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A generalization of the static-exchange approximation for core-electron spectroscopies to the relativistic
four-component realm is presented. The initial state is a Kramers restricted Hartree-Fock state and the final
state is formed as the configuration-interaction single excited state, based on the average of configurations for
�n−1� electrons in n near-degenerate core orbitals for the reference ionic state. It is demonstrated that the
static-exchange Hamiltonian can be made real by considering a set of time-reversal symmetric electron exci-
tation operators. The static-exchange Hamiltonian is constructed at a cost that parallels a single Fock matrix
construction in a quaternion framework that fully exploits time-reversal and spatial symmetries for the D2h

point group and subgroups. The K- and L-edge absorption spectra of H2S are used to illustrate the methodol-
ogy. The calculations adopt the Dirac-Coulomb Hamiltonian, but the theory is open ended toward improve-
ments in the electron-electron interaction operator. It is demonstrated that relativistic effects are substantial for
the L-edge spectrum of sulfur, and substantial deviations from the statistical 2:1 spin-orbit splitting of the
intensity distribution are found. The average ratio in the mixed region is 1.54 at the present level of theory.
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I. INTRODUCTION

In recent years, much effort has been devoted to the de-
velopment of molecular electronic structure theory in the
relativistic four-component realm. Several computational
schemes that vary in accuracy and complexity have been
formulated, ranging from the electron uncorrelated Hartree-
Fock method to multiconfiguration self-consistent field and
coupled-cluster approaches �1�. The work of adapting mod-
ern response theory so that it can be implemented in the
four-component framework has also started, and, as far as
linear response properties are concerned, we note the devel-
opment of the linear polarization propagator in the relativis-
tic random phase approximation �RPA� �2�.

It is sometimes argued that the large number of electrons
in heavy-atom compounds and the loss of electron spin sym-
metries make four-component methods computationally in-
tensive and that more approximate approaches, such as the
use of relativistic effective core potentials, are to be preferred
in application work �rather than benchmarking work�. Such a
statement, however, must be qualified with respect to the
property of interest. In this paper, we are concerned with a
spectroscopy that directly probes the motions of the inner-
shell electrons, and we argue that the fine structure of the
spectra will contain details that require a fully relativistic
treatment.

The electronic excitation spectrum is determined from the
poles and the residues of the linear response function, and it

can thus in principle be obtained from the linear response
equation. In practice, however, this approach is limited to the
lowest excitations from the valence shell due to the embed-
ding of the core-excited states in the valence continuum. In
addition, the RPA method is hampered by the missing elec-
tronic relaxation for excitations from the inner electronic
shells. On the other hand, the remarkable improvements of
x-ray spectroscopical investigations that has taken place at
the third-generation synchrotron facilities and the capability
of such experimental techniques of investigating important
problems �in, for instance, surface chemistry� demand an ad-
equate theoretical description of inner-shell spectra. For this
purpose, a direct static-exchange �STEX� approach �3,4� was
proposed for the calculation of core-ionization or core-
excitation spectra �including decay processes�, and, even
though STEX can be seen, in one sense, as an approximation
of the RPA, it outperforms the RPA approach due to the
explicit account for the electronic relaxation in the presence
of the core hole. The proposed ab initio method for the simu-
lation of core-electron processes in molecules, has been
widely and successfully employed for the interpretation of
different x-ray spectroscopies �4–11�.

It is evident that, by involving electrons of the inner
shells, core-ionization and core-excitation processes are
strongly affected by relativistic effects in molecules contain-
ing heavy elements, but this may be true also when only
relatively light atoms are present. As is discussed in Sec. III,
describing the K- and L-edge x-ray absorption spectra of
H2S, relativistic effects can be scalar in nature, i.e., essen-
tially involving an energy shift of the spectrum �as observed
at the K edge�, but they can also be nonscalar in nature �as
observed at the L edge�. It has been pointed out by Kosugi
�12� that high-resolution and sophisticated soft-x-ray mo-
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lecular spectroscopies show that an accurate description of
spin-orbit interaction, already in second-row elements, is es-
sential for the interpretation of the finer details in inner-shell
phenomena. In particular the L-shell absorption spectra of
molecules containing sulfur or phosphorus can be difficult to
analyze due to a complex interplay of core-valence-exchange
interactions and spin-orbit interactions that may have com-
parable intensity. In molecules containing heavy elements,
like, e.g., the technologically and biologically interesting or-
ganometallic compounds, spin-orbit effects may be present
both in the hole as well as in the valence orbitals that are
involved in the absorption process.

The main purpose of the present study is to create, by
extension of the STEX approach to the relativistic four-
component realm, a computational method that, in a rigorous
way, treat relativistic effects in processes involving the exci-
tation of core electrons in molecules. At the same time, this
ab initio approach includes most of the other main effects
that are important for core-electron processes, namely, elec-
tronic relaxation and core-valence exchange interaction.

In Sec. II A we give a brief summary of the main aspects
of the nonrelativistic STEX method, while in Sec. II B the
extension of the same approximation to the four-component
framework and its implementation in the DIRAC program �13�
will be outlined. In Sec. III we present the application of the
proposed method to the calculation of the K- and L-edge
near-edge x-ray absorption fine structure �NEXAFS� spectra
of H2S and discuss the main aspects of these spectra.

