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When a three-level system is coherently driven by a strong modified standing wave, photonic band gaps are
viable to realize. Theoretically detailed calculations, for Pr3+

-doped yttrium orthosilicate crystal with inhomo-
geneously broadening, further show that the gap structure can be dynamically controlled and optimized by
modulating the Rabi frequency, the spatial periodicity of the standing wave, the reflectivity of mirror, and the
angle of incidence. This adjustable photonic band gap determined by the external pump control parameters in
a doped solid crystal should hold more potential for applications than that in typical photonic crystals which
are determined once for all by the way the material periodic structure is grown.
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I. INTRODUCTION

Quantum coherence and interference in an optical me-
dium interacting with radiation fields have been extensively
studied both experimentally and theoretically. Many fascinat-
ing phenomena have been revealed and discussed, among
which the most typical one is electromagnetically induced
transparency �EIT� �1,2�. In recent years, EIT in solid media
with inhomogeneous broadening and related phenomena
have been studied more and more extensively �3–8�. In par-
ticular, a standard � configuration for EIT produced by a
driving standing wave control beam has currently attracted
the great attention of both theorists and experimentalists
�9–11�. Few theoretical works were devoted on the investi-
gation that probe propagation can be modulated periodically
in space via controlled modification of the photonic density
of states in EIT media by periodic modulating the refractivity
index with a modified standing wave �SW-EIT�, which can
realize a photonic band gap �PBG� �12–14�.

The proposed PBG has potential applications for the dy-
namic control of group velocity, dispersion compensation in
fiber-optic communications. In a standard PBG system, the
spatial dependence of the optical response and the corre-
sponding photonic band structure are determined once and
for all by its material composition, i.e., its structure. It is,
however, of great interest for the possibility to tune the PBG
properties in a fast and efficient way without changing the
material structure itself. Now, a suitable mechanism to
achieve very large modulations of the optical properties can
be realized in SW-EIT photonic crystals via quantum coher-
ence and interference in a multilevel system �12–14�.

The purpose of this paper is to extend the above studies
from cold atomic �14� to inhomogeneous broadening doped
solids. Here by studying for Pr3+

-doped yttrium orthosilicate
�Pr: YSO�, we show that the PBG in a doped solid SW-EIT
photonic crystal can be dynamically controlled and opti-

mized by the following factors: the Rabi frequency; the
standing wave periodicity; the reflectivity of mirror; and the
angle of incidence. We analyze the physical mechanism of
these factors in detail by a comparison between standard
photonic crystals and SW-EIT photonic crystals. This pro-
cess enables one to control a PBG with facility dynamically
that are impossible with conventional photonic crystal mate-
rials. Such photonic media are sought after as a promising
avenue, e.g., toward deterministic photon-photon entangle-
ment �15� or the enhancement of nonlinear interactions be-
tween weak light pulses �16�.

II. THE MODEL AND EQUATIONS

We consider a simplified three-level � system shown in
Fig. 1. The energy-level scheme is relevant to the case
Pr3+

-doped yttrium orthosilicate �Pr: YSO� crystal, where
levels �b�, �c�, and �a� correspond to energy levels of Pr3+

ions 3H4 �±3/2�, 3H4 �±1/2�, 1D2 �±1/2�, respectively. Lev-
els �a� and �b� are coupled by a weak probe beam with fre-
quency �p, the transmission of which are the physical quan-
tities we are interested in. Between levels �a� and �c�, a
standing wave �SW� pattern created by a strong coupling
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FIG. 1. Three-level � model for electromagnetically induced
transparency. The probe �signal� field is nearly resonant with the
transition from the ground state �b� to the excited state �a� and
the control fields �standing wave� is tuned at resonance between �c�
and �a�.
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fields at frequency �c with Rabi frequency of �0 and its
reflection manipulates the probe propagation via induced re-
fractive index change of the medium. The control beam is
retroreflected along the x direction upon impinging on a mir-
ror of reflectivity Rm. Thus, the resulting pump Rabi fre-
quency varies periodically along x

�C
2 �x� = �0

2��1 + �Rm�2 cos2	�c

c
x


+ �1 − �Rm�2 sin2	�c

c
x
� , �1�

with a spatial periodicity a equals �c /2. The tunable param-
eter �= �1−�Rm� / �1+�Rm� �0���1� is introduced in Ref.
�14�. For �=0, it is a perfect standing wave. By slightly
reducing the mirror reflectivity ���0�, the nodes of the
standing wave will be replaced by quasinodes.

