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We investigate the two-dimensional optical rotor of a weakly modulated vectorial bistable laser submitted to
a single or multiple stochastic perturbations. In the Langevin-type equation of the rotor the role of an even or
odd input forcing function on the system dynamics is isolated. Through these two inputs of optical and
magnetic natures we verify that the stochastic resonance exists only when the periodic modulation acts on the
even parity optical input. When two mutually correlated noises are simultaneously submitted to the input
functions of opposite parities, we find a critical regime of the noise interplay whereby one stable state becomes
noise-free. In this case, the residence time of the light vector in the noise-free state diverges which leads to a
collapse of the output signal-to-noise ratio. But, in this critical regime also obtained when one noise drives both
the even and odd functions, if the system symmetry is broken through an independent lever control, we can
recover the switching cycle due to a new response mechanism, namely, the dual stochastic response, with a
specific output signal-to-noise ratio expression. Both the theoretical analysis and the experiment show that the
signal-to-noise ratio now displays a robust behavior for a large range of the input noise amplitude, and a
plateau with respect to the input signal amplitude. Furthermore, we isolate an original signature of this
synchronization mechanism in the residence-time distribution leading to a broadband forcing frequency range.
These noise interplay effects in a double well potential are of generic nature and could be found in other
nonlinear systems.
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I. INTRODUCTION

Nonlinear stochastic effects are of wide interest mainly
due to the constructive role of noise in the signal detection
and information transfer �1�. In this field the most studied
phenomenon is stochastic resonance �SR� by which a weak
signal can be optimally detected due to the presence of an
optimal level of noise �2,3�. But in order to get a significant
enhancement of the response in the case of a bistable system
through SR some stringent conditions must be satisfied. For
instance, the signal amplitude is limited to values close to the
system threshold, the noise amplitude must be adjusted
around the optimum value, and the frequency detection
bandwidth is narrow due to the matching between determin-
istic and stochastic time scales �2�. Many theoretical attempts
were made to improve the stochastic resonance for instance
by using arrays of threshold systems �4,5�, by employing an
extra control signal �6�, by using time-modulated correlated
noises �7�, or through symmetry breaking effects in bistable
systems �8,9�. Here we investigate a vectorial optical system,
i.e., an optical rotor which can be subjected to perturbations
of quite different origins such as of optical, magnetic, or
electrical natures. One may wonder how can we identify, in
particular experimentally, the symmetry properties of the
system perturbed through its various inputs, and what are
their roles in the SR based weak signal detection. Moreover,
could two noises of different natures interact mutually in
such a multi-input system and lead to possible new regimes?

The aim of this paper is to give a detailed theoretical and
experimental study of stochastic effects on the polarization
rotation in a two-dimensional vectorial bistable laser. With
respect to our previous results �10,11�, here we focus on

providing a further insight in the SR mechanism based on the
symmetry properties of the possible modulations and noises.
Moreover, we try to derive analytical expressions for the
signal-to-noise ratio �SNR� when the optical rotor is sub-
jected to mutually correlated noises and explore the experi-
mental residence-time distributions. We also try to provide a
physical picture of the noise interplay in a generic double-
well potential.

The paper is organized as follows. In Sec. II we introduce
a Langevin-type equation to describe the polarization rota-
tional dynamics in the quasi-isotropic vectorial laser. We em-
phasize the possibilities due to the multiple inputs of the
laser and isolate their symmetry properties. We then derive
analytical expressions for the mean residence times and the
signal-to-noise ratio when Langevin terms of different na-
tures are mutually correlated. Furthermore, we isolate a so-
called dual stochastic response of the laser and highlight its
original properties. The predictions coming out of the model
are then tested in Sec. III on a laser submitted to various
kinds of signals and noises through its optical and magnetic
inputs. The experiments are compared to both the analytical
expressions and numerical simulations. Finally, Sec. IV pro-
vides a summary of results with our conclusions.

II. THEORETICAL ANALYSIS

A. The nonlinear optical rotor model

Let us consider the vectorial bistable laser depicted in Fig.
1�a� oscillating on a single longitudinal mode. The laser cav-
ity is closed by two mirrors M1 and M2, and a feeble linear
phase anisotropy ��xy is introduced inside the cavity. The
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linear phase anisotropy lifts the cavity transverse isotropy,
yielding a two-dimensional system defined by two linearly
polarized eigenstates Ex and Ey aligned along the x and y
directions of the phase anisotropy. These eigenstates are cal-
culated using the resonance condition ME=�E, where M is
the 2�2 Jones matrix for one round-trip inside the cavity,
and E is the electric-field vector with associated eigenvalues
� �12,13�. Here, this transverse polarization distribution is
invariant along the laser axis because the active medium
does not alter the polarization. These two eigenstates oscil-
late at slightly different eigenfrequencies �x and �y with a
frequency difference �x−�y= �c /2L���xy/�, where c is the
velocity of light in vacuum and L is the optical length of the
cavity. In this paper we consider only the case of a quasi-
isotropic laser, i.e., for a very small magnitude of ��xy such
that �x−�y becomes much less than the cavity bandwidth
��c= �c /2L���1−R� /��R�, where R is the reflectivity of the

two mirrors. By varying the laser cavity length the polariza-
tion can flip from one stable state to the other. For small
phase anisotropy value, due to the strong nonlinear coupling
between the two oscillators inside the gain medium, their
frequencies get locked to a single frequency during the flip
�14�. We then have a single oscillating light vector E0 which
makes an angle � from the x axis and can rotate in the trans-
verse xy plane during the switches between the two stable
states �see Fig. 1�b��, with a continuous frequency drift from
one eigenfrequency to the other. The rotational dynamics of
the polarization vector can be associated with a potential
V�Ex ,Ey� such as the one depicted in Fig. 1�b� �12�. It has
two minima corresponding to the two linearly polarized or-
thogonal stable states along the x and y directions, with the
rotational switching schematized by the path R. The laser
polarization can also be controlled by an optical input via a
feedback cavity and by a magnetic input as shown in Fig.
1�a�. During the polarization flipping, the laser intensity re-
mains constant and the nonlinear dynamics of this optical
rotor can be described by the following first-order differen-
tial equation for the angle of the light vector E0 with respect
to the x direction �14,15�:

d�

dt
= − V0sin 4� + M�t�sin 2� + �B�t� , �1�

where � is the Faraday rotation coefficient. The first term on
the right-hand side of Eq. �1� leads to the rotational potential
having minima at �=0 mod � and �=� /2 mod �, separated
by barriers of the heights V0 /2. The second term accounts for
the optical input, and also for the cavity length tuning that
we call the “lever” in Fig. 1�a�. The last term is a Faraday
term accounting for the magnetic field induced rotations of
the vector, i.e., the magnetic input in Fig. 1�a�. The temporal
dependences of M�t� and B�t� will be fixed in the following
by combinations of an input signal and single or multiple
noises. Note that the delay time in the feedback cavity is
assumed to be much smaller than the response time of the
system. Thus the delayed feedback contribution can be ne-
glected �16�, in contrast to other schemes that exploit time-
delayed feedback control �17�.

