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We reconsider density matrices of graphs as defined in quant-ph/0406165. The density matrix of a graph is
the combinatorial Laplacian of the graph normalized to have unit trace. We describe a simple combinatorial
condition (the “degree condition”) to test the separability of density matrices of graphs. The condition is
directly related to the Peres-Horodecki partial transposition condition. We prove that the degree condition is
necessary for separability, and we conjecture that it is also sufficient. We prove special cases of the conjecture
involving nearest-point graphs and perfect matchings. We observe that the degree condition appears to have a
value beyond the density matrices of graphs. In fact, we point out that circulant density matrices and other
matrices constructed from groups always satisfy the condition and indeed are separable with respect to any
split. We isolate a number of problems and delineate further generalizations.
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I. INTRODUCTION

Let us consider the set S of all density matrices p of a
bipartite system with assigned Hilbert space C4®C}. Let
M(pgq) be the linear space (over the complex field C) of all
pq X pqg complex matrices equipped with the inner product
(A|B):=Tr(A'B) for any A,B € M(pq). Let us consider the
metric D(A,B):={(A-B)|(A-B)) on M(pgq), for any A,B
e M(pq). With respect to this metric, the set S forms a
compact (which is also convex) subset of M(pg) generated
by (p?¢*-1) real parameters. Deciding whether a given ele-
ment from this compact set S is separable or entangled (the
separability problem) is known to be NP hard [18] (see also
[1]). This problem is an instance of the weak membership
problem as defined by Grotschel er al. [2] (see also [3]).
Recently the separability problem has been considered and
discussed in [1,4-6].

There are few cases where the separability problem is
known to be efficiently solvable. The best known situation is
(p.q)=(2,3) or (3, 2). In this case, the positivity of p'5 (the
partial transposition of p with respect to the system B) is
equivalent to the separability of p [7,8]. Also, the set of all
density matrices “very near” (in the sense of some useful
metric) to the maximally mixed state is known to be sepa-
rable [9]. Other examples are given in [10].

For some discrete family of density matrices (that is, for
which no continuity argument can be applied), no such effi-
cient criterion is known to us. Here we consider the family of
the density matrices of graphs as introduced in [11]. In the
remainder of this section we introduce some terminology and
state the results. There are two other sections in the paper:
Section II contains the proofs. Section III is a list of further
problems and generalizations.

Let G=(V,E) be a simple graph on n labeled vertices—
that is, V={v;,v5,....v,} and ECV*={v;,v;}:v;,v;
e V and i # j}. The adjacency matrix of G is an n X n matrix,
denoted by M(G), with lines indexed by the vertices of G
and ijth entry defined as
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1, if{v,v;} € E(G),
0, if{v,.v;} & E(G).

The degree matrix of G is an n X n matrix, denoted by A(G),
with ijth entry defined as

{v;{vi,vj} € E}
0, ifi#j.

M(G)]; ;= {

Cies
[A(G)]i,,:{ S

The Laplacian [12] of G is the symmetric positive semidefi-
nite matrix

L(G) = A(G)-M(G).

Other than this combinatorial Laplacian, there are several
other types of Laplacians associated with graphs [13]. The
matrix

1
p(G) = ML(G)

is a density matrix. This is called the density matrix of G
[11].

It should be noted here that the notion of density matrix
p(G) of a graph G=(V(G),E(G)), as defined above, is com-
pletely different from the notion of “graph states,” intro-
duced by Briegel and Raussendorf [14]. A graph state |G),
corresponding to a (simple) graph G=(V(G),E(G)) is a com-
mon eigenstate (corresponding to the eigenvalue 1) of the
n=|V(G)| number of n-qubit operators o;® 0, ® *** ® 7y ,,,
021®021® Q0y,,..., 0, Q0,p® " ® 0, where (i) g
=o, forall i e{1,2,....,n}, (ii) for j #i, o;j=0, if the verti-
ces v; and v; of G are connected by an edge, and (iii) for j
#1, 0;;=1 if the vertices v; and v; of G are not connected by
an edge. Thus, in this formalism, a two-level system is at-
tached with each vertex of the graph and each edge of the
graph represents an interaction (Ising type) between the two
two-level subsystems attached to the two vertices of the
edge.

Let G be a graph on n=p-q vertices vy, v,,..., U,. These
vertices are represented here as ordered pairs in the follow-
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ing way: vi=(u,w)=uwy, va=(u,w)=uws,..., vy,
=(upwe)=uwy, V=g, w) =Sy, Vg =(uy,w))
SUpWy,.ens Upg=(Up, W) StaWy, ... s U(potyge1 =1, W1)

=SuWi, Uipeiygar=Up, W) Sy, .., 0=, w) =u,w,.
We associate to this graph G on n labeled vertices (described
above) the orthonormal basis {|v;):i=1,2,...,n}={|u;
®|wp:j=1,2,...,p:k=1,2,...,q}, where {fu):)
=1,2,...,p} and {|w):k=1,2,...,q} are orthonormal bases
of the Hilbert spaces H, = C? and Hp= (Y, respectively. The
partial transpose of a graph G=(V,E) (with respect to Hp),
denoted by G'5=(V,E"), is the graph such that {uw;, wow}
€ E' if and only if {uw;,u;w;} € E. We propose the follow-
ing conjecture.

Conjecture 1. Let p(G) be the density matrix of a graph
on n=pgq vertices. Then p(G) is separable in C ® C} if and
only if A(G)=A(G"5).

A proof of this conjecture would give a simple method for
testing the separability of density matrices of graphs, as we
would only need to check whether the n X n diagonal matri-
ces A(G) and A(G"5) are equal. This fact is in some sense
analogous to the fact that the separability of all two-mode
Gaussian states (which form a continuous family) is equiva-
lent to the Peres-Horodecki partial transposition criterion
[15]. We prove one side of our conjecture.

