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In this paper we describe an application of fermion molecular dynamics to the simulation of the behavior of
H2

+ and H2 immersed in a strong laser field. The laser field consists of a single short pulse of linearly polarized
long wavelength radiation; viz., tpulse�100 fs, �=758 nm, and 1013� I0�1014 W/cm2. Results are compared
with data from recent laboratory measurements.
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I. BACKGROUND

Established methods for describing atoms, or molecules,
immersed in strong laser fields begin with an application of
the time-dependent Schrodinger equation �or the Dirac equa-
tion if I0�1019 W/cm2� to the modeling of a single electron,
bound initially to an individual ion, and evolving under the
influence of a short pulse laser field �1�. Description of such
two-dimensional systems �for linearly polarized lasers, and
initial s-wave bound states�, or three-dimensional systems
�for circularly polarized lasers and initial s-wave bound
states, or for linearly polarized lasers and initial non-s-wave
bound states� is easily accessible to computation using mod-
ern coumputers.

Description of the time-dependent motion of a single elec-
tron, bound initially by a two-centered potential, and inter-
acting with a laser pulse is no more complicated, although
this is usually a three-dimensional problem even for a lin-
early polarized laser; e.g., the H2

+ molecular ion. Indeed,
published accounts of work of this sort are now common. A
correct description of the motion of the nuclei is more diffi-
cult, although progress has been made in this domain as well
�2,3�.

For systems of two electrons initially bound, direct appli-
cation of the time-dependent Schrodinger equation �TDSE�
is still somewhat problematic, although much progress has
been made. So, for example, the H2 system has been treated
with considerable success �4�. For three or more electrons,
much work remains to be done, as rigorous methods still do
not allow, generally, for a satisfactory description of the large
number of possible processes.

It was with these limitations, presented by the so-called
rigorous methods, in mind that we first proposed, many years
ago, to apply the fermion molecular dynamics �FMD� ap-
proach to simulations of the behavior of multielectron ionic
states immersed in strong laser fields. Our first simulation,
performed for He atoms, was quite successful �5�.

An outcome of that work was our validation of a now
well-known conjecture �6� concerning the origin of the pla-
teau structure in experimentally determined distributions of
double-ionization probability versus laser intensity, for two
electron ions interacting with short pulse, long wavelength,
laser radiation. Specifically, it was alleged that this structure
originated in an overlap of the probability distributions for
ordinary sequential double ionization, at relatively large laser

intensities, and a new process dubbed nonsequential double
ionization �NSDI�, at lower laser intensities. The NSDI pro-
cess was thought �6� to arise through a recollision of the first
electron to be photoionized with the surviving one-electron
ion, during which a collisional ionization of this residual
electron occurred.

FMD simulations for an argon atom interacting with a
strong laser field then ensued �7�. In this work, nonsequential
multielectron ionization �NSMI� was observed. We found
that the NSMI process was also driven by recollision. In
particular, it was observed that the outermost electron in neu-
tral argon, following its photoionization, could be driven
back into the 1+ ion. One or more electrons might then be
released in a collisional ionization process. Moreover, it was
noted that the probability distributions for multielectron ion-
ization showed more pronounced plateau structures, gener-
ally, than the corresponding distributions for double ioniza-
tion.

Lately, there has been a renewed interest in the applica-
tion of both the TDSE �8,9�, as well as quasiclassical meth-
ods, to the description of the interaction of bound electronic
systems with intense laser fields. The quasiclassical methods
recently employed �10� to simulate atomic NSDI bear some
resemblance to FMD.

Therefore, inspired by this changing context, and in the
light of newer laboratory measurements made for H2

+ and H2
interacting with strong laser fields �11–15�, we thought it
worthwhile to apply the FMD method to simulations of the
behaviors of these more challenging systems. Just as we
have made a past application of the FMD method to systems
for which more rigorous methods had previously also been
applied, or for systems where only experimental measure-
ments had been reported, so we intend to use these latest
simulations as a further test of the reliability of FMD, as
applied to a broad spectrum of problems in atomic and mo-
lecular physics. It will also be of interest to search for evi-
dence of NSDI in these systems. In fact, the presence of this
phenomenon has recently been deduced from experiments
performed on the N2 molecule �16�.

The FMD molecular models which we employ were de-
veloped in part by Cohen �17� for molecular dynamics appli-
cations. They contain features which lead to accurate FMD
calculations, for both H2

+ and H2, of the ground state elec-
tronic energies vs internuclear separation R, for almost all
values of R. These models are slightly more elaborate than
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those familiar from past FMD work. Thus, at the cost of
introducing one additional FMD potential for H2

+, and two
additional FMD potentials for H2, the molecular model for
these systems is very much improved. An accurate formula-
tion of the electronic energy vs R is expected to be critical
for calculations of the photodissociation and photoionization
probabilities of molecules.

II. SIMULATING H2
+ INTERACTIONS

WITH STRONG LASER FIELDS BY FMD

We have used the method of fermion molecular dynamics
�FMD� �18–21� to simulate the behavior of the hydrogen
molecular ion H2

+, interacting with a short pulse of high
intensity, long wavelength, laser radiation.

The simulations were performed by means of standard
FMD procedures, which are by now well-established, and
the limitations of which are rather well-understood. We sum-
marize here the simplest of the equations of FMD, using the
example of atomic systems, and omitting any mention of the
complications introduced by electron exchange. For the sys-
tems which we are considering in this paper, exchange does
not enter.