How can we understand the symmetry properties of the
perturbations �M�t� and B�t�� acting on the optical and mag-
netic functions in Eq. �1�? We try to answer this question by
first considering the parities of these two forcing functions in
the evolution equation. Here, in the laser the potential barri-
ers are located at �=� /4 so we investigate the parities of the
optical and magnetic functions with respect to an angle vari-
able 	=�−� /4, and restrict our discussion in one quadrant
of the potential �−� /4
	
� /4� as shown in Fig. 1�b�.
Note that due to the nonreciprocal nature of the Faraday
effect in our system, if the axial magnetic field changes sign,
it essentially inverts the direction of the optical rotation, i.e.,
the sign of 	. This fact can be made to appear explicitly in
the system equation by defining a function sgn�	� which is
+1 when 	�0, and −1 when 	�0. Equation �1� thus be-
comes

d	

dt
= V0sin 4	 + M�t�cos 2	 + �B�t�sgn�	� . �2�

FIG. 1. The scheme of a vectorial bistable laser. �a� The laser
cavity enclosed by two mirrors M1 and M2 contains a small linear
phase anisotropy ��xy and a gain medium. The laser oscillates on a
single longitudinal mode. Optical input is a reinjection cavity con-
taining a voltage driven phase modulator PM, a mirror M, and a
polarizer P1x. The magnetic input is through a solenoid wrapped
around the gain medium. The Zeeman splitting of the high gain
3.39 m line of 20Ne is 3.16 MHz/G leading to a Faraday effect
�typically 1 deg/ �m/G�� which can induce the rotation of the po-
larization. Lever control permits adjustment of the laser frequency
using a piezoelectric transducer holding the mirror M2 to change the
laser cavity length. The laser axis is oriented along north-south
direction, which adds about 0.2 G axial dc magnetic field also taken
into account in the simulations. The output intensity along the x
state is detected using an output polarizer P2x and a detector D. �b�
The three-dimensional �3D� potential associated with the vectorial
laser. The light vector switches between the two stable states Ex and
Ey by rotation in the transverse plane corresponding to the rota-
tional path R on the potential surface.
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The optical forcing term �second term� in Eq. �2� is then even
with respect to 	 but the magnetic forcing �third term� is
odd. In the expression of the potential which can be obtained
from Eq. �2� the parities of the forcing functions are re-
versed. This analysis of the rotor equation suggests that the
even optical forcing should correspond to an asymmetric
modulation of the potential and the odd magnetic forcing
should lead to a symmetric modulation of the laser potential.

B. Hysteresis loop dynamics and stochastic resonances

1. Dynamics of the hysteresis loop

In order to isolate the role of the input function parity on
the rotor dynamics, here we consider deterministic cases
wherein only an adiabatic sinusoidal perturbation is acting
on either the even or the odd function in Eq. �2� and focus on
the dynamical evolution of the associated bistability cycle.

(a) Translation dynamics due to a forcing on the even
function. When a sinusoidal perturbation of amplitude A0 and
angular frequency �0 is injected through the optical input
�even modulation�, the temporal dependences of the coeffi-
cients in Eq. �1� become M�t�=M0�A0cos��0t�+mL�, and
B�t�=B0, where mL is the so-called lever and B0 denotes a
residual constant axial magnetic field, which can be compen-
sated. For all comparisons between the theoretical results and
the following experimental results, we will use the normal-

ized value of the modulation amplitude, i.e., Ã0=A0 /Ath,
where the switching threshold value is Ath=2V0 /M0. Let us

first simulate the unperturbed bistability cycle �Ã0=0� of the
model. This can be done by scanning the parameter mL
which corresponds experimentally to the cavity length varia-
tion and calculating the output intensity Ix=E0

2cos2 � along
the x eigenstate for instance. A numerically obtained sym-
metric hysteresis cycle is shown in Fig. 2�a�.

Now in the presence of the sinusoidal modulation �Ã0
=1.2, �0=2��1 kHz�, the numerical integration of the
model shows that such a perturbation produces a translation
of the hysteresis loop with a period of 1 ms, as pictured in
Figs. 2�b� and 2�c� for positive and negative maxima of the
modulation. One can see that the width of the cycle remains
constant. It is worth mentioning that such a translation of the
cycle is an essential condition for the polarization switchings
when the cavity length is kept fixed, as will be later the case
for experimental observations. In the symmetric system of
Fig. 2�a�, i.e., when the bistability cycle is centered at zero,
the switching thresholds correspond to a translation of the
cycle by its half width. This translation dynamics of the bi-
stability cycle corresponds to an asymmetric modulation of
the bistable potential �15�.

(b) Breathing dynamics due to a forcing on the odd func-
tion. By contrast, when the sinusoidal modulation is injected
through the magnetic input function �odd modulation�, the
system now has the following coefficients: M�t�=M0mL and
B�t�=B0+B1A0cos��0t�. Notably, this kind of perturbation
produces a periodic breathing of the cycle with the period of
1 ms, as shown by numerical results in Figs. 2�d� and 2�e�
for the maximum and minimum values of the input modula-
tion. The width of the hysteresis loop oscillates with the

input signal level while its center remains fixed. Here for a
fixed laser cavity length corresponding to the symmetric po-
tential we cannot observe any switching for such a modula-
tion, contrary to the previous case.

These deterministic dynamics can also be helpful to pic-
ture the symmetry properties of random perturbations on the
system. We thus apply two noises of different natures: the
noise on the optical function �even noise� in order to produce
the random translation of the cycle and the noise on the
magnetic function �odd noise� in order to generate the ran-
dom breathing dynamics. Thus it is possible with this system
to investigate on the one hand the role of symmetry proper-
ties of different modulations and noises on the stochastic
resonance phenomenon, and on the other hand the possible
effects originating from the interplay between multiple
noises of different kinds.

2. The role of the input function parity on stochastic resonance

In the following we shall investigate two different cases
when a weak coherent modulation is injected into either the

FIG. 2. Simulated translation and breathing dynamics of the
hysteresis loop along the x state in the rotational regime observed
by scanning the lever mL in Eq. �1�. �a� Unperturbed rotational
bistability cycle obtained from Eq. �1� with the dimensionless pa-
rameters, V0=10−3, M0=10−3, �B1=0.5�10−3, and integration
time-step �t=10−8 s. �b�–�c� Translation dynamics of the cycle due

to an input signal of normalized amplitude Ã0=1.2 at the optical
input function in Eq. �1� as shown for its positive �b� and negative
�c� peak values, respectively. �d�–�e� Breathing dynamics of the

cycle due to an input signal �Ã0=0.7� at the magnetic input function
for its positive �d� and negative �e� maxima.

THEORETICAL AND EXPERIMENTAL STUDY OF¼ PHYSICAL REVIEW A 73, 033807 �2006�

033807-3



even or the odd input function. In each case the noise is
applied first on the even input and then on the odd input.

