com-
pared with existing experimental measurements. Generally,
very good agreement is found between the relativistic
distorted-wave calculations and measurements made using a
thin-target technique. We postulate that this good agreement
implies that the valence electrons play little role in this deep
inner-shell ionization process, and that this description ex-
plains the accurate predictions of the relativistic distorted-
wave calculations. We have also found that relativistic ef-
fects do play an important role in these ionization processes,
and must be fully taken into account when describing both
bound-electron and free-electron wave functions in order to
calculate accurate cross sections.
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