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We analyze theoretically the experiment reported in �F. Gerbier et al., Phys. Rev. Lett. 95, 050404 �2005��.
There, the interference pattern produced by an expanding atomic cloud in the Mott insulator regime was
observed, indicative of short-range coherence in the system. The latter was traced back to the presence of a
small amount of particle-hole pairs in the insulating phase for finite lattice depths. We analyze the influence of
these pairs on the interference pattern using a random phase approximation, and derive the corresponding
visibility. We also account for the inhomogeneity inherent to atom traps in a local density approximation. The
calculations reproduce the experimental observations, except for very large lattice depths. The deviation from
the measurement in this range is attributed to the increasing importance of nonadiabatic effects.
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I. INTRODUCTION

The superfluid to Mott insulator �MI� transition undergone
by an ultracold Bose gas in an optical lattice has attracted
much attention in recent years as a playground to study
strongly correlated quantum phases �1–4�. A key observable
in these systems is the interference pattern observed after
releasing the gas from the lattice and letting it expand for a
certain time of flight. Monitoring the evolution of this inter-
ference pattern reveals, e.g., the superfluid-to-MI transition
�2–4�, but also allows, for example, the detection of number-
squeezed states in the lattice �5,6�, or the observation of col-
lapse and revivals of coherence due to atomic interactions
�7�. Because of its experimental importance, a quantitative
understanding of this interference signal is crucial to charac-
terize quantum phases of bosons in optical lattices.

Although no interference pattern is expected for a uniform
array of Fock states �what we call a “perfect” Mott
insulator�,1 a finite visibility is nevertheless observed in ex-
periments above the insulator transition �2,4,8�, in agreement
with numerical calculations �9,10�. We have studied this phe-
nomenon experimentally, and shown that despite its insulat-
ing nature that forbids long-range coherence, a MI still ex-
hibits short-range coherence at the scale of a few lattice sites
�8�. This can be attributed to the structure of the ground state
for finite lattice depths, which consists of a small admixture

of particle-hole pairs on top of a perfect MI. A qualitative
model based on a lowest-order calculation of the ground
state wave function was also presented in our previous work
�8�, which reproduced the main trend and order of magnitude
of the observed visibility.

In the present paper, we would like to present a more
precise calculation that includes higher order corrections �see
also �11��. We describe a MI state at zero temperature using
the random phase approximation �RPA�, already introduced
in Refs. �12–16�. Instead of the path integral approach used
by these authors, we obtain here the RPA Green’s function
using a different method inspired by Hubbard’s original
treatment of the fermionic model �17,18�. Taking the experi-
mental geometry and the inhomogeneous particle distribu-
tion into account, we find good agreement with our experi-
mental data, which provides further support for the physical
picture presented above.

The paper is organized as follows. In Sec. II, we recall the
description of ultracold atoms in an optical lattice by the
Bose–Hubbard model, and discuss the inhomogeneous shell
structure that develops in an external confining potential.
Section III presents the calculation of the interference pattern
observed after free expansion of the atom cloud and its link
with the quasimomentum distribution. The main results are
presented in Secs. IV and V, where we present the calcula-
tion of the interference pattern in the uniform case using the
RPA, and extend it to the inhomogeneous case to compare to
the experimental data of �8�, respectively. Details of the cal-
culation are described in the Appendix.

II. BOSE-HUBBARD HAMILTONIAN

In this section, we briefly recall the theoretical description
of an ultracold atomic gas trapped in an optical lattice. The
optical lattice potential, which results from the superposition
of three orthogonal and independent pairs of counterpropa-
gating laser beams, can be written as

VOL�r� = V0�sin2�kLx� + sin2�kLy� + sin2�kLz�� . �1�

Here V0 is the lattice depth, kL=2� /�L is the laser wave
vector, �L is the laser wavelength, and m is the atomic mass.

