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Emission spectrum of a harmonically trapped two-level atom
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We investigated theoretically the emission spectrum for a harmonically trapped two-level atom; our study is
not limited in Lamb-Dicke approximation. We have shown that the effects of the atomic motion on the
emission spectrum are dependent on the initial state of the system, the Lamb-Dicke parameter �, and the
detuning parameter.
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I. INTRODUCTION

Much attention has been paid to spectra in the last de-
cades; the wide investigation of the emission spectra �1–5�
has revealed many nonclassical effects in the physical pro-
cess of atom-radiation field interaction, including the suc-
cessfully observed vacuum Rabi splitting �6�. It has been
shown �7� that the emission spectrum of a stationary two-
level atom interacting with one mode field is sensitive to the
relative phase between the atomic dipole and the cavity field,
for a certain choice of the relative phase, the spectrum can be
an asymmetric two-peaked structure; the quantum state of
radiation field for such a system can be recovered from the
resonance fluorescence spectrum in some appropriate condi-
tions �8�.

Nevertheless, the atomic motion is unavoidable, and it
could affect the atom-field interaction. The effects have been
illustrated by many facts, such as spontaneous emission
spectrum from an atom interacting with a standing-wave
cavity mode �9�, resonance fluorescence from a trapped atom
�10�, the dynamics of a trapped atom �11�, etc. Compared
with the stationary two-level atom, the atomic motion alters
the decoherence and relaxation rates especially under the
condition of certain atomic mass and resonant frequency
�12�. With the rapid development of the atomic or ionic trap-
ping technique, the system which consists of the atomic ions
that are confined in electromagnetic traps and manipulated
with laser beams is one of the most promising candidates for
quantum information processing �13�. The nonclassical states
of the trapped particle, such as the Fock state, squeezed state,
coherent state, and the so-called Schrodinger-cat state, have
been accomplished in experiments �14–16�. It is also pos-
sible to generate dark SU�2� coherent states of the center-of-
mass �c.m.� motion of the trapped ion �17� and an entangle-
ment state of two trapped ions �18�. The signal-to-noise ratio
in spectroscopy of atoms can be enhanced using entangle-
ment in the trapped particles �19�.

However, most of the schemes are based on the Lamb-
Dicke �LD� regime, which requires that the atom’s motional
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excursion be much smaller than the laser wavelength, i.e.,
��1. In fact, the LD limit is not rigorously satisfied and the
atomic oscillating motion is not limited to the LD limit. In-
deed, it could be helpful to reduce the noise in the trap and
improve the cooling rate �20� to use the laser-atom interac-
tion outside the LD limit. The preparation of some pure state
of the c.m. motion of a trapped atom �ion� is possible theo-
retically and experimentally �21,22� outside the LD limit. It
has been shown �23� that the quantum motion of the trapped
atom significantly influences the quantum fluctuations and
the squeezing of fluorescence light field for atomic localiza-
tion conditions far from the LD limit.

Recently, we investigated the effects of the atomic c.m.
motion on the emission spectrum of a two-level harmoni-
cally oscillating atom driven by a resonant standing-wave
field with a LD parameter nearly in LD approximation �24�.
In this work, we will further study the emission spectrum of
a harmonically trapped two-level atom driven by a running-
wave field without a LD approximation. When the atom-field
coupling constant �, the interaction time T and the atomic
decay rate � satisfy the following inequalities �8�

� �
1

T
� � , �1�

the spontaneous process can be negligible. In this case, the
photon emitted by the atom into the cavity mode is likely to
be repeatedly absorbed and re-emitted. The effect of recoil
on the atom due to absorbing and emitting photons is nearly
counteractive in a running-wave field �25�, so we can neglect
the effect of the recoil on average.

The present paper is organized as follows. In Sec. II, we
derive the effective Hamiltonian of the system under consid-
eration and present the atomic emission spectrum. In Sec. III,
we discuss the emission spectrum in different initial states of
the system. In Sec. IV, our results are presented.

II. THE MODEL

We consider a two-level atom undergoing a one-
dimensional harmonic vibrational motion in the x direction
and driven by a running wave inside an ideal cavity, in the
rotating-wave approximation, the Hamiltonian for the system

is �we use �=1�
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Ĥ0 = �cb̂
†b̂ + �â†â + �a

