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Recent experimental results of Milne-Brownlie et al. on the ionization of the water molecule by low-energy
electron �250 eV� have been compared to theoretical predictions performed in the distorted-wave first Born
model �Phys. Rev. A 69, 032701 �2004��. It was found that this theory was unable to predict the very large
recoil scattering observed experimentally. In this work, more sophisticated theoretical models are investigated
in order to better understand the water ionization process at the multidifferential level and to reproduce the
experimental observations.
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I. INTRODUCTION

Ionization by electron impact is one of the most important
challenges in several fields of physics such as plasma phys-
ics, diagnostics for fusion in tokamaks, astrophysics, and ir-
radiation of living matter, and has therefore been theoreti-
cally and experimentally studied with a great interest for
many atomic systems. In this context, the electron-electron
coincidence experiments, called �e ,2e� experiments, provide
a useful description of the kinematics of the collision by
giving information about the direction of the scattered and
ejected electrons. The quantity measured in this kind of ex-
periment is proportional to the triple differential cross section
�TDCS�, which represents the angular distribution of the
ejected electron for selected incident and scattered electron
momenta. A particular aspect of these experiments, called
EMS �for electron momentum spectroscopy�, refers specifi-
cally to intermediate-energy electron impact ionization ex-
periments with a simultaneous detection of the outgoing par-
ticles. Thus, by adjusting the experimental parameters, useful
information about the target wave function can be found by
means of a straightforward relation between the measured
differential cross section and the momentum density. A lot of
EMS studies already exist in the literature �see, for example,
the review given by Coplan et al. �1��. On the other hand,
dynamical studies of the �e ,2e� process have been exten-
sively performed both theoretically and experimentally for
atomic targets �see, for example, the review given by
Lahmam-Bennani �2�� but remain until today very rare for
molecular targets, mainly due to the difficulty in describing
the multielectron process and also in finding tractable target
wave functions. In fact, the �e ,2e� quantum calculations for
molecular targets are still an open problem, even in the first
Born approximation �FBA�, since one needs to calculate gen-
eralized oscillator strengths which is a difficult task for mol-
ecules. Thus, quantum mechanical ionization studies have
been essentially performed for small molecules such as H2
�3,4�, N2 �3,5–7�, N2O �8�, and O2 �9�, in contrast with larger
targets for which only semiempirical and semiclassical for-
mulas have been proposed. Such methods formulated in the

early 1980s have been discussed by Younger and Märk �10�
who described two of them: a first one in which the molecu-
lar ionization cross sections are expressed as the sum of the
ionization cross sections of the constituent atoms of the mol-
ecule, and a second one modified by Khare and Meath �11�
to be applied to partial and dissociative ionization cross sec-
tions. In general, these theories overestimate the total ioniza-
tion cross sections and are only in qualitative agreement with
the experimental data. More recently, Kim and Rudd �12,13�
have developed a “binary-encounter-dipole model” which
combines the binary encounter theory of Vriens �14� with the
dipole interaction of the Bethe theory �15� for fast incident
electrons. The semiempirical calculations present very good
agreements with the experimental measurements but remain
valid only for single differential and total ionization cross
sections.

The description of the ionization process at the multidif-
ferential level needs sophisticated theoretical calculations
that do exist for atomic targets but that remain scarce for
molecules. The first models were the plane wave impulse
approximation �PWIA� and the FBA. In the PWIA, all the
electrons �the incident, the scattered, and the ejected ones�
are described by a plane wave. In fact, such a model is able
to describe experiments at high incident energies and for
relatively high ejected energies �of about three times the ion-
ization threshold�: a large part of the experiments of Cherid
et al. �4� �for H2 ionization� has been described by this
model. When the ejected electron energy decreases, one pref-
erentially uses the FBA in which the ejected electron is de-
scribed by a Coulomb wave or a distorted wave �DWBA�,
whereas the incident and the scattered electrons are still de-
scribed by plane waves. For instance, Zurales and Lucchese
�16� used a FBA model �for H2 ionization� in which the
ejected electron was described by an orthogonalized Cou-
lomb wave �OCW� or by a distorted wave, which takes into
account the interaction between the ejected electron and the
residual target. For low scattered energies or when the scat-
tered energy is comparable to the ejected one, one may use
the Branner, Briggs, and Klar �BBK� model �17� or the sec-
ond Born model �18�. In the first one, the final state is de-
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scribed by the product of three Coulomb waves, and takes
into account the interaction between the scattered electron
and the nucleus, the interaction between the ejected electron
and the nucleus, and the electron-electron repulsion. This
sophisticated model has been applied by Stia et al. �19� for
H2 ionization but contains many approximations due to the
use of a multicenter initial wave function. In the second Born
model, the collision process is considered as a double inter-
action between the projectile and the target with a scattered
electron described by a plane wave and an ejected electron
described by a Coulomb wave �or a distorted wave�. This
latter model needs the introduction of intermediate states of
the target and has been applied in the case of the ionization
of H2 by electron impact �18�.