In simplest form, the FMD equations form a coupled set
of Hamilton’s equations for the charged particles of interest:

dri
� /dt = �pi

� H , �1�

dpi
� /dt = − �ri

�H . �2�

The Hamiltonian H contains the conventional bare Coulomb
potentials, a term coupling the charges to an external electric

field E� �t�, and a set of momentum dependent potentials VH,
acting between electrons and nuclei, which simulate the ef-
fect of the Heisenberg uncertainty principle:

H = �i�pi
2/2mi + qieri

� · E� �t� + qi� j�i�qje
2/rij�

+ � j�iVH�rij,pij�� �3�

in natural units, where q=1 for protons and q=−1 for elec-
trons. The potential VH is given by

VH = �AH/rij
2 �exp�− BHrij

4 pij
4 � , �4�

where AH and BH are positive real constants, chosen to pro-
duce accurate values of the ground state �g.s.� energy and the
average g.s. orbital radius. The relative momenta are the
usual

pij
� = �mjpi

� − mipj
� �/�mi + mj� . �5�

The FMD equations aim to replace, in an approximate
fashion, the precise Bohmian equations of quantum mechan-
ics for the velocity fields v� i�r�i , t� of the interacting particles.
These velocity fields depend critically upon the so-called
quantum potentials �18�, which must be computed at every
time step, and do not generally have a fixed algebraic form.
In particular, in FMD the delocalization of v� i in space is
replaced by the ansatz of a momentum dependence, and the
quantum potential is replaced by the ansatz of a fixed alge-

braic form VH. For more information on the FMD method,
consult Refs. �5,18,19�.

Now, in contrast to the approach outlined above, and in
Ref. �5�, an additional FMD potential is invoked to facilitate
simulation of the H2

+ problem. This additional potential al-
lows for an accurate rendering of the electronic ground state
�1s�g� energy vs internuclear separation R, for almost all
values of R �17�. In contrast to the recent work of another
theory group �3�, we do not reproduce the electronic energy
vs R curve of the first excited state �2p�u�; i.e., since the
excited electronic states are always arrayed into a continuum,
in the present formulation of FMD.

The additional FMD potential, peculiar to H2
+, is

VH2
+ = �AH2

+/r23
2 �exp�− BH2

+r23,1
4 p23,1

4 � , �6�

where r23,e is the difference between the diproton center-of-
mass coordinate �protons labeled 2 and 3� and the electron
coordinate �electron labeled 1�.

The initial values of the electron coordinates and mo-
menta, and the proton coordinates were adapted from Ref.
�17�, where the values quoted were specific for the case of
fixed, or infinite mass, nuclei. For the case of moving nuclei,
and after adjustments ensuring that the total momentum of
the molecular ion, and the total angular momentum about its
center-of-mass, are both zero, these intial values become:
x�0�=0.6572 a.u., y�0�=0.0, and z�0�=0.5095 a.u., for the
electron coordinates, and px�0�=1.0362 a.u., py�0�= pz�0�
=0.0, for the electron momenta. Also, X1�0�=X2�0�=Y1�0�
=Y2�0�=0.0, Z1�0�=1.1614 a.u., Z2�0�=−Z1�0�, are the coor-
dinates of protons 1 and 2, and P1x�0�=−0.7454 a.u.,
P2x�0�=−0.2908 a.u., P1y�0�= P2y�0�= P1z�0�= P2z�0�=0.0,
are their corresponding momenta.

For this choice of coordinates and momenta, all three par-
ticles are at rest, and the total force on each particle is zero.
This condition of complete stasis is a feature of any FMD
ground state.

Then, in order to include as a part of the initial condition
that state of rovibrational excitation which might be encoun-
tered in an actual laboratory measurement, we imparted rovi-
brational motion to the two protons, corresponding to an ar-
bitrarily chosen temperature of 600 °C, or 0.07 eV; i.e., a
total vibrational energy of 0.07 eV and a total rotational en-
ergy of 0.07 eV was included as a part of the initial condi-
tions.

The laser was taken to be linearly polarized, with fre-
quency �=0.060 a.u. ��=758 nm� and, in most cases, pulse
length tpulse=4300 a.u. �100 fs�. The pulse had a simple sine
function turn-on and turn-off transient, each of duration
150 a.u., while the main portion of the pulse was of constant
amplitude, and lasted for 4000 a.u. The initial angle between
the internuclear axis and the laser polarization direction was
selected randomly.

For a range of peak laser intensities, data describing all of
the possible final states was accumulated; i.e., the states of
�a� H2

+ �elastic and quasielastic processes�; �b� H*+ p+ �pho-
todissociation, where the asterisk indicates a possible excited
state of the residual atom�; and �c� e−+2p+ �photodissocia-
tive ionization�. In Fig. 1, we plot values of the logarithm of
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the transition probability vs the laser peak electric field
strength, in atomic units �a.u.�. The laser intensity is related
to the peak electric field strength by I0�W/cm2�=3.51
�1016E0

2�a.u.�.
In the region of E0 values considered here, the probability

of photodissociation was usually large relative to the prob-
ability of photoionization. The reason seems to be that the
electric field strength is too small to induce direct ionization
of the molecular ion, with any appreciable probability. An
estimate of the threshold electric field strength for over-the-
barrier ionization �OBI� of the molecular ion is E0
=0.044 a.u., which is above the range of values employed in
these simulations; i.e., for zero initial vibrational energy. See
the Appendix for further information.

