PHYSICAL REVIEW A 73, 033808 (2006)

Homodyne measurement of the average photon number
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We describe a scheme for measurement of the mean photon flux at an arbitrary optical sideband frequency
using homodyne detection. Experimental implementation of the technique requires an acousto-optic modulator
in addition to the homodyne detector, and does not require phase locking. The technique exhibits polarization
and frequency and spatial mode selectivity, as well as much improved speed, resolution, and dynamic range
when compared to linear photodetectors and avalanche photodiodes, with potential application to quantum-
state tomography and information encoding using an optical frequency basis. Experimental data also support a

quantum-mechanical description of vacuum noise.
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I. INTRODUCTION

A fundamental optical measurement is the intensity of a
specific mode. The application of the theory of quantum me-
chanics to optical fields tells us that for a given optical mode
the intensity is quantized [1], appearing as a discrete photon
flux. For a sufficiently small flux the individual photons can
be resolved and counted using a number of standard tech-
niques such as avalanche photodiodes (APDs), photomulti-
pliers, and bolometers [2]. The optimum approach for a
given application is dependent upon the wavelength and ex-
pected photon flux. An important point is that at optical fre-
quencies the thermal background is at zero temperature to an
excellent approximation [3]. Thus “dark counts,” i.e., photon
events in the absence of illumination, are technical in nature.

It is also possible to probe an optical mode by first mixing
it with a strong reference field, a local oscillator, before de-
tecting its intensity. This is called homodyne detection. In
this case detection is generally by linear positive-intrinsic-
negative (p-i-n) photodiode detectors which cannot resolve
individual photons. Instead, the continuous spectrum of the
signal’s quadrature amplitudes is measured. These quadra-
ture amplitudes exhibit zero-temperature fluctuations [1], and
a noise floor is thus observed for homodyne detection in the
absence of signal illumination.

Although all this is well known and the performance of
photon counters and homodyne detectors has been tested in-
dividually for many systems [4], to our knowledge a direct
comparison of the photon counting and homodyne signal of
the same field has not been made. In the absence of such a
comparison it can be argued that the homodyne statistics
obtained in some continuous-variable quantum-information
experiments are inconclusive [5]. In this paper we make such
a direct comparison.

The paper is laid out in the following way. In Sec. II we
detail the theoretical relationship between continuous-
variable homodyne detection and the direct measurement of
average photon flux densities. The experimental approach
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adopted and the homodyne and single-photon-detector
(SPDM) measurement results are described in Sec. III. Fi-
nally, a discussion of the significance of the results is given
in Sec. IV.

As well as the fundamental interest of our results the dem-
onstrated technique is shown to be easy to add to existing
experiments, providing fast measurements over a wide dy-
namic range. This potentially provides for significant reduc-
tions in the time taken to reconstruct the density matricies for
qudit systems [6] and other applications in quantum tomog-
raphy.

II. THEORY

The annihilation and creation operators of an arbitrary
field may be expressed in the Heisenberg picture as a sum of

the amplitude )f; and phase XAZ quadrature operators, where
the annihilation A and creation AT operators are given by [1]
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The quadrature operators represent continuous-variable
observables that are able to be measured via homodyne de-
tection techniques.

If the field operator is expressed as a linear sum of the
steady-state coherent amplitude A and quantum-mechanical
fluctuation terms SA(7) such that A()=A+SA(¢) and A(r)?
=A+8A(1)", and use is made of the Fourier transform rela-
tionship SA(1)— 8A(w) and SA(r)'— SA(-w)', then the
power spectrum of the fluctuations of an arbitrary input field
can be written [7]
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VE(w) = (A (w) A (w) + SA(- 0) 8A (- w)
+ SA(- w)SA(w) £ SA(- w) oA ()Y +1 (1)

where the spectral variance V¥(w) is given by (|oX*(w)|*).
The first term of Eq. (1) is the average number of photons 7,
in the input mode at frequency +w, the second represents 71_
at —w, and the third and fourth represent correlations be-
tween the +w and —w sidebands. The final unit term repre-
sents the vacuum fluctuations. In general, this may be ex-
pressed as [8]
Vi (w)+V(w)-2

n(w) = 1 (2

where n(w)=(n,+n_)/2 represents the average number of
photons in both the positive and negative sidebands for a
continuous variable measurement of the variances at fre-
quency . Note that this relationship also remains valid for
any pair of orthogonal measurements of the optical phase
space, i.e., V? and V#*™2 In this case, V¥(w)=(|6X%w)|?)
where 8X%=(84e'’+ 84'e?), representing an arbitrary
quadrature operator at angle 6 with respect to a specified
phase reference.