	̂z

2
, �2�

ĤI = �	̂+b̂eikcx̂ + H.c. �3�

Here, Ĥ0 is the free Hamiltonian of the atom and the radia-

tion field, and ĤI describes the interaction, b̂† and b̂ are the
creation and annihilation operators for the radiation field, â†

and â are the creation and annihilation operators of the
atomic vibrational quanta with frequency �, 	̂+ �	̂−� is the
raising �lowering� operator of the atomic internal state, 	̂z is
the usual Pauli matrix, �c and �a are the field frequency and
the atomic transition frequency, respectively, kc=�c /c, � is
the atom-field coupling constant. The operator x̂ describes
the position of the center-of-mass motion, which can be
given as x̂=�� /2
��â†+ â�, 
 is the atomic mass. When the
field is resonant with the jth red sideband �blue sideband�,
�c=�a− j���c=�a+ j��, in the interaction picture, we disre-
gard the rapidly oscillating terms and the interaction Hamil-
tonian becomes

ĤI = 	̂+b̂Ĝjâj + H.c. �ĤI = 	̂+b̂�â†� jĜj + H.c.� �4�

with

Ĝj = �e−�2/2�
l=0

M̂
�i���2l+j�M̂!

�j + l� ! l ! �M̂ − l�!
. �5�

Here, M̂ = â†â is the occupation number of the atomic
oscillating motion, � is the Lamb-Dicke parameter, �
=kc

�� /2
�.
If the half-band-width of the spectrometer � is much

larger than the atomic decay rate �, the time-dependent
physical spectrum S��� of the radiation field emitted by a
harmonically trapped two-level atom inside an ideal cavity
can be expressed as �26�

S��� = 2��
0

T

dt1�
0

T

dt2e−��−i���T−t1�−��+i���T−t2�

� �
�0�		̂+�t1�	̂−�t2�	
�0�
 , �6�

where 	
�0�
 is the initial state of the atom-field system,
	
�0�
= 	
a
 � 	
a�
 � 	
 f
, 	
a
 is the atomic internal state,
	
a�
 and 	
 f
 are the initial states of atomic c.m. motion and
the radiation field, respectively.

III. THE ATOMIC EMISSION SPECTRUM

We now assume that the atomic internal state 	
a
 is ini-
tially in coherent superposition of the excited state 	e
 and
the ground state 	g
, i.e., 	
a
=cos � /2 	g
+sin � /2ei� 	e
�0
���� ,−������, the field and the c.m. motion are both
in the coherent superposition state of the number states,
	
 f
=�n

�Fn 	n
 , 	
a�
=�m
�Dm 	m
, the initial state of the system
is given by the expression
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�0�
 = �
n,m=0

�

DmFn�cos
�

2
	n,g,m
 + sin

�

2
ei�	n,e,m
� .

�7�

When we tune the laser to the jth red sideband, i.e., �c
=�a− j� �j=0,1 ,2 ,3 . . . �, the emission spectrum S��� of a
harmonically trapped two-level atom is given by the expres-
sion

S��� =
�

4 �
n=0,m=j

� 
��ijFn+1Dm+jcos
�

2
+ FnDmsin

�

2
ei��

���− �n,m
j ,�n−1,m−j

j �

+ �− ijFn+1Dm+jcos
�

2
+ FnDmsin

�

2
ei��

� ���n,m
j ,�n−1,m−j

j ��2

+ �− �n−1,m−j
j → �n−1,m−j

j ��
+

�

2 �
m=0

j−1

�
n=0

� ��ijFn+1Dm+jcos
�

2
+ FnDmsin

�

2
ei��

���− �n,m
j ,0� + �− ijFn+1Dm+jcos

�

2

+ FnDmsin
�

2
ei�����n,m

j ,0��2

, �8�

where �−�n−1,m−j
j →�n−1,m−j

j � is denoted as substituting
�n−1,m−j

j for −�n−1,m−j
j , and

��x,y� =
exp�i�� − �a + x + y�T� − exp�− �T�

� + i�� − �a + x + y�
, �9�

�n,m
j = 	gm

j 	��n + 1��m + j�!
m!

, �10�

gm
j = �e−�2/2�

l=0

m
�i��2l+jm!

�j + l� ! l ! �m − l�!
. �11�

If we tune the laser to the jth blue sideband, then

S��� =
�

4 �
n=0,m=j

� 
��ijFn+1Dm−jcos
�

2
+ FnDmsin

�

2
ei��

���− �n,m−j
j ,�n−1,m

j �

+ �− ijFn+1Dm−jcos
�

2
+ FnDmsin

�

2
ei��

� ���n,m−j
j ,�n−1,m

j ��2

+ �− �n−1,m
j → �n−1,m

j ��
+ ��

m=0

j−1

�
n=0

� �FnDmsin
�

2
�2

��	��− � j ,0�	2 + 	��� j ,0�	2� . �12�
n−1,m n−1,m
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When j=0, i.e., �c=�a, the emission spectrum is still
sensitive to the relative phase between the atomic dipole and
the field, regardless of the initial state of the atomic motion;
however, in the case of j�0, the atomic spectrum would lose
phase sensitivity provided that the atomic motion in Fock
state or mixed state, furthermore the atomic spectrum is re-
lated with not only the relative phase between the atomic
dipole and the field but also the phase of the atomic c.m.
motion, supposing the atomic c.m. motion is in coherent
state, as shown in Fig. 12�2�.