(a) Modulation on the even function. For a subthreshold
even optical modulation we can use either the optical noise
��t� or the magnetic noise ��t� to try to induce SR. For these
possible combinations of noises with signal in the symmetric
system �mL=0�, the stochastic coefficients M�t� and B�t� in
Eq. �1� are summarized in Table I.

These noises are zero mean white Gaussian noises:
���t�	=0, ���t���t��	=2D��t− t��, and ���t�	=0, ���t���t��	
=2Q��t− t��, where D and Q denote their respective intensi-
ties. The probability density functions of the noises ampli-
tudes have a Gaussian distribution. Furthermore, following
the Wiener-Khinchin theorem �18�, the power spectral den-
sity being the Fourier transform of the autocorrelation func-
tion, the spectra of these noises are flat. The stochastic dif-
ferential equation Eq. �1� with the coefficients given by left-
hand side column of Table I are numerically integrated using
the first-order algorithm by applying the Stratonovitch inter-
pretation to the noise terms as described in the Appendix.
The SNR at the modulation frequency of 1.0 kHz is calcu-
lated for different optical noise levels from the power spectra
obtained by averaging over 50 different temporal sequences
of the simulated optical gates. The results are shown in Fig.
3�a� for three values of the subthreshold signal amplitude

Ã0=0.9, 0.45, and 0.2. The SNR exhibits the typical bell-
shaped curve of stochastic resonance �2�. These results indi-
cate that the weak even input signal can be detected by tun-
ing the optical noise at its optimal level.

Now we consider the magnetic noise ��t� instead of the
optical noise to induce SR, i.e., we use the coefficients given
by the right-hand side column of Table I in Eq. �1�. As de-
scribed in Fig. 3�b�, the magnetic noise can also assist the
weak signal and leads to the bell-shaped curves of SR, al-
though this odd magnetic noise provokes a different random
dynamics in the system. Thus we can say that if the coherent
signal is acting on the even parity input, the SR mechanism
can be induced by noises on either the even or odd parity
function.

(b) Modulation on the odd function. Let us now consider
that the modulation is acting on the odd input function, i.e.,
at the magnetic input. This modulation does not break the
symmetry of the potential, as has been shown by the breath-

ing dynamics of the bistability in Figs. 2�d� and 2�e�. In this
case, the time dependent terms in Eq. �1� including the noise
at either the optical or magnetic input are given by Table II.

Here again we first try to use the optical noise to detect
this symmetry preserving weak input signal. As expected
from the cycle dynamics, simulation of the Eq. �1� with the
coefficients of the left-side column of Table II shows no
signature of stochastic resonance as the optical noise ampli-
tude is varied. The bell-shaped SR curve falls flat, as shown
in Fig. 3�c�. This suggests that the stochastic resonance effect

TABLE II. Modulation on the odd function with one noise.

Optical noise Magnetic noise

M�t�=M0���t�� M�t�=0

B�t�=B0+B1A0cos��0t� B�t�=B0+B1�A0cos��0t�+��t��

TABLE I. Modulation A0cos��0t� on the even function with one
noise.

Optical noise Magnetic noise

M�t�=M0�A0cos��0t�+��t�� M�t�=M0�A0cos��0t��
B�t�=B0 B�t�=B0+B1��t�

FIG. 3. The role of the signal parity on the existence of the
stochastic resonance. �a� The presence of stochastic resonance due
to the even parity signal with the optical noise only �Q=0�. �b�
Same as in �a� but with the magnetic noise only �D=0�. �c� The
absence of SR for an odd parity magnetic signal. Solid lines are
numerical simulations �same values of the parameters as in Fig. 2�,
and filled circles �Ã0=0.9�, squares �Ã0=0.45�, and open circles

�Ã0=0.2� are experimental data. Note that the signal amplitudes are
subthreshold and are normalized to the switching threshold for both
experiment and simulation. The simulation fits to the experiment
are obtained using the scale factors 75 V−1 for the optical noise and
42 mG−1 for the magnetic noise. The experimental data have been
obtained averaging at least five independent spans of the power
spectra. For the sake of clarity, the errors bars are represented on
only one point. Note that the corrugation of the simulation curves
have no physical meaning.
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cannot enhance such an input signal. Moreover, by using the
magnetic noise instead of the optical noise corresponding to
the column of the right-side of Table II we obtain the iden-
tical result, i.e., a flat SNR response with respect to the noise
amplitude.

These simulation results show that the signal can be de-
tected if it is applied to the even function in the laser system
whatever the noise parity. These results will be tested in the
experiment in Sec. III. In the following we consider another
possibility provided by the multiple inputs of the vectorial
laser, i.e., the nonlinear effects induced due to the interplay
between two noises of the opposite parities. In Sec. II C and
II D we analyze the system dynamics theoretically in the
average residence times of the vector in its stable states and
in the output signal-to-noise ratio expressions.

C. Interplay between mutually correlated noises

We consider the vectorial laser subjected simultaneously
to two noises with strong mutual correlation acting on the
two opposite parity functions in the Eq. �1�. In this case, by
considering the modulation applied on the optical input func-
tion the coefficients for the system are given as:

M�t� = M0�A0cos��0t� + ��t�� , �3a�

B�t� = B0 + B1��t� . �3b�

In addition, we include the following noise correlation in the
model:

���t���t��	 = ���t���t��	 = 2��DQ��t − t�� , �4�

where � denotes the strength of the correlation between these
two noises. Here, we restrict our analysis to a particular case
where both noises are fully correlated or anti-correlated, i.e.,
� can take only two possible values of +1 or −1, respec-
tively. Before numerically simulating this multinoise model,
in the following we first derive analytical expressions for the
residence-times and for the output SNR.

1. Derivation of the residence times and of the SNR

Our approach is to use the general two-state theory which
is based on the transition rates as has been applied for asym-
metric systems �19,20�. Briefly recalling the method, a
bistable system having a potential as sketched in Fig. 4�a� is
characterized by the occupation probabilities nx�t� and ny�t�
of the two stable states x and y, respectively �nx�t�+ny�t�
=1�. The equations governing the evolution of the occupa-
tion probabilities are given by

dnx

dt
= −

dny

dt
= Wy�t�ny�t� − Wx�t�nx�t�

= Wy�t� − �Wx�t� + Wy�t��nx�t� , �5�

where Wx�t� and Wy�t� are the transition rates out of the two
states x and y, respectively. For the multinoise rotor model of
Eq. �1� with Eqs. �3� and �4�, we now calculate the expres-
sions for the transition rates Wx,y�t�. For this purpose, using
the standard method �18,21� we calculate the mean residence

times Tx and Ty of the light vector in the two stable states
at �=0 �x state� and �=� /2 �y state�, respectively. When
we consider the system to be symmetric �mL=0� without
any input signal �A0=0�, and take the coefficients M0=1,
�B1=1 in the dimensionless form of Eq. �1�, we find the
following expressions:

Tx = T exp�2V0ax�D,Q� − bx�D,Q�� , �6a�

Ty = T exp�2V0ay�D,Q� − by�D,Q�� , �6b�

where T is a constant and ax�D ,Q�, ay�D ,Q� and bx�D ,Q�,
by�D ,Q� are given by

ax�D,Q� =
1

D

log� ��Q + ��D�

�Q
 −

��D

��Q + ��D�
� ,

�7a�

FIG. 4. An intuitive picture of the two-noise interplay in a two-
well potential. �a� The correlation between noises makes the two
transition rates different. �b� Critical regime: one well becomes
noise-free at the expense of enhanced noise in the other well. The
system remains trapped in the noise-free well �Wx=0�. �c� Lever-
assisted skewing of the potential in the critical regime restores the
periodic switching cycle. The signal commands the escape out of
the noise-free well while the reverse flips are due to the noise-
induced events.
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ay�D,Q� =
1

D

log� ��Q − ��D�

�Q
 +

��D

��Q − ��D�
� ,

�7b�

bx�D,Q� = 2 log���Q + ��D�� , �7c�

by�D,Q� = 2 log���Q − ��D�� . �7d�

In the presence of the input signal A�t�=A0cos��0t�, the two
barrier heights of the potential are modulated asymmetri-
cally. This dynamic asymmetry can be taken into account by
assuming the asymmetric modulation of the barrier height
parameter V0 in the expressions of the two residence times.
The transition rates Wx�t� and Wy�t� can be expressed as the
inverses of these mean residence times resulting in the fol-
lowing expressions:

Wx�t� = T−1exp�− 2�V0 + A0cos��0t��ax�D,Q� + bx�D,Q�� ,

�8a�

Wy�t� = T−1exp�− 2�V0 − A0cos��0t��ay�D,Q� + by�D,Q�� .

�8b�

These rates can finally be expanded up to the first order in
signal amplitude, leading to

Wx�t� = W0x − �xA0cos��0t� , �9a�

Wy�t� = W0y + �yA0cos��0t� , �9b�

where W0x, W0y are the inverse of the residence times with-
out the modulation given by Eqs. �6a� and �6b�, respectively,
and �x=2ax�D ,Q� /Tx, �y=2ay�D ,Q� /Ty. Following Ref.
�19�, we perform a formal integration of Eq. �5� using Eqs.
�9� that permits to calculate the SNR at the signal frequency.
It is found to be independent of the signal frequency and,
within the small signal amplitude assumption, it can be writ-
ten as

SNR = �A0
2 �ax�D,Q� + ay�D,Q��2

Tx + Ty
. �10�

2. Discussion

One can notice that the mean residence times of the light
vector in the x and y states subjected to two noises, but
without the modulation, as given by Eqs. �6� and �7� are not
identical �coefficients ax�ay and bx�by�, even though the
laser is symmetric with the identical barrier heights for the
two stable states. Here the symmetry breaking between the
two residence times is due to the mutual correlation between
these two noises. In particular, if �Q=�D, Tx diverges to
infinity when the noises are anticorrelated ��=−1�. This is
referred to as the critical regime of the correlated noise
interplay. Similarly, if these two noises are correlated
��= +1�, it is Ty which diverges in the critical regime. Con-
sequently, in the critical regime of the correlated or anticor-
related noises, the SNR at the signal frequency which is

given by Eq. �10� collapses to zero due to the diverging
residence time in the denominator of the SNR expression.

Physically, the even and odd noises interfere construc-
tively in one well and destructively in the other one. These
noise interferences can be pictured as shown in the simple
scheme in Fig. 4�a�. Here the transition rates �Wx,y� out of
the two wells are different although the bistable potential is
symmetric. At the critical noise combination this transition
rate asymmetry is maximum �see Fig. 4�b��, one state be-
comes completely noise-free �Wx=0� and, hence, the peri-
odic polarization switching is no more possible.

Thus this theoretical analysis suggests that, although the
system displays a specific property, namely the noise-free
nature of one state, unfortunately the two-noise interplay
seems detrimental in obtaining output switching cycle. This
therefore raises the question of detecting the weak periodic
modulation, i.e., to recover high SNR in this peculiar critical
regime. In order to investigate this possibility, let us recall
that up to now the laser system was taken to be symmetric.
However, we have an independent symmetry control, i.e., the
lever, which was previously used to observe the bistability
cycle. In the following section, we investigate the effect of
the lever induced asymmetry on the optical rotor in the criti-
cal regime of the multinoise interplay.

D. The dual stochastic response

Let us consider the intuitive image of the critical noise
interplay in a two-well potential whose symmetry is broken
through the lever, as shown in Fig. 4�c�. Now the barrier
corresponding to the noise-free state is almost vanished at
the cost of enhanced barrier for the other state. It thus allows
the weak modulation to command the escape out of the
noise-free well. In contrast, the system can return back by
surmounting the increased barrier due to the enhanced noise
in the other well. We can then expect to restore the quasi-
periodic switchings between the two states, but with a differ-
ent kind of mechanism where the contributions of the signal
and the noises are localized in different wells. To investigate
the possible properties of the signal recovery in this regime,
we first formulate the escape rate equations by taking into
account both the noise-free nature of one state and the lever
assistance in the system, and then derive an analytical ex-
pression for the output signal-to-noise ratio.

1. Derivation of the transition rates and of the SNR

In order to derive an approximate signal-to-noise ratio
expression, in the presence of the lever we calculate new
expressions of the escape rates Wx�t� and Wy�t� out of the
noise-free well and of the noisy well, respectively. We as-
sume that the lever is adjusted to skew the system such that
the barrier corresponding to the noise-free state is reduced to
zero. In this highly asymmetric situation, the approximate
expressions for these two rates can be obtained as follows.

Considering first the noisy well, the escape is mainly
noise driven as both noises interfere constructively here. For
simplicity, we assume the escape rate out of the noisy well to
be given by a Kramers-like formula, by taking into account
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the lever modified effective barrier height Veff, and the en-
hanced noise strength Deff,

Wy�t� = Wy = k exp
−
Veff

Deff
� , �11�

where k is a constant depending upon the curvatures of the
potential at its minima and maximum. The modified barrier
height of the noisy state can be approximated as Veff=V0, and
since the noise amplitudes add coherently, the effective noise
strength in this well in the critical regime, i.e., �D=�Q, can
be taken as Deff= ��D+�Q�2=4D. Although the presence of
a very weak modulation alters the effective barrier height
periodically, we have neglected this effect because the signal
strength is considered negligibly small compared to the bar-
rier height in the noisy well.