As a first example consider a coherent state |a). Coherent
states can be defined as eigenstates of the annihilation opera-
tor, i.e., A|la)=a|a). To a good approximation such states
can be produced by a well-stabilized laser. We have V*
=4 Re(a)?+1 and V-=4 Im(a)?+1. Using Eq. (2) we find
in=Re(a)?+Im(a)?*=|a|*> which is as expected.

As another example, consider the homodyne measure-
ment of a squeezed state |a,r). Squeezed states can be de-
fined as eigenstates of the operator B=VG-\G-1. Such a
state possesses the following properties [1]:

AXt=eT", AX =¢',

(N) = |a|? + sinh?r,

where the squeeze factor r=-In(\G-JG-1). Assuming a
squeezed vacuum state (i.e., a=0) with variances V* and V-
measured at frequency w, Eq. (2) yields

—r2+ r2_2 -r _ 2
|e | ie| = ¢ 2e =|O|2+sinh2r,

n(w) =

again in agreement with the expected result. The interesting
thing in this second example is that the fluctuations in one
quadrature can fall below the level associated with no illu-
mination. This example shows that the vacuum noise floor
cannot be attributed to technical noise of the detector.

The relationship of Eq. (2) may also be exploited to mea-
sure the average photon number in a field of interest using
the scheme illustrated in Fig. 1. In order to avoid low-
frequency technical noise, an acousto-optic modulator
(AOM) [9] introduces a radio-frequency offset w between
the mode of interest and a homodyne detector local oscilla-
tor. As shown, the mode of interest is upshifted relative to the
local oscillator, and the vacuum mode introduced at fre-
quency —w relative to the local oscillator. From Eq.
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FIG. 1. Generic measurement concept, as applied to determine 7
at the output of an unknown process. The direction of optical fre-
quency translation as performed by the AOM is unimportant, as
discussed in the text.

(1), (0A(-0)"6A(-0))=(A(-w) 8A(w))=(3A(-w) 8A(w)")
=0 and local oscillator phase dependence disappears. Conse-
quently, V*=V~ and Eq. (2) yields

() = (A(w) ' 0A(w)) = V() - 1 (3)

where 77, (w) is the average number of photons in the +w
sideband. A similar result is obtained if the +w and —w side-
bands are interchanged, i.e., upshifting the local oscillator
with respect to the field of interest.

III. EXPERIMENT

To validate the relationship between measurements of the
discrete and continuous variable domains indicated by Eq.
(3), the experiment of Fig. 2 was constructed. This experi-
ment corresponds to the topology of Fig. 1 where the “pro-
cess” is that of optical attenuation. The experiment was
driven by a Photonetics Tunics-1550 tunable diode laser op-
erated at 1540 nm, the wavelength chosen to permit stable
mode-hop-free operation, as well as to take advantage of
commercial telecommunications fiber products. The output
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FIG. 2. Schematic representation of the system employed,
mode-matching optics omitted for clarity. Points A, B;, and B, rep-
resent the states to be measured.
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FIG. 3. (Color online) SPDM time series and statistical distributions for ®, ~2 X 107 photons/s.

beam was divided asymmetrically, the majority of the power
used as a coherent local oscillator for the homodyne detector
and the remainder upshifted and attenuated to become the
field of interest. The field of interest was then measured by
three independent detection systems: a homodyne detector,
an id-Quantique (id-200) (In,Ga)As/InP SPDM, and a
NIST-traceable (Newport 3227) power meter. All intercon-
nections were made with single-mode glass fiber (SMF) in
the interests of reproducibility of measurement and for spa-
tial mode filtering.