A. The radiation field in Fock state

For simplicity, we discuss the emission spectrum for j
=0 and j=1, i.e., the driving field is resonant with the atom
and with the first red �blue� sideband, respectively. We con-

FIG. 1. The effective coupling constant 	gm
0 	 is shown as a func-

tion of the atomic c.m. motional occupation number m, when j=0.

FIG. 2. The emission spectrum, the field is in photon number
state, the atomic c.m. motion is in Fock state, j=0, �=�, �=0.3,

n=10, T=40/�, �=0.1�.

053822
sider that the atom is initially in an excited state, when the
atomic c.m. motion and the field are both in Fock states, for
j=0, the atomic emission spectrum has a four-peak structure,
the four peaks are located at

�a ± 	gm
0 	��n + 1 − �n�, �a ± 	gm

0 	��n + 1 + �n� . �13�

As shown in Fig. 1, when the atomic c.m. occupation
number m=0, the effective coupling constant 	g0

0	 is �e−�2/2,
it is beyond the LD limit that the vacuum fluctuation of the
quantized atomic motion is not negligible. Moreover, 	gm

0 	
displays the nonperiodic “oscillation” with increasing m, the
average period of oscillation decreases along with the in-
crease of a LD parameter, and the maximum of 	gm

0 	 is
smaller than the atom-field coupling constant �; for appro-
priate occupation number, 	gm

0 	 ��. Consequently, as shown
in Fig. 2, compared with the stationary atomic spectra, a
nearness of the two sidebands can be seen even when the
c.m. motion is in a vacuum state. The atomic emission spec-
trum is sensitive to the occupation number of the atomic
motion. When the occupation number m is increased, first,
the two sidebands move toward each other and even overlap

FIG. 3. Same as Fig. 1, but j=1 �red sideband or blue
sideband�.
FIG. 4. Same as Fig. 2, but j=1 �red sideband�.
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around �a; that is, the spectra could appear approximately at
one peak, then they recede from each other. However, in
the LD limit �or nearly in the LD limit�, 	gm

0 	 ���1−�2 /
2�1+2m��, hence the two sidebands move toward each other

FIG. 5. Figure 1 is same as Fig. 2, but the atomic c.m. motion is
in coherent state, Fig. 2 is the same as Fig. 1, but j=1, a S���
+9.0; b S���+6.0; c S���+3.0; d S���.
FIG. 6. Same as Fig

053822
with increasing m, which conforms to �25�, since the effec-
tive Hamiltonian of the system in this case is almost same as
the Hamiltonian in �25�.

When the driving field is tuned to the first red sideband,
the peaks are located at

�a ± �	gm
1 	��n + 1��m + 1� − 	gm−1

1 	�nm�;

�a ± �	gm
1 	��n + 1��m + 1� + 	gm−1

1 	�nm� . �14�

When the atomic c.m. motion is in the vacuum state, the
emission spectrum is two-peak structure instead of four vis-
ible peaks, even when the field is not in a vacuum state. As
shown in Fig. 3, for m=0, the effective coupling constant
	g0

1 	 =�e−�2/2� is much smaller than the atom-field coupling
constant �. As shown in Fig. 4, outside the LD limit, with the
increase of the occupation number m, the two sidebands first
recede from each other, then they move close together, since
the effective coupling constant 	gm

1 	�m+1 exhibits a nonpe-
riodic oscillation which is very different from the situation
for j=0. In the LD limit, with increasing m the two side-
bands of the atomic spectra always move away each other,
because the effective coupling constant 	gm

1 	�m+1 grows
slowly with the occupation number m.

If the driving field is tuned to the first blue sideband, the
locations of the peaks are

�a ± �	gm−1
1 	��n + 1�m − 	gm

1 	�n�m + 1�� ,

�a ± �	gm−1
1 	��n + 1�m + 	gm

1 	�n�m + 1�� . �15�

Generally, the atomic spectra are very similar to the case
of the first red sideband. However, when the field and the
atomic motion are both in a vacuum state, only one peak
located at �a appears in the atomic spectra, i.e., vacuum
“Rabi splitting” could not be observed due to the atomic c.m
motion under this condition.