However, it is relevant to recall that FMD calculations
perforce neglect tunneling ionization. Therefore, in the re-
gion of E0 values which we are working, it is reasonable to
believe that tunneling ionization may be important, our ob-
served predominance of photodissociation over photoioniza-
tion may be, to some extent, artifactual. �Allowance can be
made for the inherently quantum mechanical process of tun-
neling, within FMD calculations, at least for one electron
system �22�. We have not attempted to employ such methods
here.�

It is also true that photoionization in FMD can occur for
field strengths below the OBI threshold by a purely classical
process. This begins with a continuous excitation of the
bound electron, followed by photoionization from an un-
physical continuum of low-lying excited states; i.e., since
bound excited electronic levels are not discrete in FMD. The
continuous excitation of the bound electron is unrelated to
power broadening, and ionization below the OBI threshold,
in FMD, is distinct from tunneling ionization. This is clearly
a defect of the FMD method. Even though it is true that, in
nature, for bound systems of two or more electrons, correla-
tion effects can increase the number of low-lying excited
states �8�, still these states remain discrete, relatively few in
number, and well-separated from the ground state; see the
Discussion section.

With these caveats firmly in mind, we report our finding
that the ionization of the molecular ion proceeds, usually, by

a two-step process: a dissociating state of H2
+, accompanied

by a small amount of electronic excitation of the residual
hydrogen atom �H*�, is followed by photoionization of the
excited atom. The second step occurs, typically, at a value of
the diproton spacing in the range 3 a.u.�R�5 a.u. For sim-
plicity of notation the asterisk, denoting a low-lying excita-
tion of atomic hydrogen, is omitted from the following pre-
sentation.

For photodissociation, we found that the angular distribu-
tion of H was approximately isotropic with respect to the
laser electric field, albeit with a small bias toward emission
in a direction normal to the field. This bias was observed to
increase as the laser pulse length was decreased; i.e., for
pulse lengths such that tpulse�100 fs. At the same time, the
p+ angular distribution showed a spike of probability in the
direction parallel to the laser field. The sharpness of this
spike also tended to increase as the laser pulse length was
decreased; see Figs. 2–4. A small spike also emerged along
the forward direction in the angular distribution of emitted
H, as the pulse length was decreased; see Fig. 4.

These aspects of the FMD simulation, for H2
+ targets, are

in only fair accord with recent laboratory measurements;
compare Figs. 2–4 with data contained in Refs. �11–13�.
Those laboratory measurements show that fragments are
emitted, preferentially, along the laser electric field. How-
ever, the conditions employed in those experiments are usu-
ally rather different from ours. For example, in Fig. 1�a� of
Ref. �11� the pulse length was 575 fs, and in Fig. 1�b� the
laser intensity was 1.5�1014 W/cm2; in Fig. 1 of Ref. �12�
the laser intensity was 1�1015 W/cm2; and in Fig. 2 of Ref.
�13� the laser intensity was 2.4�1014 W/cm2. Longer laser
pulse lengths and larger laser intensities would both be ex-
pected to lead to greater alignment of fragments with the
laser field.

The measurements of Ref. �13� also show a sharp spike of
probability in the laser field direction when tpulse=45 fs, but

FIG. 1. Transition probabilities vs E0 for H2
+	�s→H*+ p+

�squares�; e−+2p+ �diamonds�; with �=0.060 a.u. ��=758 nm�,
and tpulse=4300 a.u. �100 fs�.

FIG. 2. For photodissociation of H2
+: distribution of fragment

emission angles relative to the laser electric field vector vs fragment
kinetic energies; data for H and p+ are plotted together; with E0

=0.035 a.u. �I0=4.30�1013 W/cm2�, �=0.060 a.u. ��=758 nm�,
and tpulse=4300 a.u. �100 fs�. The difference in the distributions for
H and p+ is readily apparent only after summing over energies; see
Fig. 3. KE denotes kinetic energy.
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not when tpulse=135 fs; see their Figs. 2 and 3. This is in
accord with the results of our simulations.

For high energies of the emitted fragments our simula-
tions show that H and p+ tend to travel in nearly opposite
directions; i.e., for single events, and when the kinetic energy
is such that Ekin�1 eV. However, for Ekin�0.01 eV, H and
p+ tended to move at nearly right angles to each other.

For photoionization, protons emitted during the corre-
sponding Coulomb explosion process were strongly corre-
lated, always emerging in essentially opposite directions. The
single proton angular distribution was, however, biased to-
ward shallow angles, with a peak occurring near 30°, relative
to the laser electric field; see Figs. 5 and 6. As was the case
for photodissociation, decreasing the laser pulse length from
tpulse=100 to 50 fs resulted in a proton angular distribution
skewed more toward the normal. But, for the shorter laser

pulse length, a sharp peak in the forward direction also ap-
peared; see Fig. 7.

Recent laboratory measurements show a distribution of
proton emission angles peaked in the forward direction for
photoionization; see Ref. �12�. The measurements of Ref.
�13� show an angular distribution which is even more sharply
confined to the forward direction. Our simulations exhibit a
behavior which is somewhat reminiscient of these measure-
ments.

Generally, we observed that electrons emitted during
photoionization traveled preferentially along the laser elec-
tric field, with the highest energy electrons showing the
greatest degree of alignment with the field. Indeed, the ten-
dency for particles with the largest kinetic energies to emerge
in closest alignment with the laser field was a ubiquitous
feature of our simulations, and occurred as well for proton
angular distributions.

FIG. 3. For photodissociation of H2
+: distribution of fragment

emission angles, relative to the laser electric field �x axis�; data for
H �solid curve� and p+ �dash-dot curve� plotted separately after
summing over energies; the magnitude of a vector drawn from the
origin to a point on the figure equals the differential emission prob-
ability d Prob/d cos�
�, at the angle 
 subtended by that vector
and the x axis; for the data of Fig. 2.