1A recent experiment reported on the observation of interference
fringes between several independent condensates released from a
one-dimensional optical lattice in single-shot experiments �6�. In
principle, a periodic fluctuating pattern is predicted, containing
many harmonics of the reciprocal lattice. The experiment of �6�
works in a regime where the optical detection acts as a filter for the
first harmonic, thus selecting clean interference fringes. Our experi-
ment, which operates with a few atoms per site and a very large
number of sites in a three-dimensional lattice, differs from �6� in
several respects. First, integration over the probe line of sight is
expected to reduce the contrast drastically. Second, a large number
of harmonics are detected in our case. Consequently, the single-shot
pattern correspond to correlated noise, rather than clean interference
fringes. This correlated noise was recently detected using statistical
methods in our group �28�.

PHYSICAL REVIEW A 72, 053606 �2005�

1050-2947/2005/72�5�/053606�6�/$23.00 ©2005 The American Physical Society053606-1

http://dx.doi.org/10.1103/PhysRevA.72.053606


As usual, we measure V0 in units of the single-photon recoil
energy ER=h2 /2m�L

2. The lattice potential has a simple cubic
periodicity in three dimensions, with a lattice spacing d
=�L/2�425 nm in our case. As shown in �1�, the behavior
of the atomic system in such a potential can be described by
the Bose–Hubbard model, defined by the Hamiltonian

H = − t�
�i,j�

âi
†âj + �

i

U

2
n̂i�n̂i − 1� . �2�

Here the operator âi
† creates an atom at site i , n̂i= âi

†âi is the
on-site number operator, and the notation �i , j� restricts the
sum to nearest neighbors only. The relative strength between
the tunneling matrix element t and the on-site interaction
energy U is controlled by the depth V0 of the periodic poten-
tial which confines the atoms.2 The phase diagram of this
hamiltonian is well known: The ground state is the MI state
within characteristic lobes in a t /U versus chemical potential
� phase diagram �19�.

In the experiments, an additional potential Vext�r� is su-
perimposed to the lattice potential, leading to a spatially
varying chemical potential across the cloud. This favors the
formation of a “ziggurat” structure of alternating MI and
superfluid shells, which reflects the phase diagram of the
Bose–Hubbard model �1,9,19,20�. The external potential is
due to a combination of a magnetic potential in which the
condensate is initially formed and of an optical potential due
to the Gaussian shape of the lattice beams. To a good ap-
proximation, it can be considered as a harmonic potential
with trapping frequency

� =	�m
2 +

8V0

mw2 , �3�

where �m is the frequency of the magnetic trap, assumed
isotropic, and where w is the waist �1/e2 radius� of the lattice
beams, assumed identical for all axes. For large lattice
depths, the confinement is mainly due to the optical part.

In the current experiments, this external potential varies
slowly across the lattice. In this limit, the shell structure can
be calculated in a local density approximation, which as-
sumes a known relation nh��� between the density n and the
chemical potential � for the homogeneous system. Then, the
coarse-grained density3 for the inhomogeneous system is cal-
culated as n�r�=nh��−Vext�r��. The chemical potential is
fixed by the relation N=
d�3�rn�r�. For a fixed lattice depth
and atom number, we calculate numerically the relation
nh��� using mean-field theory at zero temperature, i.e., in the

mean-field ground state �12,21�. We then repeat the steps
outlined above, varying the chemical potential until the tar-
get atom number is obtained within 0.1%. For all calcula-
tions, the values �m=2��15 Hz and w=130 �m are used,
which match our experimental parameters. In Fig. 1 we show
an example of such a calculation for a lattice depth of V0
=18ER and N=2.2�105 atoms.