Theorem 2. Let p(G) be the density matrix of a graph on
n=pq vertices. If p(G) is separable in C4®C}, then A(G)
— A(GFB)

We prove the other side of the conjecture for the follow-
ing two families of graphs.

(i) Consider a rectangular lattice with pg points arranged
in p rows and g columns, such that the distance between two
neighboring points on the same row or in the same column is
1. A nearest-point graph is a graph whose vertices are iden-
tified with the points of the lattice and the edges have length
1 or \2.

(ii) A perfect matching is a graph G=(V,E) such that for
every v; there is a unique vertex v; such that {v;,v;} € E.

Namely, we prove the following two theorems.

Theorem 3. Let G be a nearest point graph on n=pq ver-
tices. Then the density matrix p(G) is separable in C/f ® C}, iff
A(G)=A(G"»).

Theorem 4. Let G be a perfect matching on n=2k vertices.
Then the density matrix p(G) is separable in CX®C3 iff
A(G)=A(G"»).

See Fig. 1 as examples of perfect matching H, the partial
transpose graph H' 5, nearest-point graph G, and the partial-
transpose graph G'5.

The degree condition expressed in the conjecture appears
to have value beyond density matrices of graphs. In general,
given a density matrix p in (4 ® C, let A(p) be the matrix
defined as follows:

pPq

> . ifi=j,
[A(p)]i,jz k=1 ‘

0, ifi#j.

In a circulant matrix each row is a cyclic shift of the row
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FIG. 1. (A) A nearest-point graph G, (B) a perfect matching H,
(C) the partial-transpose graph G', and (D): the partial-transpose
graph H's.

above to the right. This means that a circulant matrix is then
defined by its first row. Let G be a finite group of order n,
and let o be the regular permutation representation of G.
Then o is an homomorphism from G to the set of permuta-
tion matrices of dimension n. The Fourier transform (evalu-
ated at o) of a complex-valued function f on G is defined as
the matrix f=3f(g)o(g) [16]. According to this definition, a
complex circulant matrix M of dimension n has the form
M=%, 7 f(g)o(g). We prove the following result.

Theorem 5. Let p be a circulant density matrix of dimen-
sion n=pqg. Then A(p)=A(p'#) and p is separable in (7,

® C4. Let p= Egezgf(g o(g) be a density matrix of dimension

2". Then A(p)=A(p"5) and p is separable in Lz ®Lé, where
k+[=n.

II. PROOFS
A. Proof of theorem 2

Let L(G) be the Laplacian of a graph G=(V,E) on n
vertices vy, ... ,v,. Let D be any n X n real diagonal matrix in
the orthonormal basis {|v,),...,
tr(D)=0. It follows that there is at least one negative entry in
the diagonal of D. Let this entry be D;;=b; Let |i)
=37 |v;) and [$)=2]_ x;|v;), where

0,
Xj= k

Let |x)= |‘/f0>+|¢>:2;1=1(1 +Xj)|vj>~ Then,

(XI(L(G) + D)x) = XIL(G)|x) + {xID|x)
= (YolL(G) o) + (| L(G)| ) + (S| L(G)
X|tho) + (PILIG) [ ) + (o | D)
+ (4| D|#) + (Do) + (#D| ).

The state |s) is an eigenvector (unnormalized) of L(G), cor-
responding to the eigenvalue 0: L(G)|)=0. Also
(|D| i) =tr(D)=0. Then,

if j#i,
ifj=1,
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(XI(L(G) + D)|x) = (W|L(G)[ @) +(HIL(G)|#) + (| DI )
+(@ID| ) +($ID| ).

Now (|L(G)|)=(H|L(G)"|¢hp) =(P|L(G)[)=0. In fact,
L(G)=L(G)". Let [L(G)];; be the jith entry of L(G) with
respect to the basis {[v}),....[v,)}. Let di=[{v;:{v;,v,} € E}|.

We have
(BIL(G)|¢) = I (L(G));,; = K*d,
(@D]g) = bik?,
(olD| ) = bik,
(BID| o) = bik.
Thus,

(XI(L(G) + D)|x) = kK*(d; + b;) + 2bjk,
with ;= 0 and b, < 0.

So we can then always choose a positive k, small enough,
such that

2bk + k*(d;+ b;) < 0.
It follows that

L(G)+D #0.
For any graph G on n=pgq vertices,
vy = (U, wy),0a= (U, wy), ... Vg = (M1,Wq),vq+1
= (U, W),V gi0 = (U, 1), o 02 = (U, W), .. 0,
= (up,w,),

consider now the degree condition A(G)=A(G"5). Now,
(L(G))'7 =[A(G) - A(G")]+ L(G™).
Let
D =A(G) - A(G"5).

Then D is an n X n real diagonal matrix with respect to the
orthonormal basis

p

1 1
=— ) Pl —=(u,. —ly.
p(Gy) mg ()\(,—1)1,12 {VE(W(H)WO |MJW2>)]> +
1
+ )\(j—l)(k—l),jkP|:\/_E(|uj—lwk—l>_ |“jWk>)}> +

1
m’.

PHYSICAL REVIEW A 73, 012320 (2006)

|vl>: |M1> ® |W1>s ey qu>= |up> ® |Wq>

Also,
(D) = u[A(G)] - t[ A(G'#)] = 0.

As G'B is a graph on n vertices vy, U,,..., U,, as here D
=A(G)-A(G"5) is a diagonal matrix with respect to the or-
thonormal basis {|v,),|vs),...,|v,)}, and as here tr(D)=0,
therefore, by the above-mentioned reasoning, D
+L(G"8) 20 if D+#0. Now if p(G) is separable then we must
have L(G)'8 (=D+L(G"#)) =0 [8]. Therefore separability of
L(G) implies that D=A(G)—-A(G"8)=0.