Based on the semiclassical theory, using the standard den-
sity matrix formalism with the dipole approximation and the
rotating wave approximation, the interaction Hamiltonian H1
for this system is ��=1�

HI = 	P�a��a� − ��p�a��b� + �c�a��c� + H.c.� , �2�

where the detunings of the probe field and the coherent driv-
ing field are defined as 	p and 	c. Here we assume 	c=0.
The Rabi frequency of the probe field is defined as �p
=
abEp /2�, where 
ab represents the matrix element of the
dipole moment between levels �a� and �b�.

Then we obtain the equations of motion for the density
operators in the interaction picture, �here the Rabi frequen-
cies are assumed to be real�

�̇aa = − ��ab + �ac��aa − i�p��ab − �ba� − i�c��ac − �ca� ,

�̇bb = �ab�aa + �cb�cc − �bc�bb + i�p��ab − �ba� ,

�̇cc = �ac�aa − �cb�cc + �bc�bb + i�c��ac − �ca� ,

�̇ab = − �i	ab + ab��ab − i�p��aa − �bb� + i�c�cb,

�̇cb = − �i	cb + cb��cb − i�p�ca + i�c�ab,

�̇ac = − �i	ac + ac��ac + i�p�bc − i�c��aa − �cc� ,

1 = �aa + �bb + �cc,

�ij = � ji
* . �3�

Where �ij �i, j=a, b, c� are the population relaxation rates.
We take �cb=�bc so that before the action of the drive field
the levels �b� and �c� are equally populated. The coherence

decay rates for �ab, �ac, and �cb are denoted by ab ac, and
cb, respectively. We assume that ab=ac=. The 	ij are
given by 	ab=�ab−�p=	p+	�ab, 	ac=�ac−�c=	�ac,
	cb=�cb−�p+�c=	p+	�cb, and 	�ac=	�ab−	�cb. Here
�ab, �ac, and �cb are the frequencies of the corresponding
transitions, while 	�ij represents the detuning of the inho-
mogeneous broadened line center from an isolated atom line
center.

In the presence of the pump field, the steady state solution
�ab can be found to the first order in the probe field, from
which the dressed susceptibility seen by the probe is ob-
tained.

However, the analysis above yields the relevant equations
for a single atom with specific detuning defined by its posi-
tion within its host only. In order to obtain the relevant mac-
roscopic susceptibility �, such result has to be averaged over
the entire frequency range of the corresponding transitions,
as determined by the inhomogeneous broadening of the im-
purity lines in the host solid. We hereafter follow the treat-
ment of Ref. �17�, assuming that the inhomogeneous broad-
ening could be described by a Lorentzian, and obtain �18�

���� = d��ab�f��ab� d��cb�f��cb�	N
ab
2

2�

�ab

�p

 , �4�

f��ab�cb�� =
Wab�cb�/�

�	�ab�cb��2 + �Wab�cb��2 , �5�

where Wab, Wcb are the inhomogeneous widths of the transi-
tions �a�→ �b� and �c�→ �b�, respectively, and N is the num-
ber of optically relevant impurities per unit volume. Finally,
the dressed dielectric function experienced by the probe can
be written as

���� = n2��� = 1 + 4����� . �6�

Owing to the spatially periodic modulation induced by the
pump, the probe propagates in the coherently dressed system
described by Eqs. �1�–�6� as in a one-dimensional photonic
crystal and, because of �p��ab, the probe wave vector is
close to the corresponding Brillouin zone boundary �� /a�
and the opening of a photonic stop band can be anticipated
�14�. As the first step to obtain the photonic band structure of
the probe, a 2�2 unimodular transfer matrix �19� M ���
representing the propagating through a single period is cal-
culated numerically �13�. Then, the translational invariance
of the periodic medium is fulfilled by imposing the Bloch
condition �20� on the photonic eigenstates

TABLE I. Relevant experimental parameters �4�.

