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Experiments searching for parity- and time-reversal-invariance-violating effects that rely on measuring the
magnetization of a condensed-matter sample induced by application of an electric field are considered. A limit
on statistical sensitivity arises due to random fluctuations of the spins in the sample. The scaling of this limit
with the number of spins and their relaxation time is derived. Application to an experiment searching for
nuclear Schiff moment in a ferroelectric is discussed.
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I. INTRODUCTION

Much of the present knowledge about the fundamental
symmetries CP �invariance under combined operations of
spatial inversion and charge reversal� and T �invariance with
respect to time reversal� comes from experiments measuring
P- and T-violating permanent electric-dipole moments
�EDM’s� of atoms, molecules, and the neutron; see, for ex-
ample, Ref. �1�. Most EDM experiments measure precession
of the angular momentum of the system in an applied electric
field analogous to the Larmor precession in an applied mag-
netic field.

In addition to such precession experiments, there are
EDM searches of another kind �2,3�, which have drawn re-
cent renewed attention �4–7�. The idea of these experiments
is the following. Suppose that we have some condensed-
matter sample that has N spins �either electron or nuclear
depending on the specific experiment�. If an electric field is
applied to the sample, it interacts with the associated �P- and
T-violating� EDM’s, leading to a slight orientation of the
spins in the direction of the electric field. This orientation, in
turn, is measured by measuring the induced magnetization of
the sample.

In this paper, we compare the precession and condensed-
matter experiments in the high- and low-temperature limits
�Secs. II and III�, discuss the magnetic-field noise in light of
the fluctuation-dissipation theorem �FDT� �Sec. IV�, discuss
the implications of the present analysis for a proposed search
for the nuclear Schiff moment in a ferroelectric material
�Secs. V and VI�, and summarize our conclusions in Sec.
VII.

II. COMPARISON OF THE PRECESSION EDM
EXPERIMENTS WITH CONDENSED-MATTER

EXPERIMENTS IN THE HIGH-TEMPERATURE LIMIT

The signal in “traditional” EDM experiments is given by

S1 � NdE

�
� . �1�

Here N is the number of particles involved in a measure-
ment, d is the EDM, E is the effective electric field acting on
the particle, and � is the spin-relaxation time. This assumes a
“single-shot Ramsey-type” measurement scheme where the
particles are polarized, precess in the electric field, and then
their precession is probed with high efficiency after a time on
the order of the spin-relaxation time. The noise of such a
one-shot measurement is

N1 � �N . �2�

The corresponding S /N ratio can be improved by repeating
the measurements many times up to a total experiment time
t:

S/N �
S1

N1
� t

�
= �NdE

�
��t . �3�

Let us now consider condensed-matter experiments mea-
suring magnetization induced by application of an electric
field. Let us say, for the sake of the argument, that we have
an ideal noise-free external magnetometer with unlimited
sensitivity. What is the statistical sensitivity of the experi-
ment?

The EDM-induced magnetic moment of the sample is
given by

S1 � NdE

T
� , �4�

where E is the effective electric field acting on the spins, T is
the absolute temperature of the spins in energy units, and �
is the magnetic moment of one spin. This is our signal. What
is the noise?

In the absence of any external fields, at a given moment in
time we have a random total magnetic moment

N1 � �N� . �5�

As in the case of a precession experiment, the fact that this
noise magnetic moment is random and changes in time may
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be used to improve the S /N ratio. In order to characterize the
correlation time of the fluctuations, we introduce spin-
relaxation time �. This parameter characterizes how long the
random magnetic moment persists. If the time � is long, this
may present a serious problem for the experiment. In other
words, if the spins relax slowly, there is a random signal,
which would not average to near zero in a short time.

More formally, we have expressions �4� and �5� from
which we can write S /N for a long measurement time t��:

S/N �
S1

N1
� t

�
= �N dE

T
�t/� . �6�

This shows that the key parameters for an experiment of this
type are the relaxation time � and the temperature. Assuming
that these parameters are independent, the experiment should
be done at the lowest possible temperature to increase the
degree of induced polarization. In addition, it appears that it
may be beneficial to have fast spin relaxation �small ��, so
that the measurement can be repeated often. Such depen-
dence of the sensitivity on � is the opposite of that in the case
of precession experiments �Eq. �3��.