B. Proof of theorem 3

Let G be a nearest-point graph on n=pgq vertices and
m edges. We associate to G the orthonormal basis
{lop:i=1.2, ... ={lup@|wy:j=1.2,....p;k=1,2,....q},
where {|u;):j=1,2,...,p} is an orthonormal basis of C/} and
{lwp:k=1,2,...,q} is an orthonormal basis of C. Let j,;’
e{l,2,....p}and k,k" €{1,2,...,q}. Let Njy ;i €{0,1} be
defined as follows:

1, if {fuwpupwpt e E,
)\' =
ik 0, if {I/thk,Ltj/Wk/} ¢ E.

Thus, for the above-mentioned nearest-point graph G, Nj; s
can have nonzero values only in the following cases: either
(i) j'=jand k' =k+1, (ii) j'=j+1 and k' =k, (iii) j'=j+1 and
k'=k+1, or (iv) a combination of some or all three cases
(i)—(iii). Let p(G) and p(G'#) be the density matrices corre-
sponding to the graphs G and G'5, respectively. Thus,

(2.1)

p(G) =5 -18(6) - M(G)]
m

p(GH) = ﬁm(cﬁ) _ M(G™)].

Let G| be the subgraph of G whose edges are all the en-
tangled edges of G. An edge {ij,kl} is entangled if i # k and
j# 1. Also let G| be the subgraph of G'5 corresponding to all
the “entangled edges” of G'5. Obviously G|=(G,)"5. Using
the above-mentioned notations, we have

P q
1 1
=2 2| Nt P| = (jowier) = luwie))
m = (=3 V2
1
2 MmngsenP| Euwy) = luwe)) | . (2.2)
j=2 V2

where, for any normalized pure state |#), P[|#)] denotes the one-dimensional projector onto the vector |#). Also we have
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p

1 1
P(G{) = ;E <)\(, 1)1,2P{ r(|’fi(/ 1)W2> |“ W1>)}) + ;

J=2

1
+ )‘(i—l)(k—l),jkp[ V_E(|“j—1wk> - |"‘jwk—l>):|> +

One can check that

q

>

Jj=2
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P 4
1
> (N, Dk=1),j (k= z)P[ —=(|ujywi) — |MjWk—1>)]

j=2 k=3

1
()\(j—l)q,j(q—l)P[ V_E(|Mj—lwq—l> - |”qu>)} ) . (2.3)

|2
A(G) = (Ml wPlluyw)]+ > N1ty 20-2) + Mot 20 PLugwi_ )1+ )\lq,2(q—l)P[|ulwq>]> + EE (N(j=2)2,G-1)1

k=3

+ N1 ) Plluowp ]+ — o
=3 k=3

p

|
+ _E (NG2)ig-1G-1g + Ng-ngitg-n) Pl 1wg) 1+ 2

1
+ )\(p—l)k,p(k—1))P[|upwk—1>] + E)\(p—l)(q—l),pqpﬂupwq)]

and

q

J=3

E 2 ()\(, 2)(k=2),G=1)k=1) F N=2k, (=1 (k=1) T N(=1)(=1),j(k=2) T N(j=1) k—l)]k)PHuJ W]

q

1
)\(p 2t PLu,w ]+ _E (Np=1)(k=2) p(k=1)

(2.4)

1 1<
A(G)) = o <)\12,21P[|M1W1>] + kES (N 12y 20-1) + Mr2e—n) PLluywi_ )] + 7\1(q—1),2qP[|u1Wq>]) + _2m-23 (N=2)1,G-1)2
= j=

P q

+ )\(/‘—I)Z,jl)P[|uj—lW1>] + 2_2 2 (7\(/‘—2)(k—1),(,‘—1)(k—2) + N2y (k=1), (= Dk T M=) (k=2),jk=1) T+ )\(/‘—l)k,j(k—l))P[|”_j—lwk—1>]

m -3 k=3

+_2 (Nj-2)g.6-106-1) + Njnig1).g Pl 1wg) 1+ 3

+ N (1)) i) Pl Wk—1>]+ )\(p Dapa-nPLu,w,

Let G, and Gj, respectively, be the subgraphs of G and G's,

each containing all the edges of the forms {uw;, MW]r}

(where j#j') as well as {u,w;,u;w;} (Where i #i’"). Then itis
obvious that A(G,)=A(G)), due to the fact that G, and G;
represent the same graph. So A(G)=A(G") if and only if
A(G,)=A(G}). Using Egs. (2.4) and (2.5), we see that the
equality of A(G,) and A(G/) implies that

M1 =Niors

NMk=1),2=2) F Nie=1),2k = M (5=2) 20-1) T Mk20k=1)>
for k=3,4,...,q,

Nig2(g-1) = Mig-1).29> (2.6)

for each je{3,44,...,p},

NG-2)2.G-D1 + Ni-n1j2
= )‘0—2)1,0‘—1)2 + )\(;-1)2,,-1,

1 q
2 (N o= 1)(k-1) p(k-2)
mp_3

)\(p 1 paPllu, W1>]+

(2.5)

N(j-2)(k-2),G-1)(k=1) F N2k (=1 k=1) F NG=1)(k1),(k-2)

+ NG 1),k = NG=2)(k=1),G- 1) (k=2) F N(j=2)(k=1), (- 1)k

+ )\0_1)(/(_2)’](,{_1) + )\(j—l)k,j(k—l) for k=3,4, ... ,q,

N(j=2)(g-1),G-Dg T Nj=1)g,i(g-1) = NG=2)0.G-1)g-1) + Ni=1)(g-1),jq>
2.7)

Np-1)1.p2 = Np=1)2.p1>

N(p=1)(k=2),p(k=1) F Np=1)keplk-1)
= Np-)(e-1)pk-2) F Np-1) -1y pks - TOr k=3,4, ... .q,

(2.8)