II. THEORY AND METHODOLOGY

A. The static-exchange method

The static-exchange method gives a complete excitation
spectrum for excitations from one, or a few, core orbitals,
and it takes orbital relaxation into account. More specifically,
it corresponds to a singly excited configuration-interaction
�CI� calculation with a core-hole optimized reference deter-
minant. In this section, we will present a brief description of
the STEX approximation and give the details of the modifi-
cations needed for its extension to the four-component realm.

Consider variations of an N-electron, closed-shell, refer-
ence determinant �0�, generated by an anti-Hermitian excita-

tion operator T̂=�A,IXAIq̂AI
† −XAI

* q̂AI, where q̂AI
† = âA

† âI. Capital
indices A and B are used for general unoccupied orbitals,
whereas I and J are used for general occupied orbitals. With
this parametrization the energy can be expanded in orders of
the parameters as

E = �0�eT̂Ĥ0e−T̂�0� = E�0� + E�1�X +
1

2
X†E�2�X + ¯ �1�

where

E�0� = �0�Ĥ0�0� ,

�2�
E�1� = �0��q̂†,Ĥ0��0�, E�2� = − �0�†q̂,�q̂†,Ĥ0�‡�0� .

By optimizing the reference determinant so that E�1� van-
ishes, the random phase approximation excitation energies of

the system are given by the solutions to the generalized ei-
genvalue problem �14�,

det�E�2� − �S�2�� = det	
 A B

B* A* � − �
1 0

0 − 1
�� = 0,

�3�

where A describes the excitations and B contains the cou-

pling of excitations and deexcitations generated by T̂. The
explicit forms of A and B are

AAI,BJ = �0�†− q̂AI,�q̂BJ
† ,Ĥ0�‡�0�

= �IJFAB − �ABFIJ
* + ��AI�JB� − �AB�JI�� , �4�

BAI,BJ = �0�†q̂AI,�q̂BJ,Ĥ0�‡�0� = ��AI�BJ� − �AJ�BI�� , �5�

where, if the electron-electron interaction in Ĥ0 is repre-
sented by the instantaneous Coulomb repulsion, the Fock
operator is given by

Fpq = hpq + �
j=1

N

��pq�j j� − �pj�jq�� . �6�

Since the elements of the B matrix depend on the spatial
overlap between core and virtual orbitals, they are in general
small for core excitations. By applying the Tamm-Dancoff
approximation, that is, neglecting the off-diagonal B block of
E�2�, the dimensionality of the problem can be reduced by a
factor of 2. This approximation is well established for core
excitations and results in negligible errors �3,4�. Further-
more, considering that core levels of different elements
and/or different shells are, in general, well separated in en-
ergy, one can reduce the excitation space by only including
excitations from those core orbitals that are expected to con-
tribute in the desired energy region. This reduces the dimen-
sion of the Hessian, to a size where the A matrix can be
explicitly constructed and diagonalized to get a full spectrum
covering excitations both below �discrete� and above �con-
tinuum� the ionization threshold.

A point that is particular to the four-component relativistic
RPA equation is the inclusion of excitations from electronic
to positronic orbitals. The spectrum of the relativistic Fock
operator is split into two branches, one set of “electronic”
orbitals and another set of “positronic” orbitals, and, in the
Dirac-Hartree-Fock �DHF� procedure the energy is simulta-
neously minimized with respect to the occupied electronic
orbitals and maximized with respect to the positronic orbit-
als. In principle, the classification of orbitals as either elec-
tronic or positronic depends on the external potential �15,16�,
but, in weak molecular fields, it is determined by an energy
splitting that is close to twice the electron rest energy. Up to
this point it has been implicitly understood that the general
unoccupied orbitals include virtual electronic orbitals as well
as all positronic orbitals. It should be noted, however, that
the electron-positron �e-p� transfer excitations in the RPA do
not correspond to pair annihilation.

In the static-exchange approximation and other CI-based
methods an explicit representation of the excited electronic
states is formed by electronic excitations from a reference
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wave function. In the no-pair approximation, it is therefore
clear that the positronic orbitals must be excluded in the
parametrization. If the e-p excitations are excluded in the
electronic Hessian, we can argue that the A matrix corre-
sponds to the CI singles Hamiltonian including determinants
with holes in the included core orbitals,