III. WHAT HAPPENS AT LOW TEMPERATURE:
THE USUAL SCALING RECOVERED

Let us now consider a case where relaxation is determined
by the interaction between the spins—the dipole-dipole in-
teraction �see Sec. V�. The characteristic energy scale J for
such an interaction is related to the relaxation time according
to

J �
�

�
. �7�

It is now important to mention that in the presence of such a
residual interaction, our assumption that the induced magne-
tization is inversely proportional to the temperature breaks
down when the temperature becomes comparable to the re-
sidual interaction. Depending on the details of the interac-
tions, the spin system can go into, for example, a ferromag-
netic or antiferromagnetic state for T�J �see, for example,
Ref. �8��, upon which the susceptibility vanishes and the sys-
tem is no longer sensitive to EDM’s. This effect limits the
optimal temperature of the sample to

Topt � J . �8�

Substituting this into Eq. �6� and taking into account Eq. �7�,
we recover a result that is identical to that of Eq. �3� for
“traditional” precession EDM experiments.

IV. MAGNETIC-FIELD NOISE AND THE FLUCTUATION-
DISSIPATION THEOREM

The energy associated with the spins in a polarized para-
magnetic material �this could be nuclear paramagnetism as in
the case of the Schiff-moment experiment proposed in Ref.
�6�� can be written as

E = −
1

2
M · BV , �9�

where B is the magnetic induction �assumed uniform in a
volume V� and M=�B is the average induced magnetization;
� is the paramagnetic susceptibility. This direct linear link
between M and B suggests that the fluctuations can be deter-
mined from the FDT after we have ascertained a generalized
susceptibility �see Ref. �9�, Sec. 124�.

The spins become polarized after application of a mag-
netic field due to a dissipative process; the spins relax to the
equilibrium polarization through the longitudinal relaxation
characterized by a time constant T1.

Let us discuss the steady-state response of the magnetiza-
tion to an oscillatory magnetic field applied to the sample at
a frequency � �with no applied static field�. The specific
form of the response depends on the system. We consider
two models representing a range of possible high-frequency
behaviors of the susceptibility:

�i� Im������ = �0
�T1

1 + �2T1
2 , �10�

�ii� Im������ = �0
�	�T1e−�2T1

2
. �11�

Here �0 is the usual Curie susceptibility

�0 �

�2

T
, �12�

where the angular momentum factors have been neglected, 

is the number density, and the temperature T is expressed in
energy units. The full complex susceptibility can be recon-
structed using the Kramers-Kronig relations �see, for ex-
ample, Ref. �9�, Sec. 123�:

���� = −
1

	
�

−�

+� Im���x��
� − x + i0

dx . �13�

This gives

�i� ���� = �0
1

1 − i�T1
, �14�

�ii� ���� = �0�1 + i�	�T1 − 2��T1�2 + ¯ , �T1 � 1,

− 1/�2�2T1
2� + ¯ , �T1 � 1.

.

�15�

The first model is more relevant to electron spins and to
nuclear spins when they are coupled to the lattice �see also
Refs. �10,11� for treatments of similar problems�. The second
model is more relevant to nuclear spins in an insulator at a
sufficiently low temperature when the spins are decoupled
from the lattice �12�. We are interested in the low-frequency
regime �T1�1. In this regime both models give the same
results. To be specific below we use the first model. �This
form of the response is analogous to the behavior of an elec-
trical RC circuit. In the low-frequency limit �T1�1, the sus-
ceptibility tends to its static limit �0 and the magnetization is
in phase with the induction. In the high-frequency limit,

BUDKER et al. PHYSICAL REVIEW A 73, 022107 �2006�

022107-2



�T1�1, magnetization is 	 /2 out of phase with induction,
with its magnitude scaling inversely proportionally with the
frequency.�

We are now poised to directly apply the FDT to this prob-
lem and write an expression for the spectral density �M2�� of
the square of the deviation of the magnetization from its
average value:

V�M2�� = � coth���/2T�Im���� �
2�0T1T

1 + ��T1�2 . �16�

In the last part of the above expression, we have used
coth��� /2T��2T / ��, which is true for T� ��. Combin-
ing the final expression of Eqs. �16� and �12�, we get

V�M2�� � 
�2 2T1

1 + ��T1�2 . �17�

There are several properties of this expression that should be
noted. First, the average square magnetization is inversely
proportional to the volume of the sample. This represents
averaging of fluctuations over parts of a large sample. An-
other remarkable result is that the magnetization noise has no
temperature dependence other than through a possible tem-
perature dependence of T1. This is because the noise energy
goes as T but the susceptibility goes as 1/T, so the two
factors cancel.

For a properly optimized geometry of a solid-state EDM
experiment, the detected signal depends on the magnetic mo-
ment of the entire sample. For an experiment with an aver-
aging time t�T1, the ongoing analysis reproduces the scal-
ing of Eq. �6� if we identify the relevant relaxation time �
with T1. �It is the transverse relaxation T2 that is of relevance
in precession experiments.� Indeed, estimating

�M2�� � M2T1, �18�

setting �=1/T1, multiplying both sides of Eq. �17� by V, and
taking the square root, we reproduce the noise of Eq. �5�.

V. SOME FEATURES OF THE PROPOSED NUCLEAR
SCHIFF-MOMENT EXPERIMENT

In this section we discuss some peculiar features of
nuclear Schiff-moment experiments in ferroelectric solids
proposed in Ref. �6�.

We consider a diamagnetic solid-state system with
nonzero-spin nuclei �these are the nuclear-spin I=1/2 207Pb
nuclei with magnetic moment of 0.59�N, where �N is the
nuclear magneton, in the specific proposal involving ferro-
electric lead titanate�. The lattice temperature is always con-
sidered low enough, so the effect of phonons and, specifi-
cally, the interaction between the nuclear spins and the lattice
mediated by lattice vibrations are completely negligible. In
practical terms, this would require cooling the sample to
temperatures on the order of a kelvin.

Under such conditions, the lattice is decoupled from the
nuclear spins with the exception of the fact that the spins are
“pinned” to the lattice. Assuming that the spins only interact
with each other �by means of sensing each other’s magnetic
field� and that there is no interaction with the lattice other

than that the lattice keeps the nuclei fixed in space, it is
straightforward to estimate the spin-relaxation rate �see, for
example, Ref. �13�, Chap. 13�. Because the magnetic field
from a dipole falls as the inverse third power of the distance,
for a given spin, relaxation is determined by its closest
neighbor�s�. The relaxation rate can be estimated as the Lar-
mor precession rate of a spin in its neighbor’s field:


 	
��N�2

�r3 . �19�

Here �N is the nuclear magneton and r is the characteristic
distance between the neighbors. If the distance between in-
teracting spins is on the order of interatomic spacing in con-
densed matter, the relaxation rate is on the order of kilohertz.
This relaxation provides a lower limit on the magnetic-
resonance linewidth. For the specific case of lead titanate, the
dipole-dipole relaxation rate is estimated in Ref. �6� as being

 / �2	��200 Hz. It is important that despite the fact that the
nuclear spins are isolated from the lattice, the total angular
momentum of the nuclear spin-system is not conserved. This
is easy to see from the following argument involving, for
simplicity, just two spins.

The Hamiltonian describing the interaction between the
spins is

Ĥ = − �� 1 · B� 21 = − �� 1 ·
3��� 2r̂12�r̂12 − �2

�

r12
3 . �20�

Here �� 1,2=g1,2�NI�1,2 are the magnetic moments of the two

spins, g1,2 are their nuclear g factors, I�1,2 are their spin op-
erators, r�12 is the separation between the spins, and r̂12 is the
unit vector in the direction of r�12.