When the atomic c.m. motion is in a coherent state, the
atomic spectra depend on both the effective coupling con-
stant and the occupation number distribution. Outside the LD
limit, as seen in Fig. 5, for j=0, when the mean occupation
number is small, the two sidebands of the emission spectra
. 5, but �=0.1.
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evolve into a complicated multipeak structure because of the
rapid decreasing of 	gm

0 	 with the increasing occupation num-
ber m, and every small peak’s height is proportional to 	Dm	2.
For sufficiently large m̄, the small peaks coalesce, the two
sidebands appear again; for j=1, the multipeak structure in-
stead of a four-peak emerges due to rapid increasing of
	gm

1 	�m+1 with increasing small m. When m̄ is increased
further, the two sidebands are formed and the atomic spec-
trum is sensitive to the mean occupation number. In the LD
limit, for j=1, when m̄ is sufficiently large with increasing
m̄, the two sidebands recede from each other, heighten, and
narrow. However, compared with the stationary resonant
spectra, the two sidebands broaden and move together. Yet,
for j=0, it is quite different, with increasing m̄, the two side-
bands move toward each other and broaden, as shown in
Fig. 6.

When the atomic c.m. motion is in thermal state, the main
contribution to the emission spectra is the small occupation
number states due to the broad thermal distribution with
maximum at m=0 and dominant weights at small occupation
number states. Consequently, outside the LD limit, as shown

FIG. 7. Figure 1 is the same as Fig. 2, but the atomic c.m. mo
+6.0; b S���+3.0; c S���.
FIG. 8. Same as Fig

053822
in Fig. 7, the emission spectrum is always multipeak due to
the atomic motion except m̄=0. In the LD limit, as shown in
Fig. 8, when j=0, compared with the atomic c.m. motion in
coherent state, for the same m̄, the sidebands are broader,
since the fluctuation of thermal state increases more quickly
than coherent state with increasing m̄, but for j=1, the
atomic spectrum is quite different.

B. The field in coherent state

We consider the radiation field is in coherent state, outside
the LD limit, when the atomic c.m. motion is in Fock state,
for j=0, as shown in Fig. 9, when the atomic c.m. motion is
in a vacuum state, the emission spectrum is very similar to
that of stationary atom. With increasing m, the small peaks
coalesce to two sidebands, when m is further increased, the
two sidebands first narrow and move toward each other, then
broaden, and recede from each other. Compared with Fig. 2,
for the same occupation number, the two sidebands are
broadened. For j=1, as shown in Fig. 10, with increasing m,
the two sidebands first broaden and move away from each

is in thermal state, Fig. 2 is the same as Fig. 1, but j=1, a S���
tion
. 7, but �=0.1.
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other, then narrow and move toward each other. Compared
with Fig. 4, the sidebands are also broadened for the same
occupation number m.

When the cavity field is initially in coherent state, the
emission spectrum for the atomic c.m. motion in coherent
state is similar to that of the atomic c.m. motion in Fock state
except for the widened sidebands.

When the atomic motion is thermal state, as shown in Fig.
11, if the field is resonant with the atom, the location of the
two sidebands is not as sensitive to the intensity of the
atomic motion, but the sidebands become wider and lower
with the increasing mean occupation number m̄. If the field is
tuned to the first red sideband, at first the atomic emission
spectrum exhibits six peaks, with increasing m̄, the outer-
most peaks move away and broaden, the peaks located at
�a± 	g0

1 	�n̄+1 decrease due to the decreasing weight of
vacuum state, the central two peaks move together and then
overlap.

In the LD limit, if the atomic motion is in Fock state or

FIG. 9. Same as Fig. 2, but the radiation field is coherent state,
n=10.0.
FIG. 11. Same as Fig. 7, but the fie

053822
coherent state, with increasing m̄, when the driving field is
resonant with the first red �blue� sideband, the two sidebands
recede from each other, the peak-height of the sideband de-
creases. When the field is resonant with the atom, the side-
bands move together and heighten, as shown in Fig. 12.

IV. CONCLUSION

The effective Hamiltonian of the system is different for
different detuning parameters. Hence, the emission spectrum
of a harmonically trapped two-level atom depends on not
only the initial state of the system and the LD parameter �,
but also the detuning parameter. When j=0, the atomic c.m.
motion merely affects the coupling strength between the
atom and the driving field. Consequently, the phase sensitiv-
ity of the two-level atomic emission spectrum is not affected
by the atomic c.m. motion. When j=1, the change of the
atomic internal state brings the changes of the field and the
atomic c.m. motion, thereby, the phase sensitivity of the
emission spectrum depends on the atomic c.m. motion. In

FIG. 10. Same as Fig. 4, but the radiation field is coherent state
n=10.0, a S���+9.0; b S���+6.0; c S���+3.0; d S���.

¯
ld is in coherent state n=10.0.
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summary, the shape of the emission spectrum for a harmoni-
cally trapped two-level atom may be controlled via the LD
parameter �, the detuning parameter, and the atomic c.m.
motion. There may be potential applications in the precision

FIG. 12. The atomic c.m. motion and the radiation field are in
motion, the radiation field and the atomic dipole is � /2; �=0.1, �
measurement.
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