The case of the water molecule is even more dramatic
since we find in the literature very rare experimental studies.
We can cite the extensive work given by Opal et al. �20� who
provides both double differential cross section �DDCSs� and
single differential cross section �SDCSs� for an incident
energy of Ei=500 eV, an ejected-energy range Ee
=4.13–205 eV, and ejected angles �e=30°–180°. The work
of Bolorizadeh and Rudd �21� and that of Oda �22� are dedi-
cated to energetic electrons with an incident energy of Ei
=500 eV. Concerning the single differential cross sections
and the total cross sections �TCSs�, the literature is more
abundant and several experimental measurements are avail-
able for a large range of incident energies �23–34�.

However, very recently Milne-Brownlie et al. �35� have
published experimental TDCS’s for electron-impact ioniza-
tion of the water molecule for an incident energy Ei
=250 eV, an ejected energy Ee=10 eV, and a scattered angle
�s=15°. The cross section measurements have been per-
formed for the four outer molecular subshells denoted
1B1 , 3A1 , 1B2, and 2A1 and were found to exhibit a very large
recoil scattering unpredicted by the existing theories. In fact,
the more recent theoretical study reported by Champion et
al. �36,37� in the DWBA framework reproduced well the
shape of the TDCS’s �especially in the binary region� but
was unable to predict the recoil structure experimentally ob-
served. Indeed, the binary peak theoretically obtained, with
its double-peak structure for the outer valence 1B1 and 3A1
orbitals �due to the p character of these orbitals�, was in good
agreement with experiment but contrary to the experience no
recoil peak was found by the theory for the 1B1 and 2A1
orbitals. The authors linked this inability of the theory to
reproduce the recoil scattering to the use of plane waves in
the incident and outgoing channels and proposed to use dis-
torted waves in all channels as in the calculations performed
by Monzani et al. for H2 ionization �38�. In view of this, we
present in this work a theoretical approach which consists in
improving the theory presented in �37� via more sophisti-
cated models: �i� a first one where the incident electron-
neutral target interaction has been introduced, �ii� a second
one where the scattered electron-ionized target interaction
has been added, and finally �iii� a third one �the BBK or
DS3C model� where all the interactions have been taken into
account, i.e., the interaction of the ionized target with the
projectile electron as well as the ejected electron and the
repulsion between the outgoing electrons.

The present paper is organized as follows: In Sec. II the
different theoretical models are presented and analyzed by

highlighting, in particular, their discrepancies and their simi-
larities, in Sec. III the TDCS’s calculated in each model are
compared to the experiments, and finally, in Sec. IV a con-
clusion about the modeling of the ionization of the water
molecule is given. Atomic units are used throughout unless
otherwise indicated.

II. THEORY

The water molecule ionization process considered in this
work can be schematized by

e− + H2O → 2e− + H2O+, �1�

and will be regarded as a pure electronic transition since the
closure relation over all possible rotational and vibrational
states of the residual target can be applied: the relation be-
tween the collision time and the characteristic time of rota-
tion and vibration justifies this. Moreover, the exchange ef-
fects will be neglected since the scattered electron is faster
than the ejected one in all the cases considered here. How-
ever, they could eventually be taken into account in the the-
oretical models developed here.