To permit valid comparisons to be made between the three
measurement techniques, all measurements were referred
back to point A of Fig. 2, accounting for the losses unique to
each optical path in the analysis of results. As physical dis-
turbance of the SMF altered the polarization of the propagat-
ing photons via the stress-optic effect [10], a series of data
was recorded using a 50-50 fiber coupler to permit simulta-
neous SPDM and homodyne measurements to be made
whereby the signal path wave plates had been previously
adjusted for maximum homodyne efficiency. This also made
long-time-constant drifts in the laser’s output power common
to both measurement systems. However, to support the claim
that both measurement schemes were truly independent, a
small set of results was collected by interchanging the con-
nections of one port of the coupler between the SPDM and
the homodyne detector.

Experimentally, measurement of the mean photon number
is determined by integrating the mean photon flux ® over
time period 7. The field of interest at point A may be approxi-
mated as a weak coherent state |a),, defined [1] as

a

2 7
|y =2 ) )

n=0 V1!

where the mean photon flux is related by @,=|a,|?
=P, \/hc where P, is the optical power, \ is the optical

wavelength, & is Planck’s constant, and ¢ is the speed of
light.

|a@), is further attenuated in a calibrated fashion to yield
|cv>B1 R with ap varied by adjusting the rf drive power to the
AOM to yield values for &p  in the range
~103-10° photons/s. The second-order Bragg-diffracted
[11] optical output was used to achieve a greater attenuation
than was otherwise possible with the first-order output, and
to avoid radiative coupling between the rf signal generator
and the homodyne detector. Hence, the AOM was operated at
its frequency of peak diffraction efficiency of 80 MHz, and
homodyne detection was performed at a center frequency of
160 MHz.

To minimize the statistical uncertainty o,, associated with
N independent experimental measurements as given by ofn
«N-'[18], N was maximized within practical constraints for
both the SPDM and homodyne detection schemes.

After-pulsing probability [12] and long-time-constant la-
ser power drifts imposed a practical maximum value of 7
=1s (leading to N=250). An APD gating period 7; of
100 ns was used at 10 us intervals. The time series for the
SPDM shown in Fig. 3 illustrates typical data when the
SPDM is illuminated (upper trace) and in the absence of
optical input (lower trace). The probability density function
of the “bright” data is as described by Eq. (4) and the distri-
bution for the dark counts is also Poissonian in nature [15].
As both distributions are of the same family, the mean of the
technical noise may simply be subtracted away [16] to yield
the mean number of detection events, provided that the two
distributions can be resolved.

The homodyne detector was implemented with matched
(In,Ga)As p-i-n photodetectors and an Agilent E4407B
spectrum analyzer (SA). Free-space optical components were
used to permit independent control of input polarization and
relative phase via a piezoelectrical transducer (PZT)
mounted mirror. The effective integration time for the homo-
dyne detector is given by 7=1/B where B is the resolution

033808-3



WEBB, RALPH, AND HUNTINGTON

-90 T T T T T

-95

-100

-105

-110

-115

-120

SA measured power [dBm]

-125¢

-130

-135 .
0 5 10 15 20 25 30

Time [s]

PHYSICAL REVIEW A 73, 033808 (2006)

« Detected mode

-100 (+ QNL + technical noise)

-105

-110
« Vacuum noise (QNL)

-115
« Dark noise

-120

-125

_130 < SA noise floor

0.5 1 1.5 2
Relative count probability

-135
0

FIG. 4. (Color online) Homodyne detector time series and statistical distributions for ®,~2X 107 photons/s. For clarity, only the

distributions associated with the technical noise sources are illustrated.

bandwidth of the SA. A nominal value of B=30 Hz (33.2 Hz
measured) was used to yield 7=30.1 ms, with N=1000 for a
30 s acquisition period. The overall efficiency of the homo-
dyne detector 7 is a function of the quantum efficiency 7,,,
of the matched p-i-n photodetectors and the interferometric
fringe visibility V, where 7,=)” and 7= 77, Accounting
for the transition from fiber to free space, the maximum ex-
perimental fringe visibility attained was 93%, giving an
overall detection efficiency 7=88%. Typical time-series data
and associated log-Rician [16,17] distributions for the homo-
dyne data are shown in Fig. 4.

Macroscopic power measurements performed by the
Newport power meter were used for the purposes of calibrat-
ing the incident photon flux into the SPDM and homodyne
measurement schemes. Ideally, both schemes would exhibit a
linear 1:1 relationship between incident and measured flux
over a wide range with a minimum of uncertainty. The extent
to which this is achieved is shown in Figs. 5 and 6 where
error bars for both axes are placed one standard deviation
from the mean, and the solid line represents the ideal 1:1
response. In both plots, data points obtained via the coupler
are marked with a point, the circled points (seen at incident
fluxes of 1.6 X 10°, 8.0 10°, and 9.8 X 108 photons/s) rep-
resent data obtained by interchanging connections as detailed
in the preceding section.