The presence of the external potential significantly affects
the atom distribution in the lattice, which is determined by
the competition between interaction and potential energy. On
the one hand, expanding the cloud minimizes the density and
the interaction energy, and on the other, contracting it mini-
mizes the potential energy, as in conventional harmonic traps
�22�. The latter is favored at low atom numbers, where only
a n0=1 shell forms. When more atoms are added, the radius
of the unity filled MI region increases until a critical atom
number which we estimate to be 7�104 atoms for our pa-
rameters. Above this critical atom number, a higher density
core appears near the trap center. A MI with 2 atoms per site
is then obtained near the trap center if the lattice depth is
above the critical value V0�14.7ER. This value has been
calculated using the boundary derived in �12�, �see also �24��

�U

zt
�

n0

= 2n0 + 1 + 2	n0�n0 + 1� , �4�

where z=6 is the number of nearest neighbors in three di-
mensions. In the specific example shown in Fig. 1, we have
chosen V0=18ER and N=2.2�105 atoms, so that both n0
=1 and n0=2 MI are present. Similarly, we calculate for our
experimental parameters that an n0=3 shell is also present
for atom numbers larger than 2.7�105, and lattice depths
larger than 16ER.

III. INTERFERENCE PATTERN

We now turn to the description of the interference pattern
observed after release of the atom cloud from the optical
lattice and a period of free expansion. From an absorption
image of such a pattern, the phase coherence of the atomic
sample can be directly probed. The density distribution of the
expanding cloud after a time of flight t can be calculated as
�3,9,23�

2In subsequent calculations we use the approximate
expressions U /ER=5.97 �a /�L��V0 /ER�0.88, and t /ER=1.43 �a /
�L��V0 /ER�0.98 exp�−2.07	V0 /ER�. We have obtained these for-
mula, accurate within 1% in the range V0=8–30ER, by numerically
solving for the band structure and performing a fit to the calculated
curves.

3The coarse-grained density is understood here as an average of
the discrete atomic density over a volume of linear size large com-
pared to the lattice spacing, but small compared to the overall extent
of the cloud �27�.

FIG. 1. Calculated density profile for a lattice depth V0=18ER

and N=2.2�105 atoms. Here d is the lattice spacing. The upper
solid line indicates the numerical calculation of the total density,
and the dotted line is the t→0 extrapolation �see Sec. V�.
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n�r� = �m

�t
�3
w̃�mr

�t
�
2

S�k =
mr

�t
� , �5�

which mirrors the momentum distribution of the original
cloud. Momentum space and real space in the image plane
are related by the scaling factor �t /m—independent of the
lattice parameters. The envelope �w̃�2 is the Fourier transform
of the Wannier function in the lowest Bloch band. When
each potential well is approximated as an harmonic potential,
the Wannier function is the corresponding Gaussian ground
state wave function. The envelope function in Eq. �5� then
reads


w̃�mr

�t
�
2

�
1

�3/2wt
exp�−

r2

wt
2� , �6�

where wt=�t /mw0, and where w0 is the size of the on-site
Wannier function. Finally, we have defined the quantity

S�k� = �
i,j

eik·�ri−rj��âi
†âj� . �7�

When k is restricted to the first Brillouin zone, S�k� is noth-
ing more than the quasimomentum distribution. Information
about the many-body system is contained in this quantity,
which is periodic with the periodicity of the reciprocal lattice
2� /d. Thus, to predict the interference pattern and compare
to the experiments, our goal is to calculate S�k� for a given
lattice depth and density.

IV. QUASIMOMENTUM DISTRIBUTION IN THE
HOMOGENEOUS MOTT INSULATOR

For simplicity, we consider first the case of uniform filling
in the lattice, i.e., an integer number n0 of atoms per site, and
we assume the system to be at zero temperature and in the
insulating phase. In the limit of zero tunneling, the ground
state wave function is a perfect MI, i.e., a product of number
states at each site, and its Green function G0 can be calcu-
lated exactly �see Appendix�. The lowest-lying excited states
of the system are “particle” and “hole” states, where a
supplementary particle is added �respectively removed� at
one lattice site. Creating these excitations costs a finite inter-
action energy, respectively E�+�=Un0 and E�−�=U�n0−1�
�19�.