�0�†− q̂AI,�q̂BJ
† ,Ĥ�‡�0� = �0�q̂AIĤq̂BJ

† �0� − �IJ�ABE�0�

= HAI,BJ
CI − �IJ�ABE�0�. �7�

This argument is true whether or not the reference determi-
nant refers to a variationally optimized state, and, in analogy
with the nonrelativistic case, the question is raised if there
exists a better-suited reference determinant than the Hartree-
Fock ground state. In fact the RPA is not suitable for core
excitations since it neglects the large relaxation among the
occupied orbitals in the excitation process. This in turn leads
to a severe overestimation of the core-excitation energies
�about 6 eV for the sulfur L-edge spectrum of H2S�. For
highly excited states one expects that the final state re-
sembles that of the ionized molecule together with the ex-
cited electron in a diffuse orbital. In the no-pair relativistic
approximation the limiting electronic structure calculation is
represented by separate-state multiconfiguration self-
consistent field SCF optimizations of the molecular states
with inclusion of e-p orbital rotations and a complete set of
electron state transfer operators. The description of the
ground and excited states is thus done with separate
positronic states. The effect of these different embeddings is
largely taken into account in our STEX approach, where the
final state is formed as a single excited configuration-
interaction state based on a separately optimized core-
ionized reference state. The procedure also allows us to use
the same reference state for all excitations from the same set
of core orbitals. The set of core orbitals is chosen to include
spin orbitals in a narrow energy range such as, e.g., the two
1s, the two 2p1/2, or the four 2p3/2 spin orbitals, or the entire
2p shell. For a given set of n core spin orbitals, the ionized
reference state is formed and optimized as the average of
configurations for �n−1� electrons in those orbitals. This ap-
proach overestimates the relaxation energy due to the neglect
of screening from the excited electron, but the size of errors
is greatly reduced as compared to the random-phase approxi-
mation.

After the STEX states have been formed by diagonalizing
the A matrix the transition matrix elements are determined.
Since the STEX states are not, in general, orthogonal to the
Hartree-Fock ground state, a cofactor �C� expansion is used.
The overlap between two determinant wave functions �� ���
is given by the determinant of the overlap matrix S, and it
follows that the transition matrix element between two non-

orthogonal determinants for a one-electron operator �̂
=�k=1

N �̂k can be written as

����̂��� = �
I,J

��I��̂��J�CIJS . �8�

The nonorthogonality between initial and final states is an
unphysical feature common to all methods based on separate

state calculations. It introduces a gauge dependency in the
calculation of the transition matrix elements, but, in practice,
the overlap between the ground state and a core-excited state
is rather small and can be considered to introduce negligible
errors.

B. Implementation of the four-component STEX method

The electronic four-component molecular Hamiltonian
has the same form as the nonrelativistic counterpart, and it
can be written as

Ĥ = �
i=1

N

ĥ�i� + �
i�j

ĝ�i, j� , �9�

where ĥ is the one-electron Dirac Hamiltonian and ĝ�i , j�
represents the electron-electron interaction. If, for ĝ, one sub-
stitutes the instantaneous Coulomb repulsion, the Dirac-
Coulomb Hamiltonian is obtained, and full account is made
of the spin–own-orbit interactions whereas current-current
interactions are left out. The calculations in the present work
adopt this approximation, but the formulation of the STEX
method is not restricted to this situation.

The Fock operator �Eq. �6�� for a closed-shell system is
time-reversal symmetric. For this reason, the orbital energies
are doubly degenerate, and the corresponding spinors of each
pair are related through the operation of time reversal, or the

Kramers operator K̂. Arranging the four components of a
one-electron spinor as

�i�r� =

�i

L	

�i
S	

�i
L


�i
S

� = 
�i

	

�i

 � , �10�

the Kramers operator is defined by its action on a spinor
according to

K̂�i�r� = �ī�r� = 
− �i

*

�i
	* � , �11�

where we have introduced the overbar notation on the indi-
ces to indicate Kramers partners. In the following discussion
we will use upper-case indices when referring to a general
spinor, while lower-case indices, with and without overbar,

are reserved for Kramers pairs. We briefly note that K̂2�i
=�i�=−�i. In developing working formulas it is advantageous
to consider operators of well-defined time-reversal symmetry
�t= + /− for symmetric and antisymmetric operators, respec-

tively� so that K̂�̂tK̂−1= t�̂t, because, for time-reversal-
symmetric wave functions, the expectation value of such op-
erators is

�0��̂t�0� = t�0��̂t�0�*. �12�

As a consequence of this fact, the expectation value of a
time-reversal-symmetric operator is purely real, which al-
lows us to use real algebra for its matrix representation. In a
second-quantization formalism, the time-reversal operation
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is introduced according to K̂âa
†âiK̂

−1= âā
†âī and K̂âa

†âīK̂
−1=

−âā
†âi.
We will now exploit the time-reversal symmetry of the

reference state in the STEX calculation. Due to the properties
of the two-electron integrals and the Fock matrix under time
reversal, the following relations exist between the elements
of the A matrix given in Eq. �4�:

Aai,bj = A
āī,b̄ j̄

*
, Aai,b̄ j̄ = A

āī,bj

*
, Aāi,bj = − A

aī,b̄ j̄

*
,

�13�
Aaī,bj = − A

āi,b̄ j̄

*
.