In the Born approximation, the triple differential cross
section is given by

d3�

d�ed�sdEe
=

keks

ki
�M�2, �2�

where �s and �e represent the solid angles of detection for
the scattered and the ejected electrons, respectively. The mo-
menta k�i , k�s, and k�e are, respectively, related to the incident,
the scattered and the ejected electron, and depend on the
corresponding energy through the relation ki

2=2Ei , ke
2=2Ee,

and ks
2=2Es. The matrix element M describes the transition

of the system from the initial state �i to the final state � f. It
is written as

M =
1

2�
�� f�V��i� , �3�

where V represents the interaction between the incident elec-
tron and the target and is written as

V = −
8

r0
−

1

�r�0 − R� 1�
−

1

�r�0 − R� 2�
+ �

i=l

i=10
1

�r�0 − r�i�
, �4�

with R1=R2=ROH=1.814 a.u. while r�i is the position of the
ith bound electron of the target with respect to the oxygen
nucleus.

A. The initial state wave function

The initial state which corresponds to an incident electron
and the ten bound ones of the target is described by the
product of two wave functions: the first one for the incident
electron and the second one for the ten bound electrons

��i� = ���k�i,r�0��i�r�1,r�2,…,r�10�� . �5�

Whereas the incident electron is described by a plane
wave ��k�i ,r�0� with its position vector r�0 �the oxygen nucleus
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being the origin�, the ten bound electrons are distributed
among the five one-center molecular wave functions � j�r��
�with j ranging from 1 to 5� corresponding to the orbitals
1B1 , 3A1 , 1B2 , 2A1, and 1A1, respectively. Each of them is ex-
pressed by linear combinations of Slater-type functions �39�
and is written as

� j�r�� = �
k=1

Nj

ajk	njkljkmjk


jk �r�� , �6�

where Nj is the number of Slater functions used in the de-
velopment of the jth molecular orbital and ajk the weight of
each real atomic component 	njkljkmjk


jk �r�� �more details can be
found in �36,37� and more recently in �40��.

In Eq. �6�, 	njkljkmjk


jk �r�� is written as

	njkljkmjk


jk �r�� = Rnjk


jk�r�Sljkmjk
�r̂� , �7�

where the radial part Rnjk


jk�r� is given by

Rnjk


jk�r� =
�2
 jk�njk+1/2

	�2njk�!
r njk−1e−
jkr, �8�

and where Sljkmjk
�r̂� is the so-called real solid harmonic �41�

expressed by

if mjk � 0:

Sljkmjk
�r̂� = 
 mjk

2�mjk�
�1/2�Yljk−�mjk��r̂�

+ �− 1�mjk
 mjk

�mjk�
�Yljk�mjk��r̂�
 , �9�

if mjk = 0: Sljk0�r̂� = Yljk0�r̂� . �10�

Moreover, it is important to note that the molecular wave
functions � j�r��, initially given by Moccia �39�, refer to the
calculated equilibrium configurations, i.e., to the geometrical
configurations which, among many others considered, give
the minimum of the total energy, and agree very well with
the experimental data �see �36,37� for a summary�.

B. The final state wave function

In this work, four models will be investigated. In each of
them, the final state is characterized by the product of two
wave functions as

�� f� = �� f1� f2� , �11�

where � f1 describes the system consisting of the scattered
and the ejected electrons while � f2 describes the nine bound
electrons of the target. Moreover, by using the well-known
frozen-core approximation we reduce this ten-electron prob-
lem to a one active electron problem. In this case the matrix
element can be rewritten as

M =
1

2�
�� f1�k�s,r�0,k�e,r�1�� 1

r01
−

1

r0
���k�i,r�0�� j�r�1�� .

�12�

In a first model developed in the first Born approximation,
the incident and the scattered electrons are described by
plane waves, whereas the ejected one is described by a Cou-
lomb wave �FBA-CW� �36� or a DWBA �37�. Thus, � f1 can
be written as

�� f1�k�s,r�0,k�e,r�1�� = �exp�ik�s · r�0��c�k�e,r�1�� , �13�

with

�c�k�e,r�� = �
l=0

�

�
m=−l

m=+l

4��i�lexp�− i��l + �l��



Fl�ke;r�

ker
Ylm�k̂e�Ylm�r̂� , �14�

where �l and �l represent the Coulomb phase shift and the
short-range phase shift associated with the distortion poten-
tial W�r�, respectively. The radial regular function Fl �ke ;r�
is then solution of the differential equation

�1

2

d2

dr2 + Ee −
l�l + 1�

2r2 − W�r��Fl�ke;r� = 0, �15�

and exhibits an asymptotic behavior given by

Fl�ke;r� � sin
ker − l
�

2
+

1

ke
ln�2 ker� + �l + �l� . �16�

Let us note that when �l=0,�c�k�e ,r�� becomes a Coulomb
wave which can be rewritten as