Figure 5 illustrates the SPDM inferred mean photon flux,
showing a useful linear relationship over approximately three
orders of magnitude with the measurement uncertainty in-
creasing rapidly at low light levels. The upper limit is im-
posed by saturation of the APD gated time bins and the non-
linearity associated with the increasing probability of =2
photons arriving within each gate window. The lower limit
arises as a consequence of the finite dark-count probability
and the low observed SPDM quantum efficiency g of 11%.
Following the correction of dark counts (technical noise) as
detailed previously, data points with a negative mean have

been deleted and error bars truncated at ®=1. Note that this
process of deletion has also removed one of the circled data
values described above.

The homodyne detector results are shown in Fig. 6, the
point and circled data values determined via application of
Eq. (3) to the measured variances exhibiting a comparatively
superior dynamic range in excess of four orders of magni-
tude. Additionally, close agreement with the ideal 1:1 rela-
tionship and the SPDM data trend at all flux levels is ob-
served despite the lack of free experimental parameters. As
expected by inspection of Eq. (3), no sensitivity to relative
optical phase was observed in the homodyne variance as the
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FIG. 5. (Color online) Average photon number at point A of Fig.
2, as determined by SPDM measurements. Data values illustrated
with a point were obtained using a 50-50 coupler for simultaneous
SPDM-homodyne measurements, while circled data points were
measured by each scheme separately.
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FIG. 6. (Color online) Average photon number at point A of Fig.
2, as determined by homodyne detection techniques and quantum
mechanics theory. Data values illustrated with a point were obtained
using a 50-50 coupler for simultaneous SPDM-homodyne measure-
ments, while circled data points were measured by each scheme
separately.

PZT illustrated in Fig. 2 was swept over a number of optical
wavelengths.

The error bars associated with both the measurement tech-
niques are the result of statistical uncertainties in addition to
technical and systematic sources of error. In the SPDM, tech-
nical noise manifests itself as undesired count events and
missed detection events, these effects becoming dominant at
low flux levels.

The SPDM is also insensitive to the input spatial mode
and exhibits frequency sensitivity only in response to the
bandwidth of the input optics and the spectral responsivity of
the semiconductor APD. Experimentally this gave rise to two
sources of systematic error: the coupling of ambient room
light to fiber cladding modes which could be controlled by
shielding the SPDM SMF input, and that due to the AOM
isotropically scattering a portion of the (unshifted) input
beam and this light being mode matched into the SMF. Re-
ducing the AOM optical input power by changing the pre-
ceding beam-splitter ratio reduced the count rates arising
from this effect to a level comparable to the APD dark count
rate.

Conversely, homodyne detection is inherently sensitive to
the spatial mode, polarization, and frequency of the input
state to be measured. The resolution bandwith of the SA
dictates the frequency selectivity of the technique, with the
maximum detection bandwidth determined by the rf compo-
nents, i.e., the linear photodetectors, subtractor, and SA. As
detection is reliant on optical interference at the beam split-
ter, the spatial and polarization modes of the local oscillator
(LO) and signal beams must be identical. This provides a
high degree of immunity to the detection of ambient light as
such photons are incoherent with either the signal or LO-
beam.

Homodyne technical noise is comprised mainly of elec-
tronic noise, the primary sources being the SA noise floor
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FIG. 7. (Color online) Comparative plot of the SPDM results
against the homodyne values determined via quantum mechanics
[Eq. (3)]. The solid (green) line indicates the ideal 1:1 relationship,
the dotted (red) line indicating the calculated line of best linear fit.
Equation for the line of fit is y=0.9x+0.1. x>=0.31.

and dark noise from the detectors. The subtraction of these
noise contributions from the observed variance serves to de-
crease the precision of the measurement, although this effect
may be minimized by increasing the separation between the
observed quantum noise limit (QNL) and the technical noise.
Assuming fixed amplitude of the electronic noise, the signal
to technical noise ratio may be increased by raising the ob-
served power of the QNL. As the detector photocurrent lin-
early scales with the optical input intensity within limits im-
posed by saturation [4], this may be readily achieved by
raising the local oscillator power.