To calculate the quasimomentum distribution for a finite
tunneling t, many-body techniques can be applied to obtain
the single-particle Green function, G�k ,��. Using a path in-
tegral approach, several authors �12–16� have been able to
calculate the Green function of the Mott insulator within the
RPA

1

�
G�k,�� =

Zk

�� + � − Ek
�+� +

1 − Zk

�� + � − Ek
�−� . �8�

The poles Ek
�±� of the Green function are the quasiparticle

energies �12�

Ek
�±� =

tk

2
+ U�n0 − 1

2� ± 1
2Dk�n0� . �9�

In Eq. �9�, tk=−2t��=x,y,z cos�k�d� is the dispersion relation
for a free particle in the tight-binding limit, and Dk�n0�
=	tk

2 +4tkU�n0+ 1
2

�+U2. The particle weight is Zk= �Ek
�+�

+U� /Dk�n0�. In the Appendix, we present an alternative deri-
vation of Eq. �8� based on the equation of motion method,
which follows closely Hubbard’s method �17,18�. Here we
will simply comment on the physical picture behind this ap-
proach. The RPA considers that the particle/hole nature of
the low-lying excitations is not significantly changed by in-
troducing finite tunneling �the self energy remains approxi-
mately the same as in the t→0 limit�. The first effect of
tunneling is to introduce a finite amount of particle/hole
components in the the many-body ground state wave func-
tion. In the form given in �8�, corresponding to a first order
calculation, a particle-hole pair necessarily occupies two
neighboring lattice sites due to the particular form of the
tunneling Hamiltonian. Through higher-order tunneling pro-
cesses captured by the Green function �8�, the particle and
the hole forming the pair can tunnel independently. As a
result, the pair acquires a mobility through the lattice, and
may even “stretch” over a few lattice sites. This mobility
acquired by particle-hole pairs is reflected in the modified
dispersion relation �9�, which explicitly includes the band
structure. Note finally that higher order excitations, corre-
sponding to occupation numbers n0±2 ,n0±3 , . . ., are ne-
glected. At zero temperature, such excitations become impor-
tant only very close to the superfluid transition where the MI
is destroyed.

The quasimomentum distribution can be directly
deduced using the general relation S�k�
=−i lim	t→0+ 
�d� /2��G�k ,��e−i�	t. Using Eq. �8�, one has
�15�

S�k� = n0� tk

2
+ U�n0 + 1

2�
	tk

2 + 4tkU�n0 + 1
2� + U2

−
1

2� . �10�

To first order in t /U, this reduces to

S�k� � n0 − 2n0�n0 + 1�tk/U , �11�

also obtained in �8� by calculating the many-body wave
function perturbatively. We find that the two predictions rap-
idly converge. For example, they differ by less than 10% for
U /zt
6.6, 11.6, and 16.9 for n0=1, 2, and 3, respectively.
These values have to be compared to the respective critical
values for MI formation, U /zt=5.83,9.89,13.93. This indi-
cates that the coherence beyond nearest neighbors is rather
rapidly lost as one goes further into the MI phase. However,
the visibility itself remains finite in a substantial range of
U /zt, implying a persistent short-range coherence.

V. COMPARISON WITH THE EXPERIMENTS

To compare with the experiments reported in �8�, several
features have to be taken into account. First, only the column
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density n is accessible experimentally, i.e., the density inte-
grated along the probe line of sight �which we take here
parallel to the z axis�. Second, the visibility is experimentally
deduced from two points according to

Vexpt =
nmax − nmin

nmax + nmin
. �12�

To eliminate the Wannier envelope, nmax and nmin are
measured from two points at the same distance from the
cloud center �see Fig. 2�, so that the envelope automatically
cancels out. For example, nmax is found at point �2� /d ,0�
and nmin at �2� /	2d ,2� /	2d�. This reduces the visibility
compared to the usual definition. In the theoretical calcula-
tion it is straightforward to account for these two effects.