�c�k�e,r�� =
exp�iZe/ke�

�2��3/2 1F1�− iZe/ke,1,− i�k�e . r� + ker��


exp
�Ze

2ke
���1 + iZe/ke� , �17�

and can be calculated with analytical formulas �Dal Cappello
et al. �42�, Brothers and Bonham �43��. Here, the well-
known Sommerfeld parameter, defined as the ratio between
the product of the charges of the particles and their relative
momentum, is equal to Ze /ke where Ze corresponds to the
effective ionic charge �Brothers and Bonham �43��. In this
model, denoted in the following as 1CW model, Ze will be
taken to be equal to 1.

In a second model, the scattered and ejected electrons are
both described by a Coulomb wave �2CW� �44�. Similarly as
the previous model, the charges Ze and Zs seen by the escap-
ing electrons will be defined as the effective ionic charges
�44� and will be taken to be equal to 1. In this model

� f1�k�s,r�0,k�e,r�1�

=
exp�iZs/ks�

�2��3/2 1F1�− iZs/ks,1,− i�k�s . r�0 + ksr0��


exp
�Zs

2ks
���1 + iZs/ks�



exp�iZe/ke�

�2��3/2 1F1�− iZe/ke,1,− i�k�e · r�1 + ker1��
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exp
�Ze

2ke
���1 + iZe/ke� . �18�

In a third approach, we have used one of the most sophis-
ticated models, called the BBK model �17� which was ini-
tially developed for ionization of hydrogen atoms by electron
and positron impact. The main characteristic of this model
consists in exhibiting a correct asymptotical Coulomb three-
body wave function for the ejected and scattered electrons in
the residual ion field. This important property is at the origin
of the large disagreement observed between the theoretical
work on the ionization of H2 by electron impact of Monzani
et al. �38� based on the distorted-wave model within the
Born-Oppenheimer approximation �DWBO� �which neglects
the multichannel effects as well as the post-collisional corre-
lation between the two outgoing electrons� and the theoreti-
cal work of Stia et al. �19� based on the BBK model. For this
reason, we will consider this model for the present water
ionization process.

It is worth noting that the results obtained in the BBK
model were not in agreement with experiment in the case of
low-energy measurements of H and He ionization �45–47�.
Thus, Berakdar and Briggs have proposed to improve this
model by introducing effective Sommerfeld parameters in
the two-body factors in the BBK wave function �48�. Indeed,
since the Sommerfeld parameter corresponds to a measure of
the strength of the Coulomb interaction between two par-
ticles, this latter is obviously affected by the presence of the
third particle. Therefore, the new �effective� Sommerfeld pa-
rameters introduced here should be functions of the three
relative momenta �see Eqs. �21�, �22�, and �23��. This new
model, called the DS3C model �for dynamic screening of the
three two-body Coulomb interactions�, has been first applied
to symmetric geometries �48�. However, since the experi-
ments and investigations of Milne-Brownlie et al. have been
performed in asymmetric geometries, we have preferred to
use the extended DS3C model proposed by Zhang �49� for
asymmetric situations. Finally, let us note that the results
given by this approach in the case of He ionization by elec-
tron impact are comparable to those provided by the power-
ful convergent close-coupling �CCC� calculations �50,51�.

In both cases �BBK and DS3C models� we have the well-
known asymptotically correct Coulomb three-body wave
function for the ejected and scattered electrons in the field of
the residual ion �17�

� f1�k�s,r�0,k�e,r�1� =
exp�iZs/ks�

�2��3/2 1F1�− iZs/ks,1,− i�k�s · r�0

+ ksr0��exp
�Zs

2ks
���1 + iZs/ks�



exp�iZe/ke�

�2��3/2 1F1�− iZe/ke,1,− i�k�e · r�1

+ ker1��exp
�Ze

2ke
���1 + iZe/ke�


 1F1�iZse/kse,1,− i�k�se · r�01

+ kser01��exp
− �Zse

4kse
���1 − iZse/2kse� ,

�19�

where kse is the relative momentum

kse = 1
2
�k�s − k�e� , �20�

with Zs=Ze=Zse=1 in the BBK model whereas in the DS3C
model they are given by, respectively �49�

Zs = 1 −
2kseks

2

�ks + ke�3
3 + cos2
„4��ke�…
4

�2

, �21�

Ze = 1 −
2kseke

2

�ks + ke�3
3 + cos2
„4��ks�…
4

�2

, �22�

and

Zse = 1 −
2kseks

2

�ks + ke�3
3 + cos2
„4��ke�…
4

�22kse

ks

−
2kseke

2

�ks + ke�3
3 + cos2
„4��ks�…
4

�22kse

ke
, �23�

with

��ke� = arccos
 ke

	ks
2 + ke

2�
��ks� = arccos
 ks

	ks
2 + ke

2� . �24�

III. RESULTS AND DISCUSSION

The aim of this work consists in finding a theoretical
model able to reproduce the recent experimental results pub-
lished by Milne-Brownlie �35� concerning the relative
TDCS’s for the ionization of the four outer orbitals of the
water molecule 1B1 , 3A1 , 1B2, and 2A1 whose experimental
binding energies are 12.6, 14.7, 18.5, and 32.2 eV, respec-
tively. The experimental conditions are the following: the
incident energy Ei=250 eV and the ejected energy Ee
=10 eV �except for the 3A1 molecular orbital for which the
ejected electron has an energy of Ee=8 eV� while the geo-
metrical conditions are given by: �s=180° , �e=0°, and �s
=15°. Moreover, it is also important to note that the TDCS’s
presented in this work are obtained by analytical integration
of more differential cross sections �denoted in the following
4DCS’s� which correspond to the ionization cross sections of
a fixed water molecule whose orientation is defined by
means of the Euler angles �� ,� ,�� �see �36� for more de-
tails�. The 4DCS is defined by

��4� =
d4�

d�Eulerd�ed�sdEe
, �25�

where d�Euler=sin � d � d� d�. Considering the description
proposed by Moccia corresponding to a given molecular ori-
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entation in the space �39�, we have to average the 4DCS’s
over the Euler solid angle d�Euler to obtain TDCS’s compa-
rable to the experimental results. In fact, this “space integra-
tion” is analytically carried out, even for the very sophisti-
cated and very time consuming models such as BBK and
DS3C, thanks to the following property for the rotation ma-
trix:

1

8�2 � d�EulerD�,m
l ��,�,��D��,m�

l�*
��,�,�� =

1

l̂
�l,l��m,m���,��,

�26�

where l̂=2l+1.
In all cases the relative measurements under investigation

will be normalized to our theoretical calculations so as to
give the best visual fit.

A. EMS (electron momentum spectroscopy) comparison

First of all, let us start the present subsection by discuss-
ing the accuracy of the molecular wave functions proposed
by Moccia for describing simple molecular targets such as
H2O as well as NH3 and CH4 by means of single-center
expansion of Slater-like functions. To do that we have com-
pared the theoretical TDCS’s obtained by using the wave
functions of Moccia �39� to the electron momentum spec-
troscopy experimental results published by Bawagan et al.
�52�. Indeed, the EMS technique, formerly known as binary

�e ,2e� spectroscopy, constitutes a powerful tool for studying
the atomic and molecular orbitals �1,2�. In fact, in these ex-
periments, the measured TDCS’s are directly related to the
square of the spherically averaged electron momentum dis-
tribution ����p���2� at any selected binding energy which can
be obtained by means of Fourier transforms of the familiar
position space wave function ��r��. The experiments are gen-
erally performed at intermediate energies �about 1–2 keV� in
a noncoplanar geometry with two outgoing electrons sharing
the energy evenly and detected at equal � polar angles with
respect to the incident electron direction. The TDCS’s thus
obtained are usually plotted versus the recoil momentum q
defined by

q = ��2kecos��� − ki�2 + 4ke
2sin2���sin2
	

2
��1/2

, �27�

where � is the polar angle and 	 is given by 	=�
− ��s−�e� ; ��s−�e� is defined as the relative azimuthal angle
between the two outgoing electrons. The geometrical condi-
tions of the present TDCS measurements are �s ranging from
0° to 30°, �e=0°, and � constant. The momentum transfer to
the target is rather large �4–7 a.u.� and the process is simple
enough to be investigated by first order theories. Within this
geometry, our theoretical results based on the plane wave
impulse approximation �PWBA� can be compared to the
EMS experiments without forgetting to take into account the
exchange effects, since the two outgoing electrons have the

FIG. 1. Comparison between the present theoretical results �solid line� and the experimental momentum profiles �solid circles� for a
noncoplanar symmetric geometry where the outgoing electrons are detected at �=45° sharing the same energy E=600 eV �Bawagan et al.
�52��.
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same energy in the final state. The experiments under inves-
tigation are those of Bawagan et al. �52� performed with
impact energy of about 1200 eV, a detection angle of �
=45° corresponding to the maximum momentum transfer of
6.6 a.u. Figure 1 shows the results we have obtained for the
ionization of the 1B1 , 3A1 , 1B2, and 2A1 orbitals, respectively.
The good agreement observed indicates that the initial wave
function describing the target is of good quality and consti-
tutes an accurate description of the target structure. On the
other hand, the molecular energy and the electric dipole mo-
ment computed by using this wave function are very close to
the experimental values �see �39� for experimental and/or
theoretical comparisons of the geometrical properties of the
water molecule�. Likewise it is important to note that this
wave function, developed on a basis of Slater-like functions,
reproduces quasi-similar results to those developed on a ba-
sis of Gaussian-like functions but with more than 100 terms
in the expansion �52�.

B. TDCS calculations

Let us now consider the recent measurements of TDCS’s
performed in an asymmetric coplanar geometry at low inci-
dent energy �35�. As detailed above, the experiment has been
performed at incident and ejected electron energies of 250
and 10 eV �except for the 3A1 orbital for which the ejected
electron has an energy of 8 eV�, respectively, while the scat-

tered electron is detected at 15° with respect to the incident
beam. In all cases, the theoretical results are performed with
the analytical formulas given in Eq. �17� �42�, and have been
successfully compared to the results obtained in the partial
wave technique �37� in the 1CW model. Let us note also that,
in contrast to the EMS treatment, the exchange effects are
here omitted since the scattered electron is faster than the
ejected one in all the experiments considered.

In Fig. 2, the present TDCS calculations for electron-
impact ionization of the four outer molecular orbitals of H2O
performed in the five models described above are compared
to the experimental data of Milne-Brownlie et al. �35�. We
observe that the 1CW and the DWBA models �dashed line
and open circles, respectively�, which represent a first order
approach are able to produce a considerable improvement by
comparison to the results presented in �35� �where contribu-
tion of the nucleus in the interaction was neglected�. Indeed,
a recoil peak is now observed in the two approaches. How-
ever, the two models are not able to reproduce the experi-
mental measurements in the small-ejected angle region, i.e.,
the first structure of the binary region. For the four consid-
ered molecular orbitals, the DWBA model tends to increase
the recoil peak and decrease the binary peak compared to the
results obtained in the 1CW model. We note that the recoil
peak for the 2A1 orbital is not correctly reproduced by the
two models since the theory underestimates the experiments.
Furthermore, the 2CW model �dotted line� seems to show a
little bit better agreement with the experiments than the 1CW

FIG. 2. TDCS’s for electron-impact ionization of the four outer molecular orbitals of H2O. Comparison between the experimental data
�solid circles� of Milne-Brownlie et al. �35� and the theoretical results obtained in the different models investigated in the present work: �i�
the 1CW model �dashed line�, �ii� the DWBA model �open circles�, �iii� the 2CW model �dotted line�, �iv� the BBK model �dash-and-dotted
line�, and �v� the DS3C �solid line� model.
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model. Indeed, the 2CW peaks of the binary and the recoil
regions are slightly shifted towards larger angles with respect
to those obtained in the 1CW model. The magnitudes are
also enhanced in the 2CW approach except in the binary
peak of the 2A1 orbital. The small discrepancies observed
between these two models �1CW and 2CW� can be explained
by the fact that the �fast� scattered electron �whose energy is
high compared to the ejected one� interacts weakly with the
target nucleus and can therefore, in this particular case, be
described either by a Coulomb wave or by a plane wave.

Considering the two other more sophisticated models
�BBK and DS3C�, we observe that the experiments are well
reproduced, except for lower angles in the binary region
where the experimental data are underestimated. We notice
that the DS3C results are closer to the experiments than
those obtained in the BBK model. Moreover, comparisons of
all the different models studied here show that the results
obtained for the 2A1 orbital in the BBK and DS3C models
are in better agreement with the experiment.