Np-1)(g-1),pq = Mp-1gp(g-1)-

The solution of Egs. (2.6)—(2.8) is of the form
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Nijirjr =N forall i,i” € {1,2,...,p}

and all j,j" € {1,2,....q}, (2.9)

and wherever \;;;/;» and )\U/ i7; are defined. Equation (2.9)
shows that whenever there is an entangled edge {uw;,u;w;}
in G (so we must have i #i’ and j# '), there must be the
entangled edge {uw; ,u;w;} in G. The two entangled edges
{uw;,upw;} and {u Wi rW} in G together give rise to the
followmg contrlbutlon (Wthh is again a density matrix) in

the density matrix p(G), with the multiplicative factor 2/m:
A 1
p(i,i"sj.j") ==\ P ?(|”5Wj>_|ui'wj'>)
2 V2
1

Let us write

|W]’>)|X(.]a.],a *

(2.11)

1
=(|up) = |up)) = V("5 %)),
V2

1
—(lw;) =
\"E | /

Using Eq. (2.11), it is easy to see from Eq. (2.10) that

1
pli,i’;j.j') = EP[|V(i,i'; +)X(j.j":=))]

FSPIVGA XG5+ (2.12)
which is a separable state in C{®C}. This shows that, under
the constraint A(G,)=A(G}), p(G,) is nothing but an equal
mixture of separable states of the form p(i,i’;j,;’), and so
p(G,) must be separable, which, in turn, shows that p(G) has
to be separable. This shows that a nearest-point graph G is
separable in CA®CY if and only if A(G)=A(G"5).

C. Perfect matchings

1. Proof of theorem 4

Definition (degree condition). For any graph G on n=pq
vertices vy = (uy,wy), V2= (uy,wa),..., v, = (U, W), V()
= (up,wy), U(q+2)E(M2’W2),~~~, UZqE(MZ’Wq)""’ U(p-1)g+1
= (s W1), Vpotyge2 =y, W)),..., Uy =(u,,w,), the equa-
tion A(G)=A(G") is called as the degree condition, where
G'5 is the graph with V(G'8)=V(G) and {Gugw)), (i, wj)}
e E(G"5) if and only if LG wir), (uy,w))} e E(G)

We consider here only those graphs G on n=pgq vertices,
where n is even and E(G) consists of edges of the forms
{Gysji), (. jp)}. where (i) k runs from 1 up to n/2, (ii)
(ig,j) # (i, jy) for all k, (iii) (iy,j) # (i;.j;) whenever k # 1,
(iv) (ig.jw) # (i) .j;) whenever k#1, and (v) (i;,j) # (i].];)
whenever k # [. Thus G is nothing but a perfect matching on
n=pgq vertices. In addition to above-mentioned conditions, if
we have i, # i, and j; # j; foreachk e{1,2,...,n/2}, then G
is called as a perfect entangling matching. We denote the set
of all such perfect entangling matchings on the same set of
n=pq vertices as P,.,. The density matrix p(G) of the graph
G is given by

PHYSICAL REVIEW A 73, 012320 (2006)

n/2

p(G) = —2 P{ %(|ik;k> - Ii;j;»} :

Let G e P, Let G"'5 be the graph with vertex set as V(G)
and {(iy. j;), (iy. . ji)} € E(G"®) if and only if {(ir. i), (i.jp)}
e E(G). Let Pz,qz{Ge’P P4t It can be easily
shown that for any perfect matchlng G on n=p-q vertices,
Ge 7?; , if and only if A(G)=A(G"#). Following are the two
examples of “canonical” perfect entangling matchings.

(1) Crisscross: A crisscross C is given by

C = (V(C) = {(ila 1)’ (ilsz)s (i2’ l)’(1272)}9E(C)
={{(i1, 1, (02,2 1{(i, 1, (i1,2)}D)

(where iy # i,).

(2) Tally mark: A tally mark 7 is given by 7T
=(V(7),E(1)) where V(D) ={(iy,1):k
=1,2,....r'}U{(i;,2):k=1,2,...,r'} and

E(D = {01, 1), (i2.2)}{(i2. 1), (i5.2)} .. A1), 1), (0. 2)},
{(ir's 1)’(11’2)}}

(where 1<i;<i,<...<i,<p'and r' <p’).

We are now ready to give a proof of theorem 4.

Proof of theorem 4. Let G be a perfect matching on n
=2p vertices v;=(1,1), v,=(1,2), v3=(2,1), v,4
_(2 2) 2p )= (p’l)’ vaE(p’2)~

Let us ﬁrst assume that p(G) is separable in C4® Cj.
Then, by theorem 2, we have A(G)=A(G"5).

Next we assume that A(G)=A(G"5). Let us denote the
subgraph of G, consisting of all its unentangled edges, as G,
and the subgraph of G, consisting of all its entangled edges,
as G,. As G is a perfect matching, therefore G is the disjoint
union of G, and G,: G=G,WG,. Thus V(G) is the set wise
disjoint union of V(G) and V(G,), while E(G) is the set wise
disjoint union of E(G,;) and E(G,). Let us take E(G,)
={{(ix,1),(,2)}:k=1,2,...,q}, where ¢ is a non-negative
integer with g<p, 1<i;,<i,<- - <i,<p, 1 <j,j2,....J4
<p, i, #j, whenever k=1,2,...,q, and j,#j, whenever k
#1. Thus we see that V(G,) is the (disjoint) union of
{(ix,1):k=1,2,...,q} and {(j;,2):k=1,2,...,q}.