The A matrix is in general complex, but by choosing the
parametrization in terms of time-reversal-symmetric excita-
tion operators it can be made real. A unitary transformation
of the excitation operators that satisfies this condition is

�Êai
t†,Êāi

u†� =
1
�2

��t�q̂ai
† + tq̂

āī

† �,�u�q̂āi
† − uq̂

aī

† �� , �14�

with t and u both taking on signs + and −. The phase �	 is

defined as �+=1,�−= i. In this picture Êai
+† generates singlet

excitations in the nonrelativistic limit when all spin orbitals
with unbarred indices are chosen to be spin eigenfunctions
with identical spin. The other three “triplet” operators are
usually excluded from the excitation space in a nonrelativis-
tic calculation since they do not contribute to the final oscil-
lator strength distribution. In a relativistic calculation they
are, however, necessary because spin-orbit coupling breaks
spin conservation during the excitation process. With inclu-
sion of the full transformed excitation manifold, the elements
of the STEX Hamiltonian become

Aai,bj
tu = �0�†− Etˆ

ai,�Euˆ
bj
† ,Ĥ0�‡�0�

=
1

2
t�t�u�Aai,bj + tuAai,bj

* + uAai,b̄ j̄ + tA
ai,b̄ j̄

* � , �15�

A
ai,b̄ j

tu
= �0�†− Etˆ

ai,�Euˆ
b̄j

†
,Ĥ0�‡�0�

=
1

2
t�t�u�Aai,b̄ j + tuA

ai,b̄ j

*
− uAai,bj̄ − tAai,bj̄

* � , �16�

A
āi,b̄ j

tu
= �0�†− Etˆ

āi,�Euˆ
b̄j

†
,Ĥ0�‡�0�

=
1

2
t�t�u�A

aī,bj̄

*
+ tuAaī,bj̄ − tAaī,b̄ j − uA

aī,b̄ j

* � , �17�

Aāi,bj
tu = �0�†− Etˆ

āi,�Euˆ
bj
† ,Ĥ0�‡�0�

=
1

2
t�t�u�− tuAaī,b̄ j̄ − A

aī,b̄ j̄

*
− tAaī,bj − uA

aī,bj

* � . �18�

It is clear that, since the matrices A and Atu are related by a
unitary transformation, their sets of eigenvalues are identical,
and the eigenvectors correspond to identical states, and we
will choose to construct and diagonalize Atu because it is
real.

The STEX Hamiltonian is constructed by combining Eqs.
�15�–�18� with Eq. �4�. The matrix elements on the diagonal,
i.e., AAI,AI, include the difference in hole and electron orbital
energies in addition to the difference in exchange and Cou-
lomb interactions between the hole and electron orbitals,
whereas the latter contribution is the sole contributor to the
off-diagonal elements of the Hamiltonian. The necessary ex-
change and Coulomb integrals are obtained by contracting
atomic orbital integrals over suitably chosen one-electron
hole-orbital transition-density matrices. If Nhole denotes the
number of hole orbitals included in the construction of the
ionized reference state, then 2Nhole�Nhole+1� such transition-
density matrices are needed. However, since the number of
hole orbitals is small the atomic-orbital contraction of the
densities can be performed in one batch, and the cost of the
method thus parallels that of a single Fock matrix construc-
tion with the possibility to use the existing routines in a
program for DHF calculations—the DIRAC �13� program in
the present context.

For an efficient implementation it is necessary to exploit
the time-reversal and spatial symmetries in the two-electron
integral evaluation. For this reason we symmetrize the den-
sity matrices with respect to time reversal. The molecular
point group is automatically exploited in the integral evalu-
ation by the quaternion symmetry scheme �17� of the DIRAC

program. In this representation the spinors are written in
quaternion form according to

�i = 
�i
	

�i

 � ↔ 
 Re �i

	 + Im �i
	ı̌

− Re �i

�̌ + Im �i


ǩ
�↔ Q�i = �i

	 − �i

*ǰ ,

�19�

where ı̌, ǰ, and ǩ are the three anticommuting quaternion

units, satisfying ı̌2= ǰ2= ǩ2= ı̌ǰǩ=−1, and the operation of

time reversal is given by K̂�↔−ǰ Q�i. The time-reversal-
symmetric density matrices that we need to consider in order
to determine the matrix elements AAI,BJ are

�i��j� + �ī�� j̄� ↔ Q�i
Q� j

†, �20�

ı̌��i��j� − �ī�� j̄�� ↔ Q�iı̌
Q� j

†, �21�

�i�� j̄� − �ī��j� ↔ Q�i�̌
Q� j

†, �22�

ı̌��i�� j̄� + �ī��j�� ↔ Q�iǩ
Q� j

†. �23�

These transition-density matrices are transformed to the
atomic-orbital basis and used to contract the set of two-
electron integrals. Computational cost and memory storage
reductions in this step due to spatial symmetry in the system
will parallel other parts of the program, and we refer to the
discussion on reductions to complex or real algebra that is
found in the work of Saue and Jensen �17�. Based on the
symmetries of the excited states, it is also possible to employ
the quaternion symmetry scheme to perform a block diago-
nalization of the STEX Hamiltonian, but the performance
gain in this step is insignificant compared to the overall com-
putational cost.
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The final step in the calculation involves the diagonaliza-
tion of the STEX Hamiltonian, and the oscillator strengths
are then computed from the eigenvectors through Eq. �8�.
Above the core-ionization threshold the true absorption spec-
trum is continuous, and, in this region, a method such as
Stieltjes imaging can be used to obtain a realistic spectrum
from the discrete STEX spectrum.