FIG. 4. For photodissociation of H2
+: with E0=0.055 a.u. �I0

=1.06�1014 W/cm2�, �=0.060 a.u. ��=758 nm�, and tpulse

=2300 a.u. �50 fs�.

FIG. 5. For photoionization of H2
+: distribution of p+ emission

angles relative to the laser electric field vector vs p+ kinetic ener-
gies; E0=0.035a.u. �I0=4.30�1013 W/cm2�, �=0.060 a.u. ��
=758 nm�, and tpulse=4300 a.u. �100 fs�.

FIG. 6. For photoionization of H2
+: distribution of p+ emission

angles, relative to the laser electric field �x axis�, after summing
over energies; plotted such that the magnitude of a vector drawn
from the origin to a point on the figure equals the differential emis-
sion probability d Prob/d cos�
�, at the angle 
 subtended by that
vector and the x axis; for the data of Fig. 5.
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We have also observed these behaviors directly by track-
ing the time-dependent coordinates of all three charged par-
ticles, for a large number of independent trials. Concerning
these studies, several remarks are in order.

During trials for which H2
+ neither dissociated nor ion-

ized, the diproton vibrated regularly with a measured period
Tvib�1100 a.u. �27 fs�, implying a total vibrational energy
of �vib=2� /Tvib�0.0057 a.u. �0.155 eV�. The correspond-
ing time-averaged vibrational kinetic energy was determined
to be ��Ekin�vib��0.0029 a.u. �0.079 eV�.

In the vast majority of photoionization events observed,
the electron was emitted from the vicinity of the dissociating
diproton abruptly, and when 3 a.u.�R�5 a.u., as already
mentioned. It is worth pointing out, however, that such cases

occurred only when R� was nearly perpendicular to the laser
electric field; e.g., for 70° ���110°, where � is the angle

between R� and E� 0. But, in those rare events in which photo-
ionization occurred while the diproton was aligned nearly
along the laser field, ionization could not be said to be com-
plete until much larger values of R had been attained. This
was because, in the nearly parallel geometry, the laser field
drove the electron into a series of repeated collisions with the
dissociating diproton. A similar explanation has been offered
recently to account for behaviors observed during the photo-
ionization of N2 �16�.

The fact that the ground state of H2
+, as described in

FMD, has a permanent electric dipole moment is a defect of
the method; see the initial values of the particle coordinates,
which appeared earlier in this section. However, for a laser
frequency of �=0.060 a.u., and for the range of laser peak
electric field strengths of interest here, the molecular ion
does not have sufficient time to undergo appreciable align-
ment with the oscillating laser electric field, before the field
reverses sign. We estimate that the amplitude of the oscilla-
tion in orientation of the internuclear axis, relative to the
laser electric field, due to the erroneous assignment of a per-
manent dipole moment to the molecular ion, is no more than
5°.

It is also worth pointing out that the dynamically induced
electric dipole moment was determined in these calculations
to be much smaller, typically, than the erroneous permanent

dipole, and played no essential role in the outcome of any
particular simulation. Finally, rotational motion imparted to
the molecular ion, as a part of its initial conditions, was such
that the internuclear axis rotated freely through an angle of
approximately 180° during the 100 fs long laser pulse. Thus
change in the orientation of the internuclear axis relative to
the laser electric field appeared to be due almost entirely to
the initial conditions. Alignment along the laser electric field
of the erroneous permanent dipole moment, or of the dy-
namically induced dipole moment, was not observed, and
cannot be said to have played an essential role in the frag-
mentation of H2

+ observed in these calculations.

III. SIMULATING H2 INTERACTIONS
WITH STRONG LASER FIELDS BY FMD

In this section, we present results obtained from FMD
simulations describing the behavior of molecules of hydro-
gen H2, interacting with a short pulse of high intensity, long
wavelength, laser radiation. Methods employed were identi-
cal to those described in the previous section. FMD poten-
tials peculiar to H2

+ were included, one for each electron; see
Eq. �6�. In addition, an FMD potential peculiar to H2 was
included:

VH2
= �AH2

/r34
2 �exp�− BH2

r12
4 p12

4 � , �7�

where now the electrons are labeled 1 and 2, and the protons
are labeled 3 and 4. With this choice, we are able to accu-
rately reproduce the known values of the ground state elec-
tronic energy vs internuclear distance, R �17�.

As in the previous section, the initial values of the elec-
tron coordinates and momenta, and the proton coordinates
were adapted from previous work �17�, in which the values
quoted were specific for the case of fixed, or infinite mass,
nuclei. For the case of moving nuclei, and after adjustments
ensuring that the total angular momentum about its center-
of-mass is zero, these intial values become: x1�0�
=0.8714 a.u., y1�0�=0.0, z1�0�=0.3283 a.u., x2�0�=−x1�0�,
y2�0�=−y1�0�, z2�0�=−z1�0�, for the coordinates of electrons
1 and 2, and p1x�0�=1.0331 a.u., p2x�0�=−p1x�0�, p1y�0�
= p2y�0�= p1z�0�= p2z�0�=0.0, for their momenta. Also,
X1�0�=X2�0�=Y1�0�=Y2�0�=0.0, Z1�0�=0.6955 a.u., Z2�0�
=−Z1�0�, are the coordinates of protons 1 and 2, and
P1x�0�=−0.4877 a.u., P2x�0�=−P1x�0�, P1y�0�= P2y�0�
= P1z�0�= P2z�0�=0.0, are their corresponding momenta.