Let us examine whether the total spin projection M1
+M2 onto a given quantization axis is a conserved quantity.
To do this, we check whether the corresponding operator Iz
= I1z+ I2z commutes with the Hamiltonian of Eq. �20�:

�Iz,Ĥ� =
− g1g2�N

2

r12
3 �I1z + I2z,3�I1

� · r̂12��I2
� · r̂12� − I�1 · I�2� .

�21�

The commutator term �I1z+ I2z , I�1 · I�2� is zero, but the other
term in Eq. �21� is generally not. This is because, for ex-

ample, I1
� · r̂12 is a linear combination of the operators I1x, I1y,

and I1z, the first two of which do not commute with I1z.
Thus we see that the total spin angular momentum is not

conserved in dipole-dipole interactions and the angular mo-
mentum is exchanged with the lattice. A detailed discussion
of the evolution of systems of many spins on a lattice has
been given in Ref. �14�.

The scale of the dipole-dipole interaction strength J ex-
pressed in temperature units corresponds to tens to hundreds
of nanokelvins. As discussed in Sec. III, the EDM experi-
ment would ideally be conducted at spin temperatures
slightly higher than this.

At this point, prior to proceeding with the discussion of
the EDM measurement, let us consider several thought ex-
periments that will help in understanding of the spin system.
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We first assume that a strong magnetic field is initially
applied, so the spins are polarized. �It is not necessary that
the field be strong enough to lead to full polarization, but it
has to be much stronger than the characteristic value of the
dipole field.� We then turn off the leading field abruptly. The
question is to which state does the system relax and at what
rate?

The way we have set up the problem, the magnetic inter-
action between the spins is the only interaction affecting the
spins, so the spin polarization will relax at a rate on the order
of J �where we do not distinguish between energy, tempera-
ture, and frequency units�. Because, as discussed above, an-
gular momentum is not conserved, the final state of the spins
will have no average polarization. The temperature of the
spins will remain the same. In this state, each of the spins
“sees” a randomly fluctuating field from other spins, which
has a characteristic correlation time of 1/J and just the ap-
propriate characteristic magnitude that it rotates the spin �via
Larmor precession� by an angle of order unity during a cor-
relation time. Consequently, the overall magnetic moment
randomly oscillates with the same correlation time and the
overall magnitude proportional to the square root of the total
number of spins in the sample as discussed in the preceding
sections. These time-dependent fluctuations are essential for
the Schiff-moment experiment as they serve to average the
random polarization of the sample, while preserving the
“bias” due to the P- and T-violating effect.

An interesting question is, what happens if the strong
magnetic field is reapplied quickly �much faster that the cor-
relation time�? After the field is turned on, the magnitude of
this strong field is much greater than the dipole fields and
each of the spins precesses around the direction of the strong
field. Effectively, in this regime, the components of the di-
pole fields perpendicular to the leading field have no effect
on the spins and the only effect of the longitudinal compo-
nents is to produce a small variation of the overall field mag-
nitude from site to site. Such inhomogeneous broadening is
important for transverse �T2� relaxation, but is irrelevant for
longitudinal �T1� relaxation. Thus, after application of the
strong field, the spin system remains in the unpolarized state1

indefinitely in the framework of the approximations that we
have assumed here. In practice, some slow T1-relaxation pro-
cesses will eventually relax the spins into a state where their
magnetic moments are preferentially along the strong leading
field, which is the equilibrium state. Note that such behavior
of the nuclear-spin subsystem isolated from the lattice was
discussed already half a century ago in Ref. �15�.

Next, we discuss how the nuclear spin-system can be
cooled to a low temperature �the desired temperature is
slightly above J�. This will require a slow decrease of a
leading field as opposed to rapid leading-field variations.
Suppose an experimentally realizable magnetic field of B
=105 G is applied and the sample is cooled down to a tem-
perature T0	1 K where the nuclear spins decouple from the

lattice. At this point, the polarization for the case of 207Pb is

�
�B

T0
	 10−3. �22�

The magnetic field is then slowly turned off, causing
adiabatic-demagnetization cooling of the nuclear spin sys-
tem. The spin temperature at the end of cooling can be esti-
mated as

T 	 T0
J

�B
= T0
�B

T0
�−1 J

T0
	 10−5 – 10−4 K. �23�

Unfortunately, due the smallness of the factor �22�, this is a
significantly higher temperature than the desired �J.