Now considering the noise-free state, we have seen that
the escape rate out of this state collapses to zero due to
diverging residence time. But, due to the vanished barrier
height, the very weak modulation can modify the transition
rate significantly. During the negative half period of the
modulation, a small barrier appears in the noise-free state
and the polarization can remain trapped, leading to a zero
transition rate. On the contrary, during its positive half pe-
riod, the noise-free state barrier completely vanishes and this
state then becomes unstable, leading to a very high transition
rate. Thus the input signal switches the transition rate be-
tween zero and a very high value periodically depending on
its sign. It can be approximated by using the following
simple expression for the transition rate:

Wx�t� � k��1 + cos��0t�� , �12�

where k� is a constant. Thus the system dynamics in this
lever-assisted critical regime is governed by the transition
rates of Eqs. �11� and �12�. By using the coefficients W0y
=Wy, �y=0, W0x=k�, and �x=k� /A0 in the general expres-
sion of Ref. �20� and by considering the small noise limit as
compared to the relaxation rate k �k��k�, we can calculate
the SNR at the modulation frequency. This gives a remark-
ably simple formula

SNR �
�k

4
exp
−

V0

4D
� , �13�

with �D=�Q.

2. Two original properties in the signal-to-noise ratio formula

The analysis performed above can provide us a valuable
insight into the system behavior. It is useful to compare Eq.
�13� with the standard SNR expression in the case of sym-
metric stochastic resonance: SNR� �A0

2 /D2�exp�−V0 /2D�,
known as the bell-shaped curve �2�. This highlights the fol-
lowing two original features of the system dynamics:

(a) Robustness. It is interesting to note that the 1/D2 de-
pendence of SR which governs the postpeak decay of the
bell-shaped curve is absent from Eq. �13�. The noise depen-
dence appears only in the exponential function. This means
that the SNR first grows rapidly as the noise is increased and,
for high noise levels it remains at its maximum value be-
cause the exponential dependence attains a limiting value of

1. This suggests that the system response now becomes non-
resonant with respect to the noise amplitude.

(b) SNR plateau. Remarkably, Eq. �13� is also indepen-
dent of the modulation amplitude A0. It suggests that in this
regime the system can display a plateau of high SNR with
respect to the modulation amplitude and can allow the high
fidelity detection of signal amplitudes far below the system
threshold.

We emphasize that one of the fundamental requirements
for such a regime �Eq. �13�� to occur is the noise-free nature
of one stable state. Here in the vectorial laser it arises due to
the critical interplay between two perfectly correlated optical
and magnetic noises. Indeed, the perfect correlation is also
realized when a single noise acts simultaneously on the two
opposite parity input functions whose mutual interplay can-
cels in one state, i.e., due to the so-called dual action of a
single noise in the laser system. Furthermore, in stark con-
trast with stochastic resonance, with the lever assistance the
output response becomes nonresonant with respect to the
noise level. We thus refer to the emerging regime of the
optical rotor as its dual stochastic response �DSR�. In the
next section, we shall verify experimentally these theoretical
predictions on the polarization rotor in the vectorial laser.

III. EXPERIMENTAL VERIFICATIONS

A. Experimental setup

The experimental scheme is depicted in Fig. 1�a�. The
laser cavity closed by mirrors M1 and M2 is 50 cm long. A
slightly stressed silica plate is inserted inside the cavity in
order to generate a weak linear phase anisotropy ��xy fixed
around 0.5°. Mirror M1 has a radius of curvature 60 cm and
transmits 30% of the incident light. The output mirror M2
has the same transmission coefficient and a radius of curva-
ture 120 cm, and is mounted on a piezoelectric transducer
which controls the cavity length, i.e., the lever in Fig. 1�a�.
The laser cavity bandwidth is fixed by the cavity mirror re-
flectivities and the cavity length, and is ��c�30 MHz. The
gain medium is a 20 cm long discharge tube with an inner
diameter of 5 mm. It is filled with a 7:1 3He-20Ne mixture at
a total pressure of 1.1 Torr. The laser oscillates at wave-
length 3.39 m �J=1→J=2 transition� and emits a few W
power in a single longitudinal and fundamental transverse
mode TEM00. The weak atomic coupling of this line permits
both � components to oscillate simultaneously, and then to
produce a stable linear polarization along either the x or y
axes of ��xy.

To control the rotational polarization switchings, a feed-
back cavity of length 30 cm is employed which is depicted
as the optical input in Fig. 1�a�. It contains a plane mirror M
of reflectivity 99%, a polarizer P1x, and a phase modulator
�PM� using a LiNbO3 crystal. It is driven by a high voltage
amplifier with a dc to 150 kHz bandwidth and upon which
the signal and/or noise can be applied �see U�t� in Fig. 1�a��.
Calibrated absorbing plates between P1x and M1 are used to
attenuate the strength of optical reinjection down to about
1% of the emitted laser light. In addition, a solenoid is
wrapped uniformly around the discharge tube and can gen-
erate an axial magnetic field of 0.011 G/mA of current
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through the solenoid, shown as the magnetic input in Fig.
1�a�. The so-called lever is here the laser cavity length con-
trolled through the dc voltage applied to the piezoelectric
holding M2. It is used to tune the laser frequency by a few
tens of megahertz across the Doppler broadened gain curve.

This laser is submitted to signal and noise via the optical
and magnetic inputs. The noise has a Gaussian amplitude
distribution and its spectrum is flat from dc to 100 kHz. The
measured response bandwidth of the laser is around 40 kHz,
thus validating our white noise assumption in the model. We
have verified that the solenoid does not distort significantly
the input noise spectrum �up to 100 kHz� which is used to
generate a noisy axial magnetic field. The two correlated
noises can be generated either using two noise Wandel and
Goltermann RG-1 generators or using a single noise genera-
tor whose output is divided in two parts, one drives the PM
to perform the optical noise while the other one generates the
magnetic noise. When we use a common noise source the
correlation strength between the optical and magnetic noises
is measured and is found to reach �� � =0.995, which confirms
a high degree of correlation in this case. This high correla-
tion is reached because all the experimental apparatus is pro-
tected from acoustic and electrical perturbations. The output
intensity along the x state is detected using an output polar-
izer P2x and an InAs photodiode. It is then recorded digitally
through a LeCroy 9450A oscilloscope connected to a Lab-
VIEW data acquisition system and analyzed using a Hewlett-
Packard 3588A spectrum analyzer.

B. One-noise stochastic resonances

1. Experimental verification of the bistability cycle dynamics

Let us first investigate the experimental hysteresis loop in
the rotational regime of the laser. This is done by scanning
the laser cavity length using a sweep voltage at the piezo-
electric and monitoring the output intensity for instance
along the x state, as shown in Fig. 5�a�. Now in order to
verify the possible hysteresis loop dynamics we apply only a
sinusoidal modulation either to the optical or to the magnetic
input of the laser, successively.

(a) Translation dynamics. When a sinusoidal modulation
is applied to the optical input of the laser, we observe a
periodic translation of the bistability cycle with a quasicon-
stant width, as shown for the positive and negative maxima
of the modulation in Figs. 5�b� and 5�c�, like the simulated
cycles of Figs. 2�b� and 2�c�. Consequently for a large am-
plitude, the optical signal can induce the coherent periodic
polarization switches when the laser cavity length is kept
fixed.