For this choice of coordinates and momenta, all four par-
ticles are at rest, and the total force on each particle is zero.
As mentioned previously, this condition of complete stasis is
a feature of the FMD ground state. In order to include as a
part of the initial condition that state of rovibrational excita-
tion which might be encountered in an actual experimental
measurement, we imparted rovibrational motion to the two
protons, corresponding to an arbitrarily chosen temperature
of 600 °C.

Again, the laser was linearly polarized with frequency �
=0.060 a.u. ��=758 nm� and pulse length tpulse=4300 a.u.
�100 fs�. The pulse had a simple sine function turn-on and
turn-off transient, each of duration 150 a.u., while the main

FIG. 7. For photoionization of H2
+: conditions as in Fig. 4.
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portion of the pulse was of constant amplitude, and lasted for
4000 a.u. The initial angle between the internuclear axis and
the laser polarization direction was selected randomly.

Rationalizations of the detailed results displayed in Fig. 8
are, generally, more complex than those outlined for the mo-
lecular ion, in the preceding section. The region of field
strengths 0.045 a.u.�E0�0.055 a.u. is particularly interest-
ing. In this region, the probabilities for photodissociative
ionization �asterisks�, for double photoionization �triangles�,
and for simple photodissociation �crosses�, are all very simi-
lar. But the probability to form H2

+ �diamonds� is from 5 to
10 times smaller.

We note that our observation of a relatively large prob-
ability for simple photodissociation is not in accord with the
laboratory evidence �14,15�. However, the experimental situ-
ation is still not entirely clear; see the Discussion section.

The reason for these observed behaviors may be that, in
this region of relatively low field strengths it is difficult to
remove an electron from H2 without having first excited suf-
ficient vibrational motion to stretch the molecule beyond
about twice its normal equilibrium internuclear spacing. In-
deed, it is well known that it is much easier to ionize H2 at
low field strengths if the molecule is first elongated. But,
once the molecule has been stretched beyond R�3.0 a.u., it
is unlikely that single ionization will be followed by a return
to a stable state of H2

+.
In those rare cases where H2

+ does form successfully,
during the photoionization of H2, we observe that the ampli-
tude of vibrational motion of the diproton zvibr increases,
while the frequency of vibrational motion �vibr decreases;
i.e., such that �vibrzvibr�const; see Fig. 9. Consequently,
no significant amount of energy is transferred to the diproton
during photoionization. As is seen in Fig. 9, H2

+ forms in the
vicinity of t=4000 a.u., just before the laser pulse turns off;
i.e., for this particular case. After the pulse has ended, the
molecular ion remains stable, although there is some residual
electronic excitation. As is always the case in FMD, excited
electronic states are not discrete.

Notice also that the values of E0 employed in these simu-
lations was generally greater than for H2

+. We can begin to

understand this difference based upon a purely classical
model, which is described in the Appendix. There we esti-
mate the value of the electric field strength needed to ionize
H2 by the over-the-barrier mechanism to be EOBI
�0.065 a.u.

Similar to the results obtained in the previous section,
fragmentation of the H2 molecule, in a photodissociative or a
photoionization process, has been observed to proceed usu-
ally through a 2H intermediate state. We have observed this
mechanism directly by tracking the time-dependent coordi-
nates of all four charged particles, for a large number of
independent trials. For these cases, ionization has been ob-
served to occur, typically, at a value of the diproton spacing
in the range 3 a.u.�R�10 a.u., with an average value of
R�5.0 a.u.; see Fig. 15.

There is no obvious evidence of the presence of NSDI in
Fig. 8; i.e., the curve of double photoionization probability
vs laser peak intensity �triangles� is smooth and uninflected
over its entire range. However, the data here is probably too
sparse to allow for a confident judgement. In particular, all
orientations of the internuclear axis relative to the laser elec-
tric field direction have been included in Fig. 8. There is
some good reason to suppose that only cases in which the
internuclear axis remains parallel to the laser field can con-
tribute strongly to NSDI in the molecule �16�; but, see the
Discussion section for further information.

In contrast to the case of H2
+, the FMD description of the

ground state of H2 shows no permanent electric dipole mo-
ment. Also, as for H2

+ the dynamically induced electric di-
pole moment of H2 was determined to be small, and to play
no essential role in the outcome of any particular simulation.
As before, rotational motion imparted to the molecule, as a
part of its initial conditions, was such that the internuclear
axis rotated freely through an angle of approximately 300°
during the 100 fs long laser pulse �H2 has a smaller equilib-
rium internuclear separation than H2

+ and, hence, a smaller
moment of inertia�. Again, change in the orientation of the

FIG. 8. Transition probabilities vs E0 for H2+	�s→2H
�crosses�; H2

++e− �diamonds�; H*+e−+ p+ �asterisks�; 2e−+2p+

�triangles�; all with �=0.060 a.u. ��=758 nm�, and tpulse

=4300 a.u. �100 fs�.

FIG. 9. Interparticle spacings rij vs time t for the process H2

+	�s→H2
++e−, with E0=0.050 a.u., �=0.060 a.u., and tpulse

=4300 a.u.; diproton spacing rpp	R �dash-dot curve�; electron-
proton spacing rep for the ionizing electron, shifted toward zero by
1.0 a.u. for display purposes �dotted curve�.
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internuclear axis relative to the laser electric field appeared
to be due almost entirely to the initial conditions. Alignment
along the laser electric field of the dynamically induced di-
pole moment was not observed, and cannot be said to have
played an essential role in the fragmentation of H2 observed
in these calculations.