III. APPLICATION TO THE K- AND L-EDGE NEXAFS
OF H2S

The features of the proposed four-component static ex-
change approach are demonstrated by the calculation of the
NEXAFS spectra of the sulfur K and L edges of H2S. Sulfur
is a relatively light element, and, as such, we expect signifi-
cant relativistic effects to be found in the core only; a scalar-
relativistic contraction of the 1s orbital and a spin-orbit split-
ting of the 2p-shell.

In the C2v point group, a H-S bond length of 1.328Å and
a H-S-H bond angle of 92.2° were used for the calculations,
in accordance with the experimental molecular structure
�18�.

A decontracted basis set was used, with the exponents for
the core and valence taken from the augmented triple-� basis
set of Woon and Dunning �aug-cc-pVTZ� �19�. This basis set
was further augmented with diffuse functions with exponents
taken from a geometrical series with a factor of 1.6 �the most
diffuse exponent was equal to 0.000 850 a.u.�. The sulfur
core region was supplemented with two even-tempered tight
functions, with the factor taken from the two tightest p func-
tions in the aug-cc-pVTZ set. Only s functions were included
for the hydrogen atoms, because the large basis set on the
sulfur atom was found to account for the polarization of the
hydrogen as well. The final large component basis set in-
cluded �31s31p28d10f3g� and �4s� for sulfur and hydrogen,
respectively. All calculations were carried out with a locally
modified version of the DIRAC program �13�, with the small
component basis set generated from the restricted kinetic
balance condition. The oscillator strengths presented are cal-
culated in the dipole length gauge.

A. Sulfur K-edge spectrum

The STEX calculation for the sulfur K edge is preceded
by self-consistent field optimizations of the molecular
ground state and the core-ionized states formed as the aver-
age of configurations with a hole in one of the two sulfur 1s
orbitals. The main relativistic effect for the K edge is ex-
pected to be the scalar-relativistic lowering of the 1s-orbital
energy and the contraction of the hole orbitals from which
one could anticipate an effect on the oscillator strengths. In
order to get an estimate of the orbital contraction we have
determined the orbital expectation value �1s � r̂2 �1s�; the re-
sults are 0.012 51 and 0.012 41 a .u. at the nonrelativistic and
relativistic levels of theory, respectively. It is clear that the
contraction is very small, and the effect on the oscillator
strengths is also negligible �0.6% for the strong B2 transition,
which is the fourth state in Table I�.

The 
SCF value of the 1s ionization potential is
2480.2 eV at the four-component Hartree-Fock level, i.e., a
shift of 8.40 eV compared to the nonrelativistic value of
2471.8 eV. Besides this overall shift there are no significant
relativistic effects on the K edge sulfur spectrum, for in-
stance, the integrated intensity from triplet states adds to less
than 0.3% of the total oscillator strength below the ionization
threshold �see Fig. 1�. Below 2479.5 eV there are only two
triplet states that have oscillator strengths larger than 10−6.
These two states are reported as the first two states in Table
I, but we remind the reader that other triplet states are left out

TABLE I. Excitation energies �eV� and oscillator strengths for
the sulfur K-edge spectrum of H2S below 2479.5 eV. Four-
component relativistic �REL� STEX results are compared with the
corresponding nonrelativistic �NR� results.

State EREL

f0n
REL

�units of 10−3� EREL−ENR

f0n
NR

�units of 10−3�

B2 2475.81 0.006 8.39 0

A1 2475.89 0.016 8.41 0

A1 2475.96 0.994 8.39 1.005

B2 2476.05 4.347 8.41 4.374

B2 2477.76 0.084 8.41 0.086

A1 2477.82 0.381 8.40 0.382

B1 2477.91 0.712 8.40 0.715

A1 2478.15 0.541 8.41 0.545

A1 2478.55 0.011 8.40 0.011

A1 2478.72 0.001 8.40 0.001

B2 2478.89 0.216 8.40 0.216

B2 2479.04 0.030 8.40 0.030

A1 2479.05 0.123 8.40 0.123

B1 2479.08 0.234 8.40 0.235

A1 2479.12 0.175 8.40 0.176

A1 2479.29 0.003 8.40 0.003

B1 2479.37 0.002 8.40 0.002

A1 2479.46 0.092 8.40 0.092

FIG. 1. Sulfur K-edge x-ray absorption spectrum determined at
the four-component static-exchange level of theory.
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in the report. The experimental ionization potential is
2478.3 eV �20�.

Hence, the K edge of H2S is fully described at the scalar
relativistic level of theory, or alternatively the scalar relativ-
istic energy shift can be added by hand to a nonrelativistic
calculation.

B. Sulfur L-edge spectrum

1. X-ray photoemission spectrum

We now turn our attention to the sulfur L edge of H2S,
where nonscalar relativistic effects are known to play a ma-
jor role due to the spin-orbit effects in the 2p shell. In this
section we will focus on the electronic ionization potentials
and in the subsequent section we discuss the fine structure of
the absorption spectrum. The 2p orbital energies are split by
the spin-orbit coupling into two levels that correspond to the
two 2p1/2 and the four 2p3/2 orbitals. A close inspection re-
veals a further splitting of the 2p3/2 level due to the molecu-
lar field, so there are all in all three energy levels in the sulfur
2p shell in H2S.