The third effect, the shell structure of the MI, is handled
here in an approximate way. In the numerical calculations,
the shell distribution always includes small regions with non-
integer filling, which the theory above cannot handle. How-
ever, these domains are small, and have a strongly depleted
superfluid component, so that we do not expect them to have
a large effect on the visibility. Therefore, we approximate the
density distribution by a “ziggurat”-like profile, where only
MI shells are present. The actual extension of each shell is
calculated as if t were zero, taking the external potential into
account �24�. In Fig. 1, we compare the profile in this ap-
proximation �dotted line� with the numerically calculated one
�solid line�. For large lattice depths, both agree reasonably.
Note that the density profile still depends weakly on the lat-
tice depth through the external confinement �see Eq. �3��.

The momentum distribution deduced from Eqs. �5� and
�10� is averaged over the distribution of atoms to compare
with the experimental data �see �8� for details on the experi-
ment�. The results are plotted versus lattice depth in Fig. 3,
for two different atom numbers in the lattice. For the lowest
atom number N=2.2�105, we calculate that only n0=1 and
n0=2 shells are present. For the largest N=5.6�105, a core
with n0=3 atoms per site is also present. Note that in the

latter case, the actual density distribution might deviate more
from the calculated one, due to three-body losses in the n0
=3 region. We find that the calculation agrees with the mea-
sured visibility within 20% for V0�22ER. The theory curves
terminate when the MI shell with highest filling disappears,
as it is replaced by a large superfluid core not described by
our theory. Note that the calculation does not include any
free parameter.

However, we consistently find that the calculated value
lies systematically below the measured visibility, and that the
agreement worsens with increasing lattice depth. This is seen
in Fig. 4, where the fractional deviation of the calculated
visibility from the measured one is plotted versus lattice
depth for four data sets. Remarkably, although the atom
numbers are different from one data set to another we find a
common trend in the data. The fact that the agreement wors-
ens with increasing lattice depth shows that the superfluid
shells play only a slight role in determining the visibility for
such large lattice depths, as assumed in our calculation. On
the other hand, this observation also suggests that a break-
down of adiabaticity occurs for the particular ramp used in
the experiments to increase the laser intensity to its final
value, a point already identified in �8�. We conclude that,

FIG. 2. �Color online� Measurement of visibility. The interfer-
ence pattern shown in the left graph corresponds to a lattice depth
of 8ER, in the superfluid regime. The right graph indicates the ge-
ometry of the reciprocal lattice. Gray areas are the first and second
Brillouin zones �projected in the image plane�, and the white dot
indicate the position of the maxima of the interference pattern.
Along the circle, the Wannier function envelope takes the same
value, and we measure the interference “minimum” at the intersec-
tion of this circle and of the diagonal of the square lattice, indicated
by the black dot.

FIG. 3. Comparison between the measured and the calculated
visibility. The upper and lower graphs correspond to atom numbers
N=2.2�105 and N=5.6�105, respectively. The dotted and dashed
lines indicate the calculated visibility for homogeneous MI with
filling factor n0=1,2. The solid lines are calculations including the
inhomogeneous shell distribution. Typical standard deviations for
the experimental data are 1% or below. Our calculation of the equi-
librium distribution at zero temperature indicate that in case a, only
MI regions with n0=1 and n0=2 atoms per site form, whereas in
case b, a core with n0=3 is also present.
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perhaps surprisingly, the visibility may be a sensitive probe
of the dynamics of the superfluid-to-MI transition even deep
in the MI regime.

VI. CONCLUSION

In conclusion, in this paper we have derived a theoretical
expression for the interference pattern of a Mott insulator
after release from the optical lattice and a time of flight. Our
calculations take deviations from perfect filling due to a fi-
nite tunneling into account, and use a simplified but realistic
model of the shell structure of the MI. Good agreement with
our experimental data reported in �8� is found, at least for
moderate lattice depths. For very large lattice depths, an in-
creasing deviation points to nonadiabatic effects in the con-
version from a condensate to an insulating state, which could
in principle be studied by the method presented here. Never-
theless, in view that no free parameter is included in the
theory, we conclude that the momentum distribution �10� de-
scribes the system well. This supports the physical picture of
the system as a �dilute� gas of partice-hole pairs, mobile
through the lattice, on top of a regularly filled Mott insulator.
Furthermore, the validity of the RPA to describe their behav-
ior is qualitatively verified.