Fragment angular distributions obtained from the photo-
dissociation and photoionization of H2 are rather different
from those obtained from H2

+; see Figs. 11–13 and compare
with the corresponding Figs. 3 and 6. In particular, we found
that fragments formed during the breakup of H2 show a
larger probability of being emitted along the laser electric
field, in agreement with earlier measurements �24�. Also, we
found that fragments with larger values of the kinetic energy
tended to be more closely aligned with the electric field than
fragments with smaller values of the kinetic energy. This
increased alignment was more evident for electrons than for
protons, and more evident for protons than for hydrogen at-
oms; see Figs. 10–14. Sharp spikes of probability in the for-
ward direction, seen for H2

+ targets at short pulse lengths,
were not observed for H2. However, in the latter case, all of
the angular distributions are displaced toward the forward
direction. Thereby, the possible presence of small sharp fea-
tures aligned with the laser field may be masked.

As mentioned earlier, the range of diproton spacings R
over which ionization occurs was deduced from the observa-
tion of a limited number of individual particle trajectories to
be 3 a.u.�R�10 a.u. This generalization is supported by
the data of Fig. 12. After summing over 
, we replot this
data in Fig. 15 as the probability d Prob�Rioniz� /dRioniz vs
Rioniz, where Rioniz	1/ ��Ekin�p1+ �Ekin�p2� is the inverse of
the sum of the kinetic energies of the emitted protons, and
where we assume that a Coulomb explosion was initiated at
R=Rioniz.

Observations made of individual FMD particle trajecto-
ries also support the view that the H2 molecule fragments

least readily when it spends most of its time oriented nearly
perpendicular to the laser electric field. Instead, fragmenta-
tion tends to occur on trajectories along which the molecule
spends more time nearly aligned with the field. This is true
for photodissociation, and becomes more obvious as the
number of charged fragments in the final state increases. By
contrast, fragmentation of H2

+ was observed to occur most
readily while the molecular ion was oriented perpendicular
to the laser electric field. This was especially evident for
shorter laser pulses and lower laser intensities.

IV. DISCUSSION

We refer again to a very recent publication describing
laser induced breakup of H2

+ �13�. The results of our simu-
lations are in reasonable accord with the measurements re-
ported in that paper, if allowance is made for the fact that the
spatial profile of their laser pulse was such that a preponder-

FIG. 10. For photodissociation of H2: distribution of H emission
angles, relative to the laser electric field �x axis�, after summing
over energies; plotted such that the length of a vector drawn from
the origin to a point on the figure equals the differential emission
probability d Prob/d cos�
�, at the angle 
 subtended by that vec-
tor and the x axis; with E0=0.055 a.u. �I0=1.06�1014 W/cm2�,
�=0.060 a.u. ��=758 nm�, and tpulse=4300 a.u.. �100 fs�.

FIG. 11. For photodissociative ionization of H2: distribution of
heavy fragment emission angles, relative to the laser electric field
�x axis�; data for H �solid curve� and p+ �dash-dot curve� plotted
separately; for the conditions of Fig. 10.

FIG. 12. For double photoionization of H2: distribution of p+

emission angles relative to the laser electric field vector vs p+ ki-
netic energies; for the laser conditions of Fig. 10.
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ance of interactions occurred at laser intensities lower than
their tabulated peak intensity. For example, angular distribu-
tions of fragments emitted during photodissociation were
similar to ours; i.e., as inferred from their so-called kinetic
energy release �KER� plots. Also, a very sharp feature ap-
peared in their KER data for protons emitted during photo-
dissociation, with a kinetic energy of less than 0.5 eV, and
for a laser pulse length of 45 fs. This feature was absent for
a pulse length of 135 fs; see their Figs. 2�a� and 3�a�, and
compare with our Figs. 3 and 4.

Earlier in this paper we argued that, generally, one expects
longer pulse lengths and higher laser peak intensities to lead
to an increased alignment of emitted fragments with the laser
field. However, we have also found that, at shorter pulse

lengths and lower laser peak intensities, a sharp structure
appears in the forward direction, in agreement with the ex-
periment �13� too. It may be that this sharp structure is also
present at the longer pulse lengths and higher laser peak
intensities, but is hidden by a greater skewing of the bulk of
the emitted fragment probability distribution toward the for-
ward direction. Possibly, there are two independent mecha-
nisms at work here, each leading to the breakup of the target
molecular ion. This is an area for furture work.

Differences between the results of our simulations and the
experimental data �13� also exist. For example, for photoion-
ization of H2

+ the measured proton angular distribution was
confined entirely to a sharp peak along the laser electric field
direction, but, our simulations showed a significant probabil-
ity of emission normal to the field; compare Fig. 3�c� of Ref.
�13� with our Fig. 7.

In other experiments �12�, spectra of proton kinetic ener-
gies, produced during the photoionization of the molecular
ion, were accumulated. These spectra showed a tendency of
protons to appear with kinetic energies peaked slightly below
1.5 eV, for laser conditions similar to those which we have
chosen. However, from Fig. 5 we can see that our simula-
tions exhibit a peak at significantly higher energies; i.e., just
below 2.5 eV. To emphasize this point, we include in Fig. 16
the data from Figs. 2 and 5, summed over angle and plotted
as a function of fragment kinetic energy.