The calculation of the sulfur x-ray photoemission spec-
trum rests on the SCF optimizations of the ground state and
the core-ionized state with one electron missing in the 2p
shell. In the optimization of the core-ionized state one opti-
mizes three separate average-of-configurations states based
on one electron in the each of the three doubly degenerate
energy levels, respectively. Although the spin-orbit splitting
of 2p1/2 and 2p3/2 can be estimated directly from the orbital
energies of the ground state �
��, a more appropriate choice
is to determine the energy differences between the three
core-ionized states �
SCF�. The 
SCF values can be directly
compared to x-ray photoemission spectroscopy �XPS� mea-
surements. For H2S we determine the 
SCF ionization po-
tentials to be 171.24, 169.98, and 169.96 eV, respectively,
and, for the average spin-orbit splitting between the 2p1/2 and
the two 2p3/2 levels, we thus obtain a value of 1.27 eV �
�
=1.32 eV�. This is an overestimation of the spin-orbit split-
ting by 0.07 eV, as compared to the experimental XPS value
of 1.20 eV �21�. This discrepancy is partly due to the lack of
spin–other-orbit interactions in the Dirac-Coulomb Hamil-
tonian. The inclusion of spin–other-orbit interactions by in-
clusion of the Breit operator in the Hamiltonian would result
in a decrease of the spin-orbit splitting. The molecular field
splitting of the 2p3/2 levels is known to be underestimated at
the nonrelativistic Hartree-Fock level, due to electron corre-
lation effects, and we confirm this also for the DHF case. We
obtain a 
SCF splitting of 27 meV �the 
� splitting is
23 meV�, as compared to the experimental result of
106 meV �22�. The nonrelativistic electron-correlated calcu-
lation of Ref. �23� gives a splitting of 108 meV.

2. Near-edge x-ray-absorption fine structure

The NEXAFS spectra are determined with the STEX
method as outlined in Sec. II A. Before entering a discussion
about the physical characteristics of the relativistic sulfur
L-edge NEXAFS spectrum for H2S we will, in the two para-
graphs below, first address two computational issues, namely,

the choice of core-ionized reference state and channel inter-
action.

In the optimization of the core-ionized state there are two
possible strategies, either one optimizes a single average of
configurations with five electrons in six orbitals or one opti-
mizes two separate averages of configurations with one elec-
tron in 2p1/2 and three electrons in 2p3/2, respectively. In Fig.
2�b� we compare the NEXAFS spectra in the mixed region
for, on the one hand, a single core-ionized reference state
and, on the other hand, two separate-state optimized refer-
ence states. In general the differences in the two resulting
spectra are small, although a small decrease in the excitation
energies from the 2p1/2 shell are noticed for the separate-
state optimization case �see the three absorption peaks
around 167 eV�. In the STEX approach, the choice of a com-
mon core-ionized reference state for the formation of all the
corresponding core-excited states is really based on the fact
that this recipe provides final states that well correspond to
the true ones. In cases of near-degenerate orbital levels, as
the 2p1/2 and 2p3/2 levels, it becomes difficult to argue
whether one should treat them separately or not. For the
sulfur L-edge spectrum, the differences in final spectra are so
small that we have adopted the more straightforward of the
two alternatives, namely, the one-step five-in-six approach.
Moreover, the formation of the STEX Hamiltonian with in-
clusion of a small subset of all orbital excitation operators is
warranted due to the large separation in energies between the
included hole orbitals and others, and, in this respect, it is not
reasonable to treat excitations from the 2p sublevels sepa-
rately.

In the two spectra shown in Fig. 2�b�, we have calculated
two separate spectra based on excitations from the 2p1/2 and
the 2p3/2 orbitals, respectively, and added the two afterward.

FIG. 2. The effects of channel coupling �exchange interaction�
and reference-state optimization on the mixed region of the sulfur
L-edge spectrum of H2S. �a� Full channel interaction �solid line� is
compared to the added spectrum �dashed line� of one part with
excitations from 2p1/2 and one with excitations from 2p3/2. �b� A
single reference state �dashed line� with five electrons in the six 2p
orbitals is compared to the use of two separate reference states
�solid line� optimized for 2p1/2 and 2p3/2, respectively. Both these
spectra exclude the channel coupling between the 2p1/2 and 2p3/2

orbitals.

EKSTRÖM, NORMAN, AND CARRAVETTA PHYSICAL REVIEW A 73, 022501 �2006�

022501-6



The reason for this is that we wanted to exclude channel
interactions in the comparison of choices of reference states,
and, instead, we give explicit account of the effects of chan-
nel interactions in Fig. 2�a�. Channel interaction implies of
course that there can be no exact division of the final states
as arising from excitations from either the electronic 2p1/2 or
2p3/2 states. However, the spin-orbit splitting of the two or-
bitals amounts to about 1.2 eV for sulfur so in practice there
is little mixing of the respective excitation amplitudes in the
eigenvectors of the STEX Hamiltonian. Nevertheless, the ef-
fect on the spectra is significant. With inclusion of channel
interactions, we observe an increase in the 2p3/2-2p1/2 energy
split, as well as a transfer of absorption intensity to the 2p1/2
states. Using a nonrelativistic way of speaking, one might
say that the 2p1/2 states become more singlet in nature due to
the exchange interaction �see the more complete discussion
below�. Clearly, full channel interaction is and should be
used in the calculations of L-edge spectra, and the single
core-ionized reference state suitable for a description of the
complete spectrum is an average of configurations with five
electrons in six orbitals. All results discussed below are ob-
tained with this approach.