Case
Wab

�MHz�
Wcb

�KHz�
�ab

�KHz�
ab

�KHz�
�cb

�Hz�
cb

�KHz�
�

�nm� f
N

�cm−3�

Pr: YSO 1 30 6.098 9.009 0.01 2 605.7 3�10−7 1.17�1015
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	E+�x + a�
E−�x + a�


 = M���	E+�x�
E−�x�


 = 	ei�aE+�x�
ei�aE−�x�


 , �7�

where E+ and E− are the electric field amplitudes of the for-
ward and backward �Bragg reflected� propagating probe, re-
spectively. � is the Bloch wave vector of the corresponding
probe photonic state ��=��+ i�� is complex in general�. The
one-dimensional photonic band structure is obtained from
the solution of the corresponding determinantal equation
e2i�a−Tr�M����ei�a+1=0 �det M =1�, and noting that if � is
a solution, −� is a solution, too. One simply has �13�

�a = ± cos−1�Tr�M����
2

� . �8�

As previous work introduced in Refs. �13,14�, it is neces-
sary to consider a finite sample of thickness L=Na �N�1�
where N is the number of the standing wave periods. The
total transfer matrix M�N� of a sample with thickness L is
simply given in terms of the single period transfer matrix M
as M�N�=MN. Because M is unimodular, the following closed
expression for M�N� holds true:

M�N� =
sin�N�a�
sin��a�

M −
sin��N − 1��a�

sin��a�
I , �9�

where I is the unity matrix. Such a compact expression en-
ables one to write the reflection �RN� and transmission �TN�
amplitudes for the L length in terms of complex Bloch wave-
vector � and the elements Mij of the matrix M, namely,

RN =
MN�12�

MN�22�
=

M12 sin�N�a�
M22 sin�N�a� − sin��N − 1��a�

, �10�

TN =
1

MN�22�
=

sin��a�
M22 sin�N�a� − sin��N − 1��a�

, �11�

from which, the reflectivity, transmissivity, and absorption
can be found by calculating �RN�2, �TN�2, and A=1− �RN�2
− �TN�2, respectively.

III. NUMERICAL RESULTS AND DISCUSSION

By using the above formulas and solution of the probe
propagation developed in the previous section, we can per-
form numerical calculations to show the effect of various
factors on PBG in the case of experimental interest �3�, Pr:
YSO, in which EIT has been already observed �4�. All rel-
evant experimental parameters are listed in Table I. Here we
should note the inhomogeneous broadening can be reduced
to the magnitude of the laser beam jitter �	v jit=1 MHz� us-
ing an optical repump scheme, at the price of reducing the
effective density of Pr ions to 1.17�1015 cm−3 �4�.

Figure 2 shows the photonic band gap structure around
the lowest photonic band gap that has been studied in our
previous work �21�. Here �=0.05 and then Rm=0.905, so by
the formula �1� the pump Rabi frequency have the smallest
value �c �min=0.308�0�3 MHz at the quasinodes, and the
largest value �c �max=1.38�0�13 MHz at antinodes. In
Fig. 3 it is clear that the EIT linewidth is about equal to
5 MHz when pump Rabi frequency is about equal to the
smallest value. So EIT also exists at the quasinodes, and the

FIG. 2. Photonic band-gap structure near the Brillouin zone
boundary in Pr: YSO when �0=10 MHz, �=0.05, and �
=0.98 mrad. �a� and �b� frames denote, respectively, the imaginary
and real parts of the Bloch wave vector.

FIG. 3. Real �a� and imaginary �b� part of the dressed dielectric
function for Pr: YSO when �c=3 MHz �solid lines� and �c

=0 MHz �dashed lines�.
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narrow band gap is all contained within the transparency
window.

In the standard photonic crystals, it is well known that the
periodic arrangement of refractive index variation controls
how photons to move through the crystal �22�. The relative
width of the band gap will get wider with the increment of
the smaller and larger refractive index ratios in one period
�23,24�. Accordingly, a natural question that arises is whether
there exists a factor, which controls the width of PBG in the
model under investigation. By Eqs. �3�, �4�, and �6�, we can
find that the refractive index ratio is related to the Rabi fre-
quency of standing wave pump. So, we can anticipate that
the width of the band gap will increase with the increment of
the intensity enhancement of SW Rabi frequency. The theo-
retical studies may indicate that the answer to this question is
positive for Pr: YSO, which is shown in Fig. 4.