In Fig. 3, the TDCS’s of the 1B1 and 3A1 orbitals are
summed and compared to the experimental data. The five
approaches are able to reproduce the recoil peak in contrast
with the rather simplified model based on the DWBA treat-
ment previously used in �35�. Nevertheless, none of these
models is able to correctly describe the entire binary region
as already pointed out in �18� where similar results were
found for the ionization of H2 and He by electron impact.

IV. CONCLUSION

On the basis of the present calculations, we can first con-
clude that our models correctly reproduce the recoil peaks
observed in most of the cases investigated in this work. Gen-
erally speaking, the two first order models �1CW and
DWBA� reproduce quite well the shape of the TDCS’s ex-
cept for the 2A1 orbital where the recoil peak is underesti-

mated. The 2CW model gives better agreement with experi-
ments than the first cited ones, the recoil peak remaining still
underestimated in the case of 2A1 orbital. When the more
sophisticated BBK and DS3C models are investigated, a
good agreement with experiments is observed too. For all
models, the double structure of the binary region is generally
well reproduced as in the case of the rather simplified
DWBA approach �35�. However, none of the models �even
the rather sophisticated DS3C approach� reproduces cor-
rectly the data at lower ejection angles.

Moreover, it is also important to notice that thanks to the
analytical aspect of the integration method over the molecu-
lar orientation, it is now possible to provide more easily in-
tegrated cross sections like double, single, and total cross
sections. Work in this aspect is currently in progress for H2O
and other small molecules such as CH4, NH3, whose interest
has recently grown in view of their important role in the
development of technological plasma devices, and even in
radiobiology where they are commonly used to simulate the
organic matter.
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APPENDIX

The calculation of the matrix element in Eq. �12� with the
formula given in Eq. �19� needs the following basic integral
�17�:

J��,c,a,u� ,�� ,w� ,k�s,k�e,p��

=� dr�0dr�1
exp�− �r01�

r0r1r01
exp�− cr0�exp�− ar1�


exp„i�u� − k�s + p��r�0…exp„i��� − k�e + w� �r�1�


1F1�iZe/ke,1,i�k�er�1 + k�er1��

1F1�iZs/ks,1,i�k�sr�0 + k�sr0��

1F1�− iZse/kse,1,i�k�ser�01 + k�ser01�� .

This six-dimensional integral can be reduced to a two-
dimensional integral by using the well-known method of
Roy et al. �53� and that of Brauner et al. �17�. In this prob-
lem we have to work with 1s , 2s , 3d, and 4f orbitals which
needs, respectively, two, three, four, and five derivations of
J�� ,c ,a ,u� ,�� ,w� ,k�s ,k�e , p��. Our work follows those of Hafid
et al. �54� �for 2s and 2p orbitals� and of Cheikh et al. �55�
�for 3s , 3p, and 3d�.

For instance, for the case of 4f0 �where Y3
0=−	7�3 cos �

−5 cos3�� /4	��, the matrix element given in Eq. �12� needs
the following terms:

FIG. 3. Summed TDCS’s for electron-impact ionization of the
1B1 and 3A1 orbitals of H2O. The theoretical calculations are per-
formed in �i� the 1CW model �dashed line�, �ii� the DWBA model
�open circles�, �iii� the 2CW model �dotted line�, �iv� the BBK
model �dash-and-dotted line�, and �v� the DS3C �solid line� model.
The experimental data �solid circles� are taken from �35�.
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M �
1

2�
�5i
 7

16�
�1/2 �5

�c � a � wz
3


J�� = 0,c,a,k�i,�� = 0� ,w� = 0� ,k�s,k�e,p� = 0�� +
1

2
i
 63

4�
�1/2



�5

�c � a3 � wz
J�� = 0,c,a,k�i,�� = 0� ,w� = 0� ,k�s,k�e,p� = 0��

− 5i
 7

16�
�1/2 �5

�� � a � wz
3J�� = 0,c,a,k�i,�� = 0� ,w�

= 0� ,k�s,k�e,p� = 0�� −
1

2
i
 63

4�
�1/2 �5

�� � a3 � wz


J�� = 0,c,a,k�i,�� = 0� ,w� = 0� ,k�s,k�e,p� = 0��
 .

Each term has been carefully checked with the analytic
formulas of Dal Cappello et al. �42� when Zs=0 and Zse=0.
When only Zse=0, we obtain a matrix element similar to that
obtained in the 2CW model �one numerical integration in
this case�.
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