Let us denote the subgraph of G5, consisting of all its
unentangled edges, as G, while the subgraph of G'5, con-
sisting of all its entangled edges, is denoted here by G,. Here
G1;3=G1=G3. This is true for any general graph G on n
=p’-q' vertices. Again, for any perfect matching G on n

=p'-q’" vertices vi=(u;,w), vy=(u,wy),..., v;,
i /
= (uy,w,), v(q,+1)E(u2,W1) Viys) = (up,wy),..., véq,
! !
E(I/tz,qu),...,..., U((p g +1) ( ,W]), v((p’—l)q’+2)

= (upr,Wa),..., v;,q, = (u,r,w,), the degree condition A(G)
=A(G"5) implies that (and is implied by) G'5 is a perfect
matching on the above-mentioned n=p’-q’ vertices. So we
must have G'8=G;WG,, and hence, V(G,)=V(G,) (this is
true for arbitrary values of p’ and ¢’ provided n=p’-q’ is
even). Thus we see that both G, and G, are perfect entan-
gling matchings on the same subset of vertices of G (this is
also true for arbitrary values of p’ and ¢’ provided n
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=p'-q'). Tt then follows that the two subsets {i;:k
=1,2,...,q} and {j:k=1,2,...,q} of {1,2,...,p} must be
same. This is so because if some j, & {i;:k=1,2,...,q}, then
vertex (ji,1) of the (entangled) edge {(ix,2),(j;,1)} in G,
will belong to V(G,) [and hence, to V(G5)]—a contradiction.
Therefore, G, (and, hence, G,) is a perfect entangling match-
ing on the set of 2¢ vertices (i,j), where i € {i;,i,...,i,} and
j €{1,2}. Note that this fact is true not only for n=2p but for
any general n=p’-q’, provided n is even [and so, for any
GePy.y» GeP,, . if and only if A(G)=A(G"5)].

Now, it is known that (see lemma 4.4 in [11]) any perfect

entangling matching G’ on n=2p’ vertices v{=(1,1), v;
!

=(1,2), vi=(2,1), v,=(2,2),..., Viop' o= (»',1), v;p,
=(p’,2) can be transformed in to a “canonical” perfect en-
tangling matching G, on the same set of vertices by applying
a suitable permutation on the first label of the vertices
U{,Up,...,Us,, Where, by “canonical” perfect entangling
matching, we mean either (i) a crisscross, (ii) a tally mark, or
(iii) a disjoint union of some tally marks and/or some criss-
crosses (this kind of result is still lacking for a general G
€ Pf),q, and we do not know what should be the canonical
form of such a G). As p(G,) is known to be separable in
C/’;’ ®C,23 (according to lemma 4.5 in [11] together with the
fact that the density matrix of a crisscross is always sepa-

rable), therefore p(G') is separable in Cﬁl ® Cj.

Thus, it follows that p(G,) is separable in C4®C3 (and
hence, in Cﬁ@*@é, as the orthonormal basis {|i,):k
=1,2,...,q} of Cf is contained inside the orthonormal basis
{In:1=1,2,....p} of CR). Also p(G,) is separable in C/
®‘Clz;, as G, consists of only unentangled edges of G. Now
p(G)=(1/p)[(p-q)p(G)+qp(G,)]. Hence p(G) is separable
in Ch®C3. O

During the proof of theorem 4, we have proved the
following result.

Corollary 1. Let G be a perfect matching on n=p-q ver-
tices vy=(uy,wy), v2=(u,wy),..., v,=(u,,w,) for which
A(G)=A(G"5). Then G is a disjoint union of N, the number
of perfect matchings G, G,,..., Gy, where (i) V(G),)
={(ujwi):j=1,2,...,pisk=1,2,...,q}, (ii) Uf\il{uiﬂj

=1,2,....p3={uy,uy, ... ,up} and UN fwylk=1,2,...,q}
={w,wy,...,w,}, (iii) for any two different i,i’
e{1,2,...,N}, either {uilj=1.2,....pd O {ur |
=1,2,....,pi}=¢ or {wplk=1,2,...,q3 N {w; |k
=1,2,...,q;}=¢ or both, and (iv) for each i e {1,2, ... ,N},

either G; consists of only entangled edges or only unen-
tangled edges, but not both.

Thus we see that, for any perfect matching G, when the
degree condition is satisfied, it is enough to study the sepa-
rability of the density matrices of its pairwise disjoint en-
tangled subgraphs (i.e., subgraphs each of whose edge is
entangled), each of which is a perfect entangling matching
on its own right (i.e., it is a perfect entangling matching on a
set S of vertices taken from V(G) such that all the elements
of § can be labeled by two labels). See Fig. 2 for an illustra-
tion.

A speciality of the case n=p2 is also reflected in the
following lemma.
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1,1 (1,2) ,3) 1,4
@1 2,2) 2.3) 2, 4)
3,1 3,2 3,3) G.4)
(CY; “4,2) ,3) “.4

FIG. 2. A perfect matching G on 16 vertices (1,1),(1,2),...,(4,4),
for which the degree condition is satisfied. G is the disjoint union of
of the following four perfect matchings: (i) The unentangled graph:
G\=(V(G)),E(G) with V(G)={(1,1),(1,2),(2,1),(2,2)} and
EG)={(1,1),2,D},{(1,2),(2,2)}}. (i) The crisscross: G,
=(V(Gy),E(G,)) with  V(Gy)={(3,1),(3,2),(4,1),(4,2)} and
E(G,)={{(3,1),(4,2)},{(3,2),(4,1)}}. (iii) The perfect entangling
matching: G3=(V(G3),E(G3)) with V(G3)={(1,3),(1,4),(3,3),
(3,4),(4,3),(4,4)} and E(G3)={{(1,3),(3,4)}.{(1,4),(4,3)},
{(3,3),(4,4)}}. (iv) The unentangled graph: G4=(V(G,4),E(Gy))
with V(G4)={(2,3),(2,4)} and E(G,)={(2,3),(2,4)}.

Lemma 1. 772,,=7>§p.