VI. ESTIMATE OF THE STATISTICAL SENSITIVITY
OF THE SCHIFF-MOMENT EXPERIMENT

Let us take the nuclear spin temperature T=10−4 K, a con-
servative estimate in Eq. �23�. The magnetic moment of a
ferroelectric lead-titanate sample induced by a Schiff mo-
ment, according to Eq. �8� of Ref. �6�, is

VM � 106N�S
1 eV

T
	 1014N�S . �24�

Here the Schiff moment S of the 207Pb nucleus should be
expressed in units of e a0

3.
Estimating the signal-to-noise ratio �assuming noise-free

magnetometer� along the lines of the discussion in Sec. II,
we have

S/N 	 1014�NS�
t 	 1030S . �25�

For the final step of the estimate �25�, we have taken N
=3.3�1022 corresponding to a volume of V=10 cm3 and the
22.1% natural abundance of 207Pb; the experiment duration
of t=10 days and 
�10−12 eV �in frequency units, 
 / �2	�
�200 Hz�. Thus, an S /N=1 corresponds to a sensitivity to
the Schiff moment of approximately 10−30e a0

3. This is by
more than four orders of magnitude better than the present
best limits on the Schiff moment of 199Hg �see Ref. �16� and
references therein�.

Finally, it is interesting to estimate a characteristic mag-
nitude of the spin-noise magnetic field. Assuming a sample
with all characteristic dimensions 2R, just outside of it, the
noise magnetic field is on the order of

BN 	
�N�

R3 	 10−12 G. �26�

The noise produced by the spins is comparable to the noise
of modern magnetometers; see, for example, Ref. �17� and
references therein.

VII. CONCLUSION

In this paper, we have considered EDM experiments that
rely on measuring the magnetization of a condensed-matter
sample induced by application of an electric field. A limit on
the statistical sensitivity of such an experiment arises due to

1More precisely, the system remains in a state with a random weak
polarization along the leading field equal to the polarization com-
ponent in this direction that existed due to fluctuations at the mo-
ment when the strong field was turned on.
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random fluctuations of the spins in the sample. We find that,
while the ultimate sensitivity has the usual scaling ���Nt�
with the number of spins and the measurement time, in the
limit where the temperature greatly exceeds the spin-spin
interaction energy, the sensitivity also scales ��� /T. Such
scaling with relaxation time is radically different from that
for the more traditional precession EDM experiments. Inter-
estingly, the usual scaling is recovered if one is able to cool
the spins to a low temperature, comparable to the energy of
the magnetic dipole-dipole interaction between the spins.

After presenting a heuristic derivation of this result, we
have discussed how it can be obtained from the fluctuation-
dissipation theorem.

Finally, we have presented an estimate based on the ear-
lier results of Ref. �6� combined with the present consider-
ations of the noise due to spin fluctuations of the ultimate
statistical sensitivity of a search for the P- and T-odd nuclear
Schiff moment using a ferroelectric material. We find that,
with realistic experimental parameters, the statistical noise
due to spin fluctuations should not preclude obtaining a sig-
nificant improvement in sensitivity to the Schiff moment

�perhaps, up to four orders of magnitude� compared with the
present best limits.

An important limiting factor for the nuclear Schiff-
moment experiment appears to be the difficulty of cooling
the spin system to a sufficiently low temperature �in the tens
of nanokelvin range� using the adiabatic demagnetization
technique. The limitation comes from the fact that thermal
polarization of the spins in an achievable laboratory mag-
netic field is very low. In principle, it may be possible to
produce much higher initial nuclear-spin polarizations, for
example, by creating UV-light-induced metastable paramag-
netic centers �18� and performing optical pumping.
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