Recently published experimental data describing the
breakup of H2 �14� are consistent with our simulations. In
particular, fragmentation spectra accumulated for the disso-
ciative ionization and the double photoionization regimes
show close similarity with our results; compare our Fig. 17
with Fig. 2 of Ref. �14�. The so-called 1� and 2� peaks are
evident in both cases, as is the so-called charge resonance
enhanced ioinization �CREI� peak at approximately 3 eV, for
double photoionization. The NSDI region of double photo-
ionization, for energies greater than 4.5 eV also appears in
both cases. However, for circular polarization there are no
final states with proton kinetic energies greater than approxi-
mately 4.5 eV �14,23�; see Fig. 18. Finally, there is also evi-

FIG. 13. For double photoionization of H2: distribution of p+

emission angles, relative to the laser electric field �x axis�, after
summing over energies; plotted such that the magnitude of a vector
drawn from the origin to a point on the figure equals the differential
emission probability d Prob/d cos�
�, at the angle 
 subtended by
that vector and the x axis; for the data of Fig. 12.

FIG. 14. For double photoionization of H2: distribution of e−

emission angles, relative to the laser electric field �x axis�, after
summing over energies; plotted such that the magnitude of a vector
drawn from the origin to a point on the figure equals the differential
emission probability d Prob/d cos�
�, at the angle 
 subtended by
that vector and the x axis; for the laser conditions of Fig. 10.

FIG. 15. For double photoionization of H2: distribution of Rioniz

values as deduced from the data of Fig. 12 �summed over 
�, and
such that Rioniz=1/ ��Ekin�p1+ �Ekin�p2�, where �Ekin�pj is the kinetic
energy of the jth proton; see text.
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dence for the appearance of a triple peak structure in the
CREI region, in both cases; compare our Fig. 17 with Fig. 8
of Ref. �14�.

We note that an earlier published conjecture regarding the
breakup of H2 �24� is inconsistent with the results of our
simulations; viz., we have found no evidence for the exis-
tence of a molecular ion intermediate in the fragmentation of
H2. Rather, it appears that a transient dissociative state usu-
ally precedes the more complete breakup of H2; i.e., for the
laser conditions which we picked, and according to FMD. Of
equal importance, a 2H final state apppears with a significant
probability in our simulations.

Admittedly, there is no existing experimental evidence for
the production of a purely dissociated �2H� state during the
breakup of H2 �14,15� for the laser conditions of interest
here. Nevertheless, at least some laboratory measurements

seem to suggest that the molecular ion is not the sole ante-
cedent to further breakup of H2; see Fig. 1 of Ref. �15�.

Finally, we would like to expand a bit more upon one of
the previously mentioned limitations of FMD. Namely, we
recall that there is a continuum of low-lying excited states
accessible to all bound electronic systems, in the present for-
mulation of FMD. Therefore, in spite of the fact that ground
electronic states can always be well-described by FMD, the
description of transitions which pass through bound elec-
tronic excited intermediate states is problematic. In our case,
this defect is expected to have affected details of the descrip-
tion of transitions out of the ground states of H2

+, and H2.
Consequently, conclusions about fragmentation mechanisms
deduced from the present formulation of FMD are uncertain.

We say this in spite of the fact that there is usually an
increase in the number of distinct low-lying bound electronic
states made accessible to the outermost electron, in a multi-
electron atom or ion, due to electron-electron correlation �8�.
Such an increase might conceivably lead to a system more
amenable to treatment by quasiclassical methods; e.g., for
H2, although not for H2

+.
We consider specific examples of this phenomenon, oc-

curring for ionic �uninuclear� systems: For a single n=2 ex-
cited electron in a hydrogenlike ion there is only one distinct
state �of multiplicity 8�. However, for two n=2 electrons in a
heliumlike ion there are six clustered, and generally nonover-
lapping, discrete states: 2s2�1S0�, 2s2p�1P1 , 3P1�, and
2p2�1S0 , 3P1 , 1D2�. Unfortunately, these states will also usu-
ally be doubly excited states. The situation for two-electron
singly excited states is less advantageous since there are only
four such distinct 1s2� states.

Improvements may occur for larger systems, with open-
shell ground states. For instance, for a nitrogenlike ion with
just one n=3 electron there are 26, generally nonoverlap-
ping, discrete singly excited states: 1s22s22p2 �1S03�, 3P13�,
and 1D23��, where the first term in parenthesis contains three
doublet states, the second term seven doublet states and

FIG. 16. For the breakup of H2
+: distribution of fragment kinetic

energies �summed over 
�, for the conditions of Fig. 2; photodis-
sociation �solid curve�; photoionization �dash-dot curve�; see text.

FIG. 17. For the breakup of H2: distribution of fragment kinetic
energies �summed over 
�, for the conditions of Fig. 10; photodis-
sociative ionization �solid curve�; double photoionization �dash-dot
curve�; see text. As with all of the data presented in this paper, up to
this point, this is for laser linear polarization; see Fig. 18 for circu-
lar polarization.

FIG. 18. For the breakup of H2: distribution of fragment kinetic
energies �summed over 
�, for a circularly polarized laser
with E0=0.039 a.u. �I0=1.06�1014 W/cm2�, �=0.060 a.u. ��
=758 nm�, and tpulse=4300 a.u. �100 fs�; photodissociative ioniza-
tion �solid curve�; double photoionization �dash-dot curve�; com-
pare with Fig. 17.
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seven quartets, and the third term nine doublets. However, in
this case there are also many low-lying excitations contained
within the ground state configuration itself, and this would
appear to complicate the application of any quasiclassical
approach. More fundamentally, the cluster of lowest lying
single excited states remains well-separated from the cluster
of “ground states.”