(b) Breathing dynamics. However, when the same signal
is applied through the solenoid the laser exhibits a different
dynamics. This kind of magnetic forcing produces a breath-
ing of the cycle as shown in Figs. 5�d� and 5�e�. The width of
the cycle becomes proportional to the level of the input sig-
nal but its center remains fixed in the gain curve. We have
verified that in this case no coherent polarization switch can
be induced by this breathing dynamics.

These observations of the cycle dynamics provide an ex-
perimental support to the asymmetric and symmetric effects

on the potential due to the even optical and the odd magnetic
forcings, respectively. It allows us to present in the following
an experimental verification of the role of the parities of the
input modulation and noise on the stochastic resonance
mechanism.

2. Experimental evidence of the role of function parities

(a) The case of a subthreshold optical signal. Let us again
consider the case when a signal is applied at the even optical
input of the laser. For a subthreshold signal amplitude the
cycle translation is not large enough, and the signal is not
detectable via the coherent polarization switching. We can
use either the optical noise ��t� or the magnetic noise ��t� at
a time in the symmetric system to induce SR. The output
SNR at the modulation frequency is measured first versus the
optical noise amplitude, and second, versus the magnetic
noise amplitude. Figures 3�a� and 3�b� show the correspond-
ing experimental data for different modulation amplitudes, in
agreement with the simulated curves �solid lines�. Thus the
subthreshold optical signal can be detected by using either
the optical or the magnetic noise.

FIG. 5. Experimental dynamics of the hysteresis loop. �a� An
unperturbed rotational bistability cycle observed by scanning the
laser cavity length. The inset shows that the total intensity, obtained
without the polarizer in front of the detector, remains constant dur-
ing the flip. The center of the cycle �dashed line� corresponds to the
maximum of the Doppler gain curve, �b�–�c� translation dynamics
of the cycle due to an optical input signal for its positive and nega-
tive maxima, and �d�–�e� breathing dynamics of the cycle for a
magnetic signal shown at its maximum and minimum values. Note
that these dynamics reproduce well the simulated ones of Fig. 2.
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(b) The case of a subthreshold magnetic signal. When a
subthreshold magnetic signal is applied to the laser, no
switch is induced due to the breathing dynamics. In this case,
we apply for instance the optical noise and measure the SNR
of the laser output versus the noise amplitude. These mea-
surements are shown by data points in Fig. 3�c�, and prove
the absence of a resonance-like effect. Indeed, no peak at the
modulation frequency is observed in the output power spec-
trum. Moreover, by using the magnetic noise instead of the
optical noise, we obtain an identical result, i.e., a flat re-
sponse of the system.

These experimental and simulated results demonstrate
that, independent of the noise parity, the signal must be even
in this laser system to get the SR effect, in agreement with
earlier theoretical predictions �22,23�. It clearly shows the
crucial role of the input function parity in multi-input sys-
tems like the optical rotor studied here. In the next section,
we explore the potentialities of the two correlated-noise in-
terplay to overcome some limitations of the stochastic reso-
nance.

C. Interplay between the correlated optical and magnetic
noises

To investigate the noise interplay in the symmetric laser,
in this section the cavity length is adjusted so that the maxi-
mum of the Doppler gain curve corresponds to the center of
the bistability cycle, i.e., there is no lever.

1. Experimental residence times

The theoretical analysis of Sec. II shows that the mean
residence time of the vector in one stable state diverges in
the critical regime of the two-noise interplay. To verify this
in the experiment, we first apply a subthreshold sinusoidal
modulation at frequency 1.0 kHz and of normalized ampli-
tude 0.9 through the optical input. As observed before, add-
ing an optimal amount of optical noise restores the periodic
polarization switchings due to SR. The mean residence times
in the x and y states are measured from a recorded time
series of the output intensity containing a few thousand
switchings. For these measurements, the polarizer P2x is kept
fixed along the x axis. Indeed, on the optical gates, the “1”
and “0” values correspond to the x and y eigenstates opera-
tions, respectively. The average residence times of the polar-
ization vector in both states are equal and match the half
period of the input signal �0.5 ms�. Now the output of the
same noise generator is used to produce the magnetic noise
which is correlated with the optical noise. In the presence of
the optical noise, increasing the magnetic noise amplitude
induces an asymmetry in the residence times of the two
stable states as demonstrated in Fig. 6. Notably, there exists a
critical magnetic noise level �Dc whose value is here 0.03 G
where the residence time in one state becomes infinite, i.e.,
longer than the data-acquisition time of a few seconds. Be-
yond this so-called critical regime both the residence times
decrease monotonously and for very high magnetic noise
amplitudes they again become equal. A theoretical fit to the
experimental data is obtained using Eqs. �6� and �7� with the
perfect anticorrelation ��=−1� between the two noises �see
Fig. 6�. This demonstrates a good agreement between the

theoretical model and the experiment. Note that the noise-
free well can be chosen via inverting the sign of the correla-
tion between noises. Experimentally, the sign of the correla-
tion can be chosen by inverting the polarity of the solenoid
with respect to the optical input. Furthermore, we try to es-
timate the sensitivity of the system with respect to the corre-
lation strength � between noises. In this regard, we have also
derived the residence-time expressions corresponding to any
value of � from the similar method of Eqs. �6�. Using such
expressions we show two additional fits in Fig. 6 for the
values of � slightly different from 1. The similar divergences
in the mean residence times are also found to be present in
the numerical simulations of the rotor model of Eqs. �1�, �3�,
and �4�.

2. Experimental SNR

For the optimized optical noise, a measurement of the
SNR corresponding to the above observed two-noise-
interplay is performed. This displays that the SR maximum
of 25 dB collapses at the critical magnetic noise amplitude
around 0.03 G, as demonstrated in Fig. 7�a�. The same col-
lapse is also observed when instead of varying the magnetic
noise for a fixed optimum optical noise, we reverse the situ-
ation, i.e., the magnetic noise is first optimized to yield a
25 dB SNR and then the correlated optical noise is increased
from zero �see Fig. 7�b��. Theoretical fits for these two SNR
measurements are derived from the approximate analytical
expressions of Sec. II �Eq. �10�� and are shown by dashed
lines in Figs. 7�a� and 7�b�. It captures the essential features
of the correlated noise interplay, notably the existence of the
SR collapse at the critical noise combination.