At the same time, from this figure, one also can find that
within the gap edges �� is reduced with the increasing of gap
width, where the corresponding reflection must be reduced.
This may be understood by noticing that the larger Rabi fre-
quency must conduce to the wider EIT linewidth. As the
consequence, the transmission will be strengthened, i.e.,
more section of probe will transmit the medium. Therefore,
in order to get the better band gap for the lights that we want
to forbid them to propagate; we need to counterpoise the two
effects of the pump Rabi frequency.

Next we consider the function of tunable parameter � and
the misalignment �, while keeping pump Rabi frequency. It
can be found from Fig. 5�a� that the band gap in the first

Brillouin zone boundary is barely defined for �=0, but when
we slightly change �, a well-developed band gap character-
ized by ���� / a and ���0 appears as shown in Fig. 5�b�.
The explanation to this phenomenon is likely to the EIT
disappears at the nodes of standing wave for �=0, which is
due to the Rabi frequency equals zero at those points. It is
known that without the pump field, the reflectivity is very
low and the solid medium is completely opaque to the signal
light near the resonance. When �=0.1, �0 is not zero any
more, in which the resonant absorption of the probe at the
pump nodes no longer prevents the development of a photo-
nic stop band �13,14�. Figure 6 shows that the gap width and
�� within the gap become smaller than ones in Fig. 5�b� by
reducing the two counterpropagating beams misalignment �
along x, by which one can easily change in fact the spatial
periodicity given by a= ��c /2� / cos�� /2�.

Finally, we consider the effect of incident angle � of the
probe �nonnormal incidence�. The common theory we use
comes from Ref. �19�. In Fig. 7 fixing all other parameters
and only changing the angle of incidence we plot the imagi-
nary part of the Bloch wave vector near the Brillouin zone
boundary. From this figure, we can see that the position of
PBG in a solid SW-EIT photonic crystal can be made rela-
tively sensitive to the incident angle. When � increases
slightly from 0.35 to 1.96 mrad, on one hand, the width of
PBG has a bigger change: from a larger value to a smaller
value even to zero �PBG is barely created when �
=1.18 mrad�, and then to a larger value. On the other hand,

FIG. 4. Probe photonic band structure near the Brillouin zone
boundary when a modified SW pump with �=0.98 mrad and �
=0.1 is on, corresponds to different Rabi frequencies: �0�a�
=8 MHz, �0�b�=10 MHz, �0�c�=12 MHz.

FIG. 5. Band-gap structure near the Brillouin zone boundary
when a modified SW pump with �=0.98 mrad and �a� �=0, �b�
�=0.1 is on. Both real �solid� and imaginary �dash� parts of the
Bloch wave vector are shown. The pump intensity of the two case is
�0=10 MHz.
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the range where the probe propagation was forbidden
changes from positive detunings to negative detunings �i.e.,
from long wavelength to short wavelength�. By slightly tune
� can change the effect length between the coherent field and
probe field, which in fact results in the change of the spatial
periodicity a. According to papers �25,26� the center fre-
quency of the forbidden band is sensitive to the gap width, so
very small values of � are enough to narrow and move the
gap.

IV. CONCLUSION

Inhomogeneously broadened doped solids supporting
electromagnetically induced transparency are viable materi-
als where optically tunable photonic band gaps may be ob-
served and results are shown for Pr: YSO �27�. We theoreti-
cally show that tuning the control beam Rabi frequency �0
and the standing wave configuration ��, �, �� may dynami-
cally control the width, the size, and the position of the gaps.

In comparison with the standard photonic crystals, we may
get some explanation for results arising from these factors.
Although we have chosen to discuss well-known experimen-
tal cases only, however many other inhomogeneously broad-
ened doped solid are anticipated �17,28� to be amenable to
the observation of electromagnetically induced transparency
and, thus, to be useful for the realization of the all-optically
photonic band gaps here considered. The accuracy and
prompt tenability of these gap structures also may be em-
ployed for quantum light storage �29� and fast optical switch-
ing applications �16�.
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