Thus we say that the presence of a wide gap between the
ground state, or states, and the first excited state, or states, in
the spectrum of most Coulombic systems remains a signifi-
cant problem for general applications of the FMD method, as
presently formulated. A special case, worth pointing out,
does allow for a reduction in the seriousness of this defect.
Namely, if the laser pulse length can be made short enough,
then the uncertainty principle will come into play. For ex-
ample, if tpulse�0.3 fs, then a broadening of otherwise dis-
crete energy levels occurs, according to ��2� / tpulse
�14 eV. This leads to a “merging” of the ground and first
excited states of H; and, indeed, an overlapping of all of the
otherwise discrete states.

This generally serious problem with FMD notwithstand-
ing, it should go without saying that full quantum calcula-
tions, for multielectron time dependent systems, have many
of their own limitations. For example, although explicit cou-
pling between the electronic ground state and the electronic
component of the discrete lowest-lying dissociating state of a
diatomic molecule is almost always featured in such calcu-
lations, description of the coupling to more highly excited
electronic states, and of the molecular breakup process itself
is almost always incomplete.

Therefore it appears that a way forward into the future
might be to perform mixed quantum and FMD calculations.
In such a formulation, each of the ground electronic states in
the problem, and its coupling to the corresponding lowest-
lying excited electronic state, or states, would be treated by
means of the time-dependent Schrodinger equation. For the
H2 and H2

+ systems, this coupling would occur at a fixed
value of the internuclear coordinate R, and would be to the
corresponding lowest-lying dissociating state. Simulta-
neously, coupling of these lowest-lying discrete electronic
excited states to other more highly excited electronic states,
and to the corresponding electronic continua, and the propa-
gation of the coordinates and momenta of both protons,
would be performed by FMD. It is expected that the descrip-
tion of transitions between closely spaced highly excited
electronic states are well-described by FMD; i.e., for both
bound highly excited states and for continua. This formula-
tion would also help to realize more general recent proposals
for mixed quantum and classical calculations �25�.
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APPENDIX

We will derive the values of the threshold electric field
strengths for over-the-barrier ionization of the ground states

of: �1� atomic hydrogen; �2� the hydrogen molecular ion; and
�3� molecular hydrogen. We will work entirely in one dimen-
sion, and use only classical arguments.

1. H: The potential seen by the bound electron may be
written as

V�x� = − 1/x − xE �A1�

for x�0, and where E is the laser �peak� electric field
strength, for linear polarization. This function has a maxi-
mum at a value of x given by the solution of

�V�x�/�x = 1/x2 − E = 0 �A2�

from which we obtain the relationship

xOBI = 1/
EOBI. �A3�

Since the total energy of the bound electron is ETOT=
−0.5/n2 a.u., where n is the principal quantum number �n
=1 for the g.s.�, then the electron just escapes the potential
well �escapes with zero velocity� if

ETOT = V�xOBI� . �A4�

This establishes the threshold electric field strength as

EOBI = 1/16n4 a.u. �A5�

and

xOBI = 4n2 a.u. �A6�

For g.s. hydrogen, this threshold field strength is EOBI
=0.0625 a.u.

2. H2
+: The potential seen by the bound electron is two-

centered. Repeating the procedure in �1�,

V�x� = − 1/�x − R/2� − 1/ �x + R/2� − xE , �A7�

where R is the internuclear separation. This function has a
maximum for an x such that �V�x� /�x=0. After some alge-
bra, one finds the following relationship between xOBI and
EOBI:

xOBI = 
R2/4 + 1/EOBI + ��1/EOBI��1/EOBI + R2��1/2.

�A8�

We take the total energy of H2
+ to be ETOT=−0.6027 a.u.

Setting this number equal to the value of the potential, at its
maximum, one arrives at a second equation relating xOBI to
EOBI, to be solved simultaneously with the first:

0.6027 = xOBI�8/�4xOBI
2 − R2� + EOBI� . �A9�

Putting in the value of the internuclear separation as R
=2.32 a.u. one then arrives at the solution of the coupled
equations as

xOBI = 7.0 a.u. �A10�

and

EOBI = 0.044 a.u. �A11�

If internuclear motion is included, then the total energy
increases. For example, at a temperature of 2300 K, the total
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energy increases to ETOT=−0.596 a.u., so that xOBI=7.1 a.u.
and EOBI=0.043 a.u.

From a dissociating state, as R increases the total system
energy, as well as the values of EOBI and xOBI, all change. For
example, at R=3.8 a.u. one has that EOBI=0.036 a.u. and
xOBI=8.1 a.u.; whereas, for R=5.9 a.u. one finds EOBI
=0.030 a.u. and xOBI=9.5 a.u.

3. H2: There is a second electron, which remains bound.
We denote the coordinate of this electron by x0, where 0
�x0�R /2 is fixed. We also assume that R is fixed at its
equilibrium value; i.e., R=1.40 a.u. for H2, and take the
binding energy of the first electron to be ETOT=−0.599 a.u.,
which is the energy difference between the ground electronic
states of H2 and H2

+, at R=1.40 a.u. Equations �A1� and

�A2� are now altered to reflect the presence of the second
electron, and depend explicitly upon x0.

For example, from the analogs of Eqs. �A1� and �A2�, and
for the assumed value x0=0, we find that xOBI=3.81 a.u. and
EOBI=0.084 a.u. If instead, we allow to second electron to be
displaced to the right, and such that x0=R /2, then we obtain
xOBI=3.89 a.u. and EOBI=0.066 a.u. Of course, generally, the
second electron is in rapid motion and not confined to any
one location. Consequently, this last result is only suggestive.

In the preceding, we have ignored questions adiabaticity
relating to the turning on of the laser pulse. These questions,
when addressed, may change our computed values of EOBI
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