Moreover, a numerical integration of the multinoise equa-
tions �Eqs. �1�, �3�, and �4�� is performed to describe the

FIG. 6. Mean residence times vs magnetic noise in the presence
of correlated optical noise. Filled and open circles denote experi-
mental measurements in the x and y states, respectively. The optical
noise is chosen at its optimum of one noise stochastic resonance.
Lines are fits using Eqs. �6� and �7� with dimensionless parameters
�D=0.029, �=−1, T=0.39�10−3, and V0=0.02�10−3. Note that
here, since the modulation is not taken into account in Eqs. �6� and
�7�, and since the modulation amplitude is 0.9, we have to use an
effective barrier more than one order of magnitude lower than the
one used in Figs. 7 and 8. The axial magnetic field B0 is compen-
sated. Additional theoretical fits for slightly different value of � are
also shown.
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system dynamics in the presence of two correlated noises,
with the procedure described in the Appendix. The correlated
noises are generated using a single source of the Gaussian
random number generator which applies to both the optical
and magnetic input functions in Eq. �1�. In parallel to the
experimental measurements, the SNR is calculated using the
phase averaged spectra by first fixing either the optical or the
magnetic noise at its optimum level, and then by varying the
second correlated noise. As shown by solid lines in Figs. 7�a�
and 7�b�, the two-noise collapse of SR in the critical regime
fits well with the experimentally observed shape. It confirms
the existence of the SNR collapse in the critical regime di-
rectly from the dynamical equations of the optical rotor. Note
that the critical regime demonstrated here corresponds to a
specific case when only one noise is at its optimum value of
SR. However, such critical regime, i.e., the noise-free nature
of one state can also be obtained for any other levels of
noises provided that �Q=�D. In the next section, we focus
on the signal recovery using the so-called dual stochastic
response mechanism in the laser and verify experimentally
its original features.

D. Experimental verification of the dual stochastic response

In order to verify the features of the theoretically pre-
dicted DSR, in this section a single noise perturbs both the

even and the odd functions ensuring �= ±1 and we introduce
the lever to break the symmetry of the system potential.

1. Robustness versus noise

First, to observe the high robustness of the DSR versus
the noise amplitude, we note that in the corresponding SNR
expression of Eq. �13� the optical noise intensity D and the
magnetic noise intensity Q must be equal. Experimentally,
we adjust the noise amplitudes once and if we then vary the
noise amplitude applied to both functions, one stable state
always remains noise-free. This can be directly monitored on
the hysteresis loop dynamics. A combination of the even and
the odd parity perturbations yields a superposition of the
translation and the breathing dynamics of the cycle. The
critical regime is obtained when one switching edge remains
motionless.

To recover the switching cycle in the critical regime for a
chosen input sinusoidal modulation of normalized amplitude
0.5 and at frequency 1.0 kHz at the optical input, we skew
the system using the lever, i.e., the laser frequency, by ap-
plying a dc voltage to the piezoelectric transducer �see Fig.
1�a��. The SNR of the laser output is measured versus the
noise amplitude in Fig. 8. We can see in the experimentally
recorded gates by the inset at point 1 in Fig. 8 that, when the
noise level is small the switching cycle is not fully restored,
because the noise in the so-called noisy state is not enough to
induce a transition to the noise-free state every half period of
the modulation. As the noise level in one state increases, the
switching cycle is now fully restored as can be seen in the
inset at point 2. For higher noise levels, the gates preserve
the periodicity at the input modulation frequency �see inset
for point 3�. In this case the laser response displays rapid
instabilities only within one half period corresponding to the
unstable noise-free state, but the coherence at the modulation
frequency is maintained. Thus the output SNR first increases
rapidly with the noise amplitude and then stays at its maxi-
mum value of 25 dB. The experimental data are in good
agreement with the theoretical fit of Eq. �13� shown by the

FIG. 7. The collapse of stochastic resonance due to the interplay
between two correlated noises. Filled circles: experimental data,
solid lines: numerical simulations, and dashed lines: theoretical fits.
�a� SNR vs magnetic noise amplitude in the presence of optimal
optical noise. The fits are derived from Eq. �10� with dimensionless
parameter values �D=0.033, V0=0.85�10−3, and A0

2 /T=0.03. �b�
SNR vs optical noise level in the presence of optimal magnetic
noise level, using Eq. �10� with parameters �Q=0.065, V0=1.5
�10−3, and A0

2 /T=0.029.

FIG. 8. Signal-to-noise ratio in the case of two-noise response
�circles� and one-noise SR �squares�. Inset: gates at points 1, 2, 3, of
two-noise response. Note that the signal periodicity is preserved for
higher noise levels. Solid lines are theoretical fits. For DSR the
parameters in Eq. �13� are V0=1.6�10−3, and k=17, fit for the SR
is using the standard SNR formula �See Ref. �2��.
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solid line in Fig. 8. We have also compared the DSR of the
laser with its one-noise stochastic resonance in the same fig-
ure �filled squares�. This demonstrates that contrary to sto-
chastic resonance, the laser dual stochastic response is non-
resonant and robust against the variations of the noise
strength.

2. SNR plateau versus the modulation amplitude

To experimentally observe the plateau we first adjust the
laser in the critical regime corresponding for instance to the
collapse of the SNR �Fig. 7�. Now the independent lever is
tuned to recover the highest possible SNR value of 25 dB for
a chosen normalized signal amplitude value of 0.15. When
the sinusoidal modulation amplitude is varied from 0.15 to
close to the threshold, we observe that the SNR stays at the
25 dB level over around one order of magnitude variation in
the signal amplitude, as shown in Fig. 9. The recorded gates
corresponding to points A and B of the plateau are shown in
the insets and clearly display the signature of the periodicity
at the signal frequency. This observation is in agreement with
the theoretical formula of Eq. �13�, i.e., the SNR becomes
independent of the modulation amplitude. In addition, the
data also agree with the numerical simulation of the rotor
model as shown by solid line in the Fig. 9. Here the maxi-
mum range of the plateau is limited by other residual para-
sitic uncorrelated noises in the noise-free state, although the
simulations �avoiding the residual noises� show that it can in
principle be extended to many orders of magnitudes of the
signal amplitude. It is useful to compare the SNR plateau of
the laser system with the optimum SNR obtained in the one-
noise stochastic resonance. In stochastic resonance when the
normalized modulation amplitude is lowered from 1 to 0.15
in the presence of the optimum noise, the maximum SNR
degrades from 25 to 5 dB as shown by points C and D in
Fig. 9. The insets at these points reflect a sharp decay in the
induced synchronization at the signal frequency. Thus the

DSR mechanism can provide a high output SNR for input
signals far below the detection threshold.

Let us make here further remarks on the dual stochastic
response. In Fig. 9 the DSR plateau is compared with the SR
of the symmetric system. Note that in the so-called asymmet-
ric SR which is useful for the dc signal detection �24–26�,
the system response to the fundamental modulation fre-
quency degrades with the asymmetry. In addition, it is im-
portant to note that here the lever and the noise amplitudes
are optimized only once for the lowest possible signal level,
they are then left at these optimal values, and only the signal
amplitude is varied to measure the plateau. We wish to em-
phasize that the phenomenon of the DSR is different from
the stochastic resonance due to multiplicative or additive
modulation and noise �27,28�, as it is essentially nonreso-
nant. The essential ingredient of the DSR is the noise-free
nature of one state which is the result of the interplay be-
tween two input functions of opposite parities which can be
both multiplicative as here in Eq. �2�. Since the system now
has one highly asymmetric barrier, the properties of the DSR
are not only due to the vanished noise-free state barrier but
also due to the enhanced noise in the other state which al-
lows the system to surmount the higher barrier �see Fig. 4�.
Although the DSR is akin to what happens in excitable sys-
tems �2,29–31�, here the switching from the noise-free state
to the noisy-state is governed by the input signal, not by the
internal dynamics of the system. Note also that we have not
observed coherence resonance �32�, because our system has
always two stable states with fast intrawell relaxation times.