The excitation energies and oscillator strengths of the
most important states in the energy region of
165.5–169.5 eV are listed in Table II, and the corresponding
theoretical absorption spectrum is depicted in Fig. 3. The
first spectral feature consists of excitations from the 2p shell

into the lowest virtual orbitals, namely, 6a1 and 3b2. Since
spin-orbit coupling is negligible for the valence orbitals in
H2S, we use the nonrelativistic labeling of these orbitals.
Using the orbitals of the ion, this part of the spectrum can be
completely interpreted as excitations from the six core orbit-
als into 6a1 and 3b2, since the higher virtual orbitals have

TABLE II. Excitation energies �eV� and oscillator strengths for the sulfur L-edge spectrum of H2S below
169.55 eV. States with oscillator strengths f0n�0.0005 are included. The percentage contributions of each
hole orbital to the excited states are reported, and these are defined as the sum of the squares of the
corresponding elements of eigenvectors of the STEX Hamiltonian.

2p3/2
−1 2p1/2

−1

State E f0n �units of 103� 2p3/2 �%� E f0n �units of 103� 2p1/2 �%� 
E

B2 165.50 0.79 98.4

B1 165.69 0.54 99.9

B2 165.73 6.23 99.9 166.90 5.10 97.8 1.17

A1 165.75 4.91 99.9 166.97 3.54 99.5 1.22

B1 165.76 3.33 99.8 166.98 2.10 99.2 1.22

A1 165.95 2.61 97.3 167.11 2.40 95.1 1.16

A1 167.61 0.76 99.8

B1 167.87 2.62 99.7 169.13 1.04 10.2 1.26

B1 167.89 3.46 99.9 169.14 2.08 83.2 1.25

B2 167.90 0.84 99.7 169.14 0.62 80.6 1.24

B2 168.30 1.64 100.0 169.55 0.85 81.5 1.25

A1 168.30 1.00 99.9

B2 168.37 1.41 100.0

B1 168.40 0.75 100.0

A1 168.44 1.01 100.0

B1 168.47 0.55 100.0

B1 168.87 1.17 96.9

B2 169.06 0.71 99.8

B2 169.07 0.76 99.2

A1 169.10 0.62 99.0

B1 169.31 0.75 99.8

FIG. 3. Sulfur L-edge x-ray absorption spectrum determined at
the four-component static-exchange level of theory. The spectrum
displays the mixed region �165.0–167.3 eV� and the Rydberg re-
gion �167.5–170.0 eV�. Spin-orbit splittings are given for selected
states.
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negligible weight for the excited states in this energy region.
The hole in the core makes the 6a1 and 3b2 orbitals strongly
bound and quite well separated in energy from others, which
is the reason there is very little mixture from other virtual
orbitals in the formation of the excited states. In the ionic
state, the 3b2 orbital energy is actually below that of the 6a1
orbital �by 50 meV�, due to the polarization of the occupied
orbitals in the vicinity of the core hole. When the electrons
move closer to the hole the 6a1 virtual orbital density is
pushed away from this region. For the 3b2 orbital this effect
is less pronounced because this orbital has a node on the
sulfur atom. Thus the lowering of the orbital energies due to
the core hole is larger for 3b2, but it is the final spectrum that
is to be accounted for, and in this respect these orbital eigen-
values have only limited predictive power.

The six hole orbitals and the four virtual orbitals give rise
to a collection of 24 excited states, six of which would ap-
pear as singlets in a nonrelativistic treatment. With relativity
taken into account, there are 18 dipole-allowed excited
states, six in each of the irreducible representations A1, B1,
and B2. The energy separation of the virtual orbitals is small,
and the excited states will have contributions from a mixture
of the 6a1 and 3b2 virtual orbitals. The energy separation of
the hole orbitals, on the other hand, is larger and the final
state is in most cases characterized as either a 2p3/2

−1 or a 2p1/2
−1

state, but a certain channel interaction exists. The amount of
channel interaction for a given final state can be calculated
from the eigenvectors of the STEX Hamiltonian, and we
show these percentage contributions from the hole orbitals
for the lowest states in Table II. For some states the mixing is
very strong, making a labeling in terms of hole orbitals dif-
ficult. In particular the 2p1/2

−1 states tend to mix with higher
excited 2p3/2

−1 states, as is observed around 169.13 eV.
At the experimental ground-state geometry, the lowest 1B2

and 1A1 states in the L-edge spectrum are almost degenerate
in the STEX calculation �2p3/2

−1 states numbers three and four
in Table II�. Indeed a crossing of the two potential energy
surfaces was found in nonrelativistic multiconfiguration SCF
work by Naves de Brito and Ågren �24�. The STEX refer-
ence state is optimized completely in the absence of the ex-
cited electron, which causes some overscreening and exag-
gerates the lowering of the 1B2 state, so some discrepancy is
to be expected. A complete analysis of the complicated vi-
brational structure of these states is beyond the scope of the
present paper.