Our calculation neglects entirely the superfluid compo-
nent, which is correct only for large lattice depths where the
system is almost completely insulating. Recently, several au-
thors �15,25,26� have proposed modifying the standard
mean-field description �19,21� to better account for long- and
short-range coherence. It would be interesting to compare the
predictions of those approaches with our data for lower lat-
tice depths, where the system is expected to be a strongly
depleted superfluid, and therefore amenable neither to a
Bogoliubov-like description nor to a strongly interacting one
as provided in this paper. Also, an investigation of finite
temperature effects �13� would be useful. A particularly in-
teresting question is whether the visibility measurements pre-
sented here could be used for thermometry in the lattice.
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APPENDIX: GREEN FUNCTION OF THE HOMOGENEOUS
MOTT INSULATOR IN THE RANDOM PHASE

APPROXIMATION

In this Appendix, we present a derivation of Eq. �8� using
the equation of motion approach. The single-particle Green
function is defined at zero temperature as

Gij�t� = − i�Tâi�0�âj
†�t�� = − i��t��âi�0�âj

†�t��

− i��− t��âj
†�t�âi�0�� , �A1�

where T is the time-ordering operator and � is the Heaviside
step function. Since we consider a time-independent and ho-
mogeneous system, we take a Fourier transformation of this
equation with respect to space and time �denoted by the sym-
bol F�, and define

G�k,�� = F�Gij�t�� �A2�

In the frequency-momentum representation, the Heisen-
berg equation of motion i��Gij /�t�t�= �H ,Gij�t�� takes the
form

��� + ��G�k,�� = 1 + tkG�k,�� − iF��Tniâi�0�âj
†�t��� .

�A3�

The last term on the right hand side of Eq. �A3� is usually
rewritten as 
�k ,��G�k ,��, where 
 is the self-energy. This
gives the expression

G�k,�� =
1

�� + � − tk − 
�k,��
. �A4�

Let us first assume that no tunneling is present �t=0�. In
this case, the Green function can be obtained exactly from its
definition Eq. �A1� and the ground state wave function ���
=�i�n0�i, where each site is in the Fock state �n0�. The result
G0��� is independent of momentum, and reads

G0��� =
n0 + 1

�� + � − Un0
−

n0

�� + � − U�n0 − 1�
. �A5�

In this self-interacting limit, we can rewrite Eq. �A5� as
G0���−1=��+�−
0���, with the self energy �16�


0��� = 2Un0 −
U2n0�n0 + 1�
�� + � + U

. �A6�

This expression is exact in the t→0 limit, and coincides with
the one found in �16�. The first term is simply the Hartree-
Fock energy per particle for uncondensed atoms �hence the
factor of 2�, whereas the second term—which has the same

FIG. 4. Fractional deviation of the calculated visibility from the
measurements. Symbols denote different data sets with different
atom numbers and densities: ��� N=2.2�105, ��� N=3.6�105,
��� N=4.3�105, ��� N=5.9�105.
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order of magnitude at low energy—accounts for the correla-
tions between particle that drive the system into the perfectly
ordered ground state.

If we now restore a finite tunneling, but still consider a
system in the insulating phase, a reasonable approximation is
to assume that the self energy is not changed with respect to
the strongly interacting limit. We comment on this approxi-
mation in the text. Making this approximation yields

G�k,�� �
1

�� + � − tk − 
0���
=

G0���
1 − t�k�G0���

, �A7�

which has a typical RPA form. Using the explicit result for
G0, we obtain after some algebra Eq. �8� in the text, which
explicitly displays particle and hole components.
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