IV. DISCUSSION

The homodyne detector is a continuous-variable measure-
ment system, and thus is unsuitable for conditioning pur-
poses [13], such as required by nondeterministic qubit opera-
tions for the implementation of linear optical quantum
computation [14]. Despite this restriction, the results display
a useful distinction between the homodyne and SPDM detec-
tors in the photon-counting regime in terms of superior
speed, dynamic range, resolution, and input mode sensitivity.

This experiment also permits a comparison to be made
between the results of the simultaneous measurement of a
given optical field by the two detection techniques. In turn,
this allows an examination of two contemporary models of
the optical vacuum—quantum mechanics and stochastic
electrodynamics. Equation (3) illustrates the relationship be-
tween homodyne quadrature variance measurements and
photon counting, derived using the principles of quantum
mechanics. This relationship is illustrated in Fig. 7, combin-
ing the data shown in Figs. 5 and 6. As before, data points
with a negative mean have been deleted and error bars have
been truncated at ®=1.

Interestingly, if the subtraction of the vacuum noise con-
tribution is neglected in the derivation of Eq. (3) as required
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FIG. 8. (Color online) Comparative plot of the SPDM results
against the homodyne values determined via stochastic electrody-
namics. The solid (green) line indicates the ideal 1:1 relationship,
the dotted (red) line indicating the calculated line of best linear fit.
Equation for the line of fit is y=0.7x—28.8. x*=1.80.

by stochastic electrodynamics, then Eq. (3) could be reduced
to 7(w)=V(w). The values for mean photon number thus
derived directly reflect the measured variance, the resulting
homodyne data plotted against the SPDM data of Fig. 5 in
Fig. 8. It is observed that although the mean magnitudes
diverge from the desired 1:1 trajectory at low flux levels, the
large experimental uncertainties for the SPDM and homo-
dyne data shown prohibit an unambiguous differentiation be-
tween the two models. In order to compare the semiclassical
stochastic electrodynamic and quantum-mechanical noise
models, the special case of zero-photon input (not shown due
to the logarithmic scaling of the plots) must also be consid-
ered. Experimentally, this is achieved by blocking the beam
to both detectors, the observed homodyne quadrature vari-
ance thus declared to be unity and the SPDM only accumu-
lating dark detection events. When the unity variance is
scaled by experimental constants the semiclassical model
predicts a mean thermal photon flux of 42.6 photons/s, while
Eq. (3) returns a value of zero in line with SPDM measure-
ments.

Further quantitative comparison is possible by performing
a linear regression analysis of the SPDM and homodyne data
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for each of the two models. By defining a y*> measure of the
quality of fit between each data point and the line of fit
y(x)=a+bx weighted by the corresponding variances [19] a
direct comparison may be made, i.e.,

N-1
) (y i—a— bxi)2

X (Cl,b) g) 0'31_ + bzo_ii

where (x;,y;) are the mean data values and o, , 0, the asso-
ciated variances. For the case of zero SPDM flux for the two
models, the variances o, =0, =1 were assumed. For the
quantum-mechanical case of Fig. 7, the line of fit is given by
y=0.9x+0.1, x*=0.31. For the stochastic electrodynamic
model of Fig. 8, the line of fit is given by y=0.7x-28.8,
X>=1.80. Clearly, the quantum-mechanical noise model both
permits a superior quality of fit to the observed experimental
data and returns an equation for the line of fit closer to the
ideal 1:1 relationship.

V. CONCLUSION

We have experimentally verified the proposed homodyne
measurement technique and demonstrated a superior sensi-
tivity, dynamic range, and measurement speed than is other-
wise possible via linear p-i-n photodetectors or APD-based
SPDMs. The homodyne detection scheme also offers intrin-
sic polarization, spatial and frequency selectivity, and in the
application presented, does not require elaborate phase lock-
ing.

The results of simultaneous quadrature and APD measure-
ments also permit differentiation between semiclassical and
fully quantum models of optics. In particular, semiclassical
models such as stochastic electrodynamics [20] are unable to
account for the observed quadrature variance at the QNL in
the absence of photon detection events of the SPDM [8].
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