Proof. By definition, nggpzp. Let G e P,, where
V(G)={(k,1):k=1,2,...,p}U{(k,2):k=1,2,...,p} and
E(G)={{(k,1),(i,2)}:k=1,2,...,p} where (i) for each k
e{1,2,...,p}, iy is a particular element in {1,2,...,p}\{k}
and (ii) i, #i, whenever k#1[. Thus we see that G'# is a
graph on 2p vertices such that V(G'8)=V(G) and E(G"5)
={(k,2), (i, D}:{(k, 1), (i, 2)} € E(G) for all k=1,2,...,p}
with the properties that (i) for each ke{1,2,...,p}, iy is a
particular element in {1,2,...,p}\{k}, (ii) i, #i, whenever
k#1. So G"'B must be a perfect entangling matching with
vertex set as V(G). Therefore, Pngp;p. O

The result in lemma 1 cannot, in general, be extended for
the case of P, if ¢>2 (see, for example, Figs. 2 and 3 in

[11]).

2. Properties of general perfect entangling matchings

If p(H) is separable in Cf ® C},, where H is the subgraph
of a perfect entangling matching G on p-g vertices such that
H consists of all the entangled edges in G, then p(G) will be
automatically separable in (] ® C}. So the relevant question
is, what can we say about separability of p(G) whenever G
€ PSP, o with ¢ >27 Note that it is irrelevant to consider sepa-
rability of p(G) for an arbitrary G € P,.;, as p(G) is insepa-
rable if G e Pp,q\Pi, q (because, in that case, the degree con-
dition is not satisfied). As we have mentioned during the
proof of theorem 4, we still do not have a canonical set of
perfect entangling matchings on n=p- ¢ vertices, to one (or a
disjoint mixture of some) of which any element of P, can
be transformed via local permutation(s) on one or both the
labels the vertices. Moreover, even if we have that canonical
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set, we still do not have any proof of separability of the
corresponding density matrices. But for a particular class of
perfect entangling matchings G on n=p(2r) vertices, for
each of which the degree condition is satisfied, one can show
that p(G) is separable in (} ® C3:

Let GeP,py where G=W_,G;,. with V(ijlk)
={(a,j):a= 1,2,...,p}U{(a I):a=1,2,...,p} and
E(G;,;)={{(a.jy). (i M 10}:a=1,2,...,p} such that for each
kef{l,2,...,r}, (1) lflk)e{l,2,...,p}\{a} for each a

e{1,2,...,p} and (ii) ji,l, €{1,2,...,2r} with the proper-
ties that j, # I, ji # jpr (f k# k'), [, # [ (if k#k"). Thus we
see that for each k € {1,2,...,r}, ijlk is a perfect entangling
matching on 2p vertices (1,j,), (1,4), (2.j,), (2, lk)

(p.j). (p.l) and with p edges {(1,jy).G" ,lk)}

{2,505 10} {(pojo). (i, 1)} So, by lemma 4.4 of
[11], G;,, can be transformed fato a canonical perfect entan-

gling matching on same set V(G; 1) of vertices. And so
p(Gj,,) is separable in CheCl [and so, by theorem 2,
A(G k,k) (GFB)] Therefore, p(G) [=®;_,p(G, ,)] is sepa-
rable in LP@U”) and A(G)=a]_A(G,,)=®]_A(G'?)
=A(G"»).

The set of all elements in P;(Z,), each of which is a dis-
joint union of exactly r number of elements of P,,, is de-
noted here by &,(,,). Let G € £,(,,). Then, as described above,
G is a disjoint union of r elements G; Gipyo-n Gjo, of
775 Note that each element G; ol of 77g is a dlSJOlIlt union
of Nk number of elements Gl iy (L) (EP2 ) szklk(sz)
(ePi ) - Gy, /Alk(LNkk) (eP ) such that no further split-
ting of any G(L;) (as a dls]omt union of perfect entangling
matchings) is possible (see Fig. 3 for an illustration). For

klk Iklk

each ie{l,2,....Ni}, we must have V(G (Ly))
={(@™ j):m=1,2,. . LyU{@™,1):m=1,2, ... Ly},

where {a,’ W) m=1,2,. ,-k}ﬂ{am k):m:1,2,...,L,~rk}:®
if i#i" and UNkl{am : —1,2,...,Lik}={1,2,...,p}. Now

by using lemma 4.4 of [11], we have

Ling-1 Lirg
1 2mi(m— 1)l
p(Girjy (Ling)) = — 2 P E exp(—)
Kk L’k /=0 \'mm:l Ly

2l
i) o] L ool -2

2 Lirk
XIlk>”, (2.13)

where U,/ is the permutation matrix corresponding to a per-

labels a(l’ k),at(2 k) a(L’ D for i

,N and k=1,2, ...

mutation on the

e{l,2,... ,r. So we have

2 p(G;

l—]

Gju) = it (Lirg))

and, finally,
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1,1 1,2 (1,3) 1,4

6, 1) 6,2) 6,3 6,4)

FIG. 3. A perfect entangling matching G e7’§,(2‘2> on the 24
vertices (1,1), (1,2), ..., (6,4). G is a disjoint union of two perfect
entangling matchings G3 and G,4 in Pg,, where V(G3)={(i,1)|i
=1,2,...,6}U{(i,3)|i=1,2,...,6} and V(Goy)={(i,2)|i
=1,2,...,6}U{(i,4)]i=1,2,...,6}. Thus G € & (20). Gz itself is a
disjoint union of the crisscross Gp;3(2) [with V(G 5(2))
={(1,1),(3,D}U{(1,3),(3,3)} and E(G(2)={{(1,1),(3,3)},
{(3,1),(1,3)}}] and the perfect entangling matching G,3(4)
[with V(Gy13(4)={(2,1),(4,1),(5,1),(6,1)}U{(2,3),(4,3),
(5,3),(6,3)} and  E(Gy;3(4)={{(2,1),(5,3)}.{(4,1),(6,3)},
{(5, 1) (4,3)},{(6,1),(2,3)}}]. G115(4) can be transformed (via the
local permutation 4«5 on the first label) to a tally mark. And Gy,
is a perfect entangling matching on the vertices (1,2), (2,2), ...,
6,2), (1,4), (2,4), ..., (6,4) which can be transformed (via first
applying the local permutation 2+ 3, 4«5 and then applying the
local permutation 5+ 6, both on the first label) to a tally mark.