Based on earlier theoretical work �25–27�, an analysis of
the experimental NEXAFS spectrum has been performed by
Hudson et al. �22�. In this analysis the apparent spin-orbit
splitting was found to be varying, from 1.112 eV in the
mixed valence-Rydberg region to 1.204 eV in the Rydberg
region, due to the different exchange interaction between the
excited electron and the hole in the 2p1/2 and the 2p3/2 orbit-
als. The combination of exchange and spin-orbit interactions
is particularly important for second-row elements like sulfur,
where the two effects are of comparable strength �12�. In this
way the L-edge spectrum generally contains more informa-
tion about the excited states than the K-edge spectrum. With
a fully relativistic approach, however, we are in a position to
address the differences in apparent spin-orbit splitting that
may occur within the mixed valence-Rydberg region itself.

Since the 6a1 orbital of H2S has a much larger charge density
�and different nodal structure� in the sulfur core region as
compared to the 3b2 orbital, we expect a different apparent
spin-orbit splitting also for the different states in the mixed
region �due to different hole–excited electron exchange in-
teraction�. The splitting between the intense B2 states �exci-
tations to the 3b2 orbital� is 1.168 eV, while the splitting
between the intense A1 states �involving only 6a1� is
1.222 eV �see Fig. 3�. In the Rydberg region STEX gives a
splitting of 1.25 eV, which is close to the 
SCF value of
1.27 eV that was given in Sec. III B 1.

The coupling between the different excitation channels,
represented by the off-diagonal blocks of the STEX Hamil-
tonian, is of importance for the fine structure of the absorp-
tion spectrum. In the present case, the channel coupling con-
tains exchange interaction between the 2p1/2

−1 and 2p3/2
−1 states,

and this leads to a small increase in the apparent spin-orbit
splittings. On the other hand, we note that the exchange ef-
fects within the respective channels will reduce the apparent
spin-orbit splittings due to a larger increase of the 2p3/2

−1 ab-
sorption energies as compared to those for the 2p1/2

−1 states,
and the inter- and intrachannel exchange interactions thus
cancel each other to some extent. Another effect of exchange
interactions is that part of the absorption intensity is trans-
ferred from the 2p3/2

−1 states to the 2p1/2
−1 states �see Fig. 2�a��.

The reason is that the exchange interaction, which favors
parallel spins, gives the higher-energy state more of a singlet
character. In the limit of a small spin-orbit splitting the hole-
excited electron-exchange interaction is the dominant force,
and the states separate completely into singlet and triplet
states, with all the oscillator strength collected by the singlet
states. Because of the interplay between exchange interaction
and spin-orbit interaction, the oscillator strengths can deviate
from the statistical ratio of 2:1 corresponding to a null ex-
change interaction. In the present calculations, it is possible
to assign each of the mixed region excitations as originating
from either the 2p1/2 orbitals or some combination of the two
2p3/2 orbitals. In this way the total intensity ratios for exci-
tations from the two 2p3/2 orbitals or the single 2p1/2 orbital,
in the mixed region, were determined to be 1.34 �A1 states�,
1.87 �B1�, and 1.42 �B2�, giving an average ratio of 1.54; the
experimental ratios are given in Ref. �22� as ranging from
1.2 to 1.8. However, the large vibrational broadening in the
experimental spectrum made the assignment difficult, and,
because of this fact, we do not make a direct comparison of
our theoretical electronic spectrum with the experimental
one. Similar deviations of the value of the intensity ratio
from the statistical value of 2 have been observed in the
NEXAFS spectrum of SO2 at the sulfur L edge �12�.

IV. CONCLUSIONS

A development and implementation of the four-
component static-exchange approximation is presented. With
the analysis of the L-edge spectrum of H2S we show that the
method enables calculations of experimental observables that
are inaccessible to nonrelativistic methods, and, considering
the richness in details in L-edge spectra in general, this de-
velopment should play an important role for the analysis of
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experimental spectra. It is demonstrated that the spin-orbit
splitting of the sulfur 2p1/2 and 2p3/2 energy levels as well as
the intensity distributions are sensitive to the excited state,
and thus the molecular environment. Since four-component
methods treat relativistic effects in both the core and valence
regions, the proposed four-component static-exchange
method can be used for the analysis of molecular materials
containing heavy elements in which valence spin-orbit cou-
pling is important.

The computational scaling of the four-component static-
exchange method is the same as the underlying Hartree–
Fock program, and it imposes no additional limitations to the
system size or the handling of time-reversal and spatial sym-
metries. The construction of the static-exchange Hamiltonian
is formulated as contractions of one-electron transition-
density matrices with atomic orbitals in a way that parallels a

regular Fock matrix construction. Existing routines in the
program are used for this purpose and the methodology is
thus open ended toward general improvements in the code
such as, for instance, handling of two-electron integrals or
treatment of current-current interactions in the Hamiltonian.
The static-exchange method as described in this paper has
been implemented in the DIRAC program�13�.
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