Is it possible to detect other types of input signals, for
instance the symmetry preserving magnetic signals, using the
DSR? Experimentally if we use the magnetic input signal, it
induces the coherent switchings and we also find the similar
plateau with respect to the signal amplitude. Thus unlike
stochastic resonance, the DSR can also amplify the odd input
signal. This can be readily understood by considering the
two-well potential image of Fig. 4�c�. As the magnetic signal
modulates the central barrier height symmetrically �breathing
dynamics�, such modulation can also cause the periodic es-
capes out of the noise-free well by lowering the barrier in the
asymmetric potential, and the return switch takes place as
usual due to the noise. In addition, the DSR mechanism can
also detect aperiodic inputs lying within the laser bandwidth
up to 40 kHz. A typical system response for very weak ape-
riodic binary signal is measured experimentally as shown in
Fig. 10. It is due to the fact that the switching out of the
noise-free state can take place for any input modulation fre-
quency. Indeed, the system now exhibits a wide band fre-
quency response.

3. Residence-time distributions for DSR

Finally, what are the residence-time distributions �RTD�
in this regime? To answer this question, we experimentally
measure the RTD in both states of the polarization vector for

three different normalized signal amplitude values �Ã0=0.9,
0.45, and 0.15�. In the SR case the results are shown in Figs.
11�a�–11�c�. We observe that the residence times are identi-
cal for both states. Note that the peak at half period T0 /2 of
the modulation vanishes for low subthreshold signals �see

FIG. 9. Lever-assisted plateau in the critical regime. Two-noise
response �diamonds� compared with the optimum SNR in the one-
noise SR �square�. Solid lines: numerical simulations. Parameters
for the plateau: normalized lever mL=−0.99, �Q=0.03G, �D
=0.07V. Insets: experimentally recorded optical gates at points
A–D.
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Fig. 11�c��. In the DSR case the RTD exhibits completely
different features. Even far from threshold, we are left with a
strong peak at T0 /2 as shown in Figs. 11�d�–11�f� for the
noise-free state. Note that for the noisy state the RTD repre-
sented by the dotted curve keeps a Kramers-type depen-
dence, as expected. Moreover, we have observed that by tun-
ing the modulation frequency for a fixed noise the coherent

peak in the noise-free state remains preserved at T0 /2, allow-
ing the broadband frequency response �11�.

IV. SUMMARY AND CONCLUSION

The two-dimensional�2D� polarization rotation in the vec-
torial bistable laser allows us to investigate a theoretical and
experimental study of a rich variety of nonlinear stochastic
phenomena. Using the equation governing the rotational dy-
namics of the light vector, we demonstrated that the even and
odd input forcing functions are able to induce the translation
and breathing dynamics of the bistability cycle, respectively.
We have exploited these multiple inputs of the optical rotor
to study the effects due to the interplay between two mutu-
ally correlated noises of the opposite parities. The obtained
theoretical expressions for the average residence times of the
light vector in its stable states and the corresponding output
signal-to-noise ratio predict the existence of a critical regime
of the noise interplay corresponding to equal noise ampli-
tudes. In this critical regime, one stable state becomes noise-
free thus the residence time in this state diverges, leading to
the collapse of the signal-to-noise ratio. The predicted fea-
tures of the critical regime are confirmed experimentally by
subjecting the laser to the mutually correlated optical and
magnetic noises. However, in this critical regime alone the
system does not respond to the input signal anymore.

We demonstrate that the system switching cycle can be
recovered in the critical regime due to a new synchronization
mechanism when the system symmetry is broken using an
independent lever. In this case, a simple rate equation based
analysis shows that the system response now becomes ro-
bust, i.e., nonresonant with respect to the input noise level.
The laser DSR also exhibits a high sensitivity with respect to
vanishing input modulation amplitude, leading to a SNR pla-
teau. These results are in agreement with the experiment and
numerical simulation of the rotor model. Moreover, the origi-
nal signature of the DSR mechanism in the residence-time
distributions is isolated. The noise-free state shows a robust
peak at half the signal period. Due to the original synchroni-
zation mechanism of the DSR, the system also becomes sen-
sitive to symmetry preserving modulations and to aperiodic
input signals. These findings could widen the potentialities of
noise-induced cooperative effects in nonlinear systems
�33–38� provided that two functions with opposite parities
govern the system dynamics.
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APPENDIX

Here we describe the numerical algorithm used to inte-
grate the Langevin equation for the vectorial laser. Our ap-
proach is basically the same as the one proposed in Ref. �39�.
A formal integration of the corresponding stochastic differ-
ential equation between time interval t and t+�t yields the
discretized version of the equation. We keep the terms only

FIG. 10. Experimental DSR for aperiodic binary signals. �a� A
subthreshold input signal and �b� the corresponding laser output
along the x state.

FIG. 11. Experimental residence-time distributions for the two
states at three different signal amplitudes of 0.9, 0.45, and 0.15.
�a�–�c� The case of one noise SR where the RTD is the same in both
states. �d�–�f� For dual stochastic response, solid line: noise-free
state and dashed line: noisy state. Note that in the case of DSR the
peak at half the signal period is preserved even when the modula-
tion amplitude decreases.
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up to the first order in time step of the integration. In the case
of multinoise rotational Eq. �1�, the angular evolution can be
written in the following general form:

d�

dt
= v��,t� + g1„��t�…��t� + g2„��t�…��t� , �A1�

where v�� , t� is the deterministic function including the weak
modulation and g1���t�� and g2���t�� are the two multiplica-
tive stochastic functions with ��t� and ��t� being two Gauss-
ian white random noises with the properties as defined in
Sec. II. In our case these multiplicative functions have the
forms: g1���=sin�2��, and g2���=1, using the Stratonovitch
interpretation for the noise terms �39�. A formal integration
of Eq. �A1� between times t and t+�t yields the discretized

version of the equation suitable for the numerical analysis as

��t + �t� = ��t� + v��,t��t + �g1„��t�…X1�t�

+ g2„��t�…X2�t�� +
1

2
�g1„��t�…g1�„��t�…X1

2�t�

+ g2„��t�…g2�„��t�…X2
2�t�� +

1

2
�g1„��t�…g2�„��t�…

+ g2„��t�…g1�„��t�…�X1�t�X2�t� + o��t2� . �A2�

X1�t�=�2D�t�1�t�, X2�t�=�2D�t�2�t�, where �1�t� and
�2�t� are two white Gaussian noises having unit variance
and prime denotes the derivative with respect to �. These
numerical Gaussian noises are generated using a standard
technique �40�.
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