p(G) =3 p(Gy,). (2.14)

Ik
k=1
Note that the range of p(G) (where G € &) will always

contain at least pr number of pairwise orthogonal product
states: namely, the states

LI k
1 (2771(171

(i"k)
EE exp ) ’k|a )
’km 1 L'k

% 1 i ( 27Tll)|l v,
- —ex
B J k P Lo k

where E?{’;IL,-,Fp and k=1,2,...,r. The range of p(G) can
also contain some other (possibly infinite in number) product
states if either (i) L;=L;; for different i, i’ in {1,2,...,N;}
or (ii) {a(l'k) a(z'k), .a ’k)} {a<’k ), (2'k ). (’k )} for differ-

ent k,k'e{1,2,...,r} (but for same i). All the above-
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mentioned pr number of pairwise orthogonal product states
are reliably distinguishable by using local operations and
classical communication (LOCC).

Is there any Psp(zr) such that G & 5[,(2,>? Yes, there are such
perfect entangling matchings: for p=3, r=2, there is (up to
local permutations on the labels of right-hand and/or left-
hand sides) one such G which contains neither any crisscross
nor tally mark (see Fig. 4). The higher the values of p and/or
r, the higher will be the number of such different G’s (not
containing crisscrosses or tally marks). From now on, we
shall only consider those perfect entangling matchings, none
of which contains a crisscross or tally mark. Let H
€ Pyan\Epan- Is p(H) a separable state in Cf & C3'? In order

to answer this question, we need to see whether there is any
product state (of C}®CZ) within the range (R, say) of
p(H). Also we consider here the density matrix p(H,)
=(1/pr)[1-p(H)], where I is the 2pr X 2pr identity matrix.
Let Ry, be the range of p(H,). We have the following con-
jecture.

Conjecture 2. Let H e Pg(m\ p(2r) such that H neither

contains any crisscross nor any tally mark. Then the range
Ry of p(H) [the range Ry of p(H,)] contains exactly pr
number of product states |¢//1>®|¢1 Y®|da), .. )
® |¢p,) of Ch® LZ’ Moreover, (i) all these product states are
pairwise orthogonal (ii) all the states |i,), ) are
different but one can always have at least one class of ex-
actly p of them all of which are pairwise orthogonal, (iii) all
the states ) are different but one can al-
ways have at least one class of exactly 2r of them all of
which are pairwise orthogonal, and (iv) all the states |i)
@), [4) @), ....|4,) ©|,,) are reliably distinguish-
able by LOCC.

The validity of conjecture 2 would directly show that for
any He PS(Z,)\ p(2r)» Which neither contains any crisscross
nor any tally mark, p(H)=(1/pr)Zi’,P[|)®|¢;)], and
hence, p(H) is separable in CA® C%. If an H e PS(Zr »(2r)
contains some crisscrosses and/or tally marks, the remaining
part of H (eliminating out all these crisscrosses, tally marks)
will be again an element of P

2 \gpr(zrr), for some p’
=<p and r’ <r, such that this new graph does not contain any
crisscross or tally mark. As crisscrosses or tally marks al-
ways form separable density matrices, therefore we see that

forany H € Ps(zr p(H) is separable in C4 ® C}, provided the
above-mentioned conjecture is true. Note that the validity of
conjecture 1 automatically implies that for any G e 7? (27
p(G) is separable if G € P »(2r) \Ep2n- However, the statement
in conjecture 2 is much stronger than just saying that p(G) is
separable if G € Pg(m\ p(2r)-

D. Proof of theorem 5

Let p be a circulant density matrix of dimension n=p-q.
As we already mentioned in the Introduction, we can write
p=2,c7 f(g)o(g) where fis a complex-valued function. Ob-
viously, there will be some constraints imposed by the fact
that p is positive semidefinite and Hermitian. It is well
known that p is diagonalized by the Fourier transform F(Z,)
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over Z, [17]: [F(Z,)]; x,=exp(2mijk/n). The eigenvectors of
p are then the columns of (]—"(Z,,))T. We prove the theorem in
two steps: (1) we prove that if |\) is an eigenvector of p, then
IN\y=|a)® |b), where |a) e C} and |b) e C4, for any p and ¢
such that n=pq. (2) Then, for any chosen p and g, we prove
that A(p)=A(p'5), where the partial transpose is taken with
respect to the standard orthonormal basis  {|ij):i
=1,,....q;j=1,....p} of Ch®C.

(1) Let A be an n X n matrix which is diagonalized by a
unitary matrix U. We take n=pq. So UAU'=D, where D

=diag(\{, ...,\,), with respect to the standard orthonormal
basis {|¢1>7 )}. Thus A(UT|¢i>)=)\i(UT|¢i>) for i
=1,2,...,n, and UAU =3 \;|)(s|. Thus U'|¢;) is an ei-

genvector of A corresponding to the eigenvalue A;. Also,
(WG| UU ) =(| h)=8;;. Let U be any n X n unitary matrix
with its (j,k)th entry as uj with respect to the orthonormal
). Then U'=(w W) Where wj
—ukj for allj k. Now Uy =21 @il ) =2 u;j| ), which
is the ith column of U". Assumlng that p is a c1rculant ma-

trix, with respect to {|#,), . )}, we have
1 1 1 1
1 o o """
1 2 4 2(n-1
U=—7|1 o 1) D
\n .
1 wn—l 2 1) w(n—l)(n—l)

The unitary matrix U is the Fourier transform over Z, [17].
We can see that

p= 2 NPLUgp]
j=1

n [ n—-1
1 2ai(j— 1)1
-S| £ ey - —)w]
j=1 | Vr =0 n
n p-1¢g-1 .
27i(j — 1)(ag + b)
=2 NP —2 > ex ( a,b)
j=1 | V71.4=0 b=0 n
. [ 1 2mi(j — 1)a
N EESPWEETE
j=1 | VP a=0 p
-1
14 2mi(j - 1)b
1S - 2mmm |
\Nq b=0 pPq

It follows that p is a separable density matrix provided that
)\jBO for j=1,...,n
(2) The general form a circulant density matrix is

ay a - a,

_ a, a ay-1
p= :

ap daz *°° 4

Since the matrix is symmetric, we have
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a1 L2 (1,3) (1.4

FIG. 4. G is the representative perfect entangling matching on
12 vertices (1,1), (1,2), ... (3.4) such that G € P35\ Ex0x2).

ar=a, 3=, A3=0y_|, ..., =0, ;. (2.15)

Consider p as a block matrix with p? blocks, each block
being a g X ¢ matrix:
A A o A

A2,I A2,2 Az,p

P
p:
Apr Apz Ay

Consider the block A; .. Then [A,.1]j 1=y, Let [

=mq+1. Then,

a  dp Alrg-1

ary 4q Alrg-2

A Im+l =
al—q+1

Now, consider the block A; ,_,,.i. Then [A; , 111 1=, 112
=dy41-mg- Then,

Ap-1+2  Ap-43 Ap—l+g+1
_ Ap-i+1 Ap-4+2 an—l+q
A 1,n—-m+1 — . . .
an—l—q+3

Applying the condition expressed in Eq. (2.15), one can
verify that

_ AT
Al,m+1 _Al,n—m+l'

This argument extends to all blocks of the ith block row of p.
For example, the first block row of p is then of the form

At T coo AT T
A (=A7) Ap Ay Al Al s Az A,
if p is even and

ALGEATD A2 Az 0 ALpanEAT ) 7 Als Al

if p is odd. It is then clear that A(p)=A(p'5); that is, the the
row sums of p are invariant under the partial transpose. It
should be noted here that each element of A(p) [as well as of
A(p"5)] is real due to Eq. (2.15).
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The same reasoning applies to the second part of the theo-
rem. The only difference is that p:ZgE%rZ:f(g)(r(g) is diago-
nalized by the Hadamard matrices of Sylvester type, H"
=H"'® H, where H is the 2 X 2 Hadamard matrix [16].

III. OPEN PROBLEMS

In this paper we have studied the separability of a class of
states associated with the combinatorial Laplacians of
graphs. The graphs for these states compactly encode infor-
mation about their bipartite entanglement. We have shown
that invariance of the degree matrices under partial transpo-
sition gives, in many cases, significant information about the
separability of the states. Now the Peres-Horodecki partial
transposition condition (known as the PPT criterion) is only
a necessary condition (in general) for separability of any bi-
partite density matrices [7,8]. In fact, all the practical sepa-
rability conditions, available so far, are either necessary or
sufficient for general bipartite density matrices (see, for ex-
ample, [10]). The degree condition, described in this paper, is
of course weaker than the PPT criterion, as not all bipartite
density matrices (not even the separable ones) can be de-
scribed as density matrices generated from graphs. Neverthe-
less the validity of conjecture 1 (together with theorem 2)
would imply that the degree condition is both necessary as
well as sufficient for some particular classes of bipartite den-
sity matrices irrespective of the dimension of the system. In
the quest for resolving the separability problem with the help
of practical necessarily sufficient conditions (i.e., conditions,
each of which is both necessary as well as sufficient), one
possible way would be to find out the set of all possible
independent but practical necessarily sufficient conditions
each of which decides the separability problem of a maximal
set of bipartite density matrices in such a way that the col-
lection of these later sets would comprise the entire set of
bipartite density matrices. The present work is one step for-
ward in that direction. The following points are open for
further investigation.

A. Partial transposition as a local permutation

It is not difficult to see that for any graph on n=p-q
VErtices v =uiwy, ..., Up,=tupW,, if A(G)=A(G"8), then
there is a permutation matrix P on the labels wy, ..., w, such

that

A(G"8) = (I ® P)A(G)(I ® PV,

M(G's) =(I® P)M(G)(I ® PY).

This says that if the degree condition is satisfied, then the
operation of partial transposition is nothing but a local per-
mutation. Note that this is, in general, false for the case of
any given bipartite separable density matrix. The relation
between separability of density matrices of graphs and iso-
morphism remains to be studied.

B. Structure of bipartite Hilbert spaces

The validity of of conjecture 6 can be traced back to basic
problems in the structure of any bipartite Hilbert space.
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Given a subspace S of dimension d of H, what are the nec-
essary and sufficient conditions under which at least one of
the following situations hold good?

(i) S contains at least one linearly independent product
state.

(ii) S contains only d’ linearly independent product states,
where d' <d.

(iii) S contains more than d product states (in which case
they must be linearly dependent).

(iv) S contains contains exactly d linearly independent
product states and these are pairwise orthogonal.

(v) S contains only d’, where d’ <d, pairwise orthogonal
product states that one can extend to a full orthogonal prod-
uct basis of H, etc.

C. Multiparty entanglement

As a generalization of our result to density matrices of
graphs having multiple labels on their vertices, we expect

PHYSICAL REVIEW A 73, 012320 (2006)
that if G is a graph on n=pp,---p,, vertices,

V= Uy (Ditg @) " Uy, Where sV e {1, ... N
1

i

forj=1,....mandi=1,...,n,

then p(G) is a separable density matrix in Cﬁll’,’?f/j""’fflf"f'l’t{”p"'
J= ]+ m
® C% if and only if A(G)=A(G"4)). Moreover, we expect that
J
p(G) is a completely separable density matrix in (4! ® C/j2

® -+ ® (hm if and only if A(G)=A(G"4)) for j=1